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Further Studies on the Effect of the Ground
upon the Lift of a Monoplane Aerofoil.”

By

Susumu ToMOTIKA, Rigakulakust,

Formerly the Member of the Institute.

I. Introduction.

§1. In a previous paper®, I have investigated, with Messrs.
T. Nacamiva and Y. Takenouti, the two-dimensional continuous flow
of an incompressible perfect fluid past a flat plate near an infinite plane
wall, and I have calculated the lift acting on the plate, with the inten-
tion of examining how the boundary wall affects the lifting force on
the plate. Performing various numerical calculations and applying the
results to the case of a thin monoplane wing while its take-off run or
its flight near the ground, I have discussed the effect of the ground
upon the lift of a thin aerofoil, which may be replaced by a plate, and
arrived at some interesting results which are in full agreement with the
known experimental results. Namely, I have shown theoretically that

the lift acting on a monoplane aerofoil near the ground is generally

(1) Communicated by Prof. K. TErAzAWA, The Member of the Institute.

(2) S. Tomorika, T. Nagamiva and Y. TakeNouti, The Lift on a Flat Plate placed
near a Plane Wall, with Special Reference to the Effect of the Ground upon the Lift of a
Monoplane Aercfoil. Report Aeron. Res. Inst.,, Tokyo Imp. Univ., No. 97 (1933)-
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26 S. Tomotika.

more or less greater than that which the same aerofoil would experience
in an unlimited stream, so far as the angle of attack is not too large;
in other words, the lift on the aerofoil is more or less increased due
to the presence of the ground, when the angle of attack is smaller
than a certain critical angle, and further that when the distance of the
aerofoil from the ground is fixed, the larger the angle of attack becomes,
the smaller becomes the amount of increase of the lift due to the effect
of the ground, and also when the angle of attack is greater than the
critical angle just mentioned, the lift on the aerofoil is rather decreased,

on the contrary, due to the presence of the ground.

Quite recently Dr. G. DATwyLER® has made thorough experimental
investigations concerning the problem of the ground-effect, together
with some theoretical discussions for special cases. He obtained not
only the results hitherto known that the lift on the aerofoil is increased
due to the presence of the ground, when the angle of attack is small
as in practically important cases, but also an interesting result that the
lift is remarkably increased when the distance of the trailing edge of

the aerofoil from the ground becomes very small.

Although my theoretical results agree, for the most part, tolerably
well with the experimental ones obtained by Datwyler, it is desirable
to caery out further numerical calculations, since in the previous paper
I have not calculated the lifting force when the distance of the trailing

edge of the plate from the wall is sufficiently small.

The chief object of the present short note is to show the results
of further numerical calculations for the value of the lift on the plate
near the bounding plane wall and then to discuss, applying the results
to the case of an aerofoil near the ground, the effect of the ground
upon the lift of the aerofoil, especially when the distance of the trailing

edge of the aerofoil from the ground is sufficiently small.

(1) G.DArwyLEr, Untersuchungen iiber das Verhalten von Tragfliigelprofilen sehr nahe
am Boden. Mitteilung aus dem Institut fiir Aerodynamik, E.T.H., Ziirich. (1934)
¥

This document is provided by JAXA.



The Ground-effect upon the Lift of an Aerofoil. 27

II. The Expressions for the Lift and Other Quantities.

§2. In the previous paper cited in the above, I have developed,
in detail, the conformal transformations necessary for the determination
of ‘the two-dimensianal continuous flow of an incompressible perfect
fluid past a flat plate placed in the vicinity of an infinite plane wall and
I have obtained the general expressions for various quantities. Also the
general expression for the lift acting on the plate has been obtained.
For the sake of reference, we shall here write down various expressions

that are going to be of use in the present discussion.

Fig. 1.

Referring to Fig. 1, we denote the breadth and the angle of attack
of the plate AA’ by 2g and B respectively, and also we denote the
distances of the mid-point and trailing edge of the plate from the wall
by H and s respectively. ‘

The expression for the ratio 2a/H was found to be®

A

o T
1 "o o 2o 2)]

where @; and @, are real quantities satisfying the conditions that

>0 >0, 0>0, > —m, and are determined by the following two

equations :

(1) S. TomorikA, T. Nacamiva and Y. TAKENoutl, loc. cit. p. 23.
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0s+0, = 28, (2)
w() %) .
(;;) ()

Also, determining, with Joukowskl, the value of the circulation

(3)

round the plate uniquely such that the flow leaves the trailing edge
smoothly, I have calculated, in the previous paper, the lifting force
acting on the plate with the aid of the well-known Brasws’ formula.

If we denote the said lift by L, we have
RO ICO N
e OGOl G

where I, is the lift which the same plate would experience in an un-

limited stream and, as is well known, it is given by
Lo= 2maU%sin B,

p being the density of the fluid concerned and U being the velocity of
the flow at infinity.

Thus, if we determine the values of @5 and 6, for various values
of ¢, by solving the simultaneous equations (2) and (3), we can calculate

the values of 2q/H and L/L, by means of (1) and (4) respectively.

III. Numerical Discussions.

§ 3. Although the equations (2) and (3) are fairly simple in their
forms, the determination of the values of 3 and 6, by these equations
is rather troublesome. In the previous paper, I have first obtained, by
solving (3), the g-expansion formula for cos %’(03—04) up to the fifteenth
power of ¢, i.e., ¢, and that formula was conveniently used for
the determination of the value of #;—8,, especially when ¢ is smaller

than o-2. But, since the said g¢-series converges rather slowly when ¢

This document is provided by JAXA.




The Ground-effect upon the Lift of an Aerofoil.

29

Becomes larger, it can not be used for the accurate determination of the

values of 6;, 8, for larger values of q.

Consequently, this time 1 have

determined, directly by means of (2) and (3), the values of 6;, 6,

accurately for the larger values of ¢, by employing the method of trial

and error.

Then, I have calculated the values of 2a/H and L/L, by the
formulae (1) and (4), the results of which, together with some previous

results, are shown in the following tables.

TasLel. (8 =75°)

2a L

? H Ly
0-02 0-1601 0-9946
0-05 0:4020 0-9925
0-10 0-8156 1-0033
0-15 1-2527 1-0296
0-20 1-7251 1-0686
0-25 2-245 1.118
0-30 2-827 1-180
0-40 4-245 1-315
0-50 6-157 1.485
0-60 8-854 1.677

TapLe II. (B = 10°)
2a L

7 H Lo
0-02 0-1601 0-9878
0-05 0-4018 0-9756
0-10 0-8145 0-9700
0-15 1-2486 09782
0:20 1-7055 1-0014
0-25 2222 1-023
0-30 2-782 1-053
0-40 4-098 1-122
0-50 5-732 1-195
0-60 7-690 1-260
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TasLe III. (B = 18°)

2a L
q H TO
0.02 0-1601 0-9773
0-05 0-4014 0-950I
0-10 0-8112 0-9199
0-15 1-2370 0-GO41
0-20 1-6849 0-8987
0.25 2-159 0-897
0-30 2-661 0-900(")
0-40 3:735 0-907
0-50 4-826 0-911
TasLE IV. (B = 36°)
2a L
q H i
0-02 0:1600 0-9561
0-10 0-7990 0-8301
0-20 1-5825 0-7422
0-30 2-299 0-692
0-40 2.863 0-661

§ 4. Since aerofoils are usually used, in experimental work as well
as in practice, at small angles of attack, it may not be usuless to
discuss the lift of the flat plate when the angle of attack is very small.
In the following calculations the important terms of finite magnitude only
will be retained and terms of infinitesimal magnitudes will be neglected.

Now, if we eliminate §, between (2) and (3), we have
A2) A2

207r + 2w
oE)

27 2

(1) There is unfortunately a misprint in the previous paper. The value 0-902 in the
lowest row in the third column of Table III, p. 42 should be read as 0-900.
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Then, expanding the second term in ascending powers of 8, which is
assumed to be very small, and retaining only the most important term,

we get

2

g/<_93_ a;(ﬁ)
2w/ 2T

(5)
5 (2| ®)
2 27
By this equation we can determine the single quantity 65 .
Under these assumptions we have, from (1),
A2)
2a 2 27
20 2 Reml (6)
H m 33<_Q3_
2
Also, the expression for the ratio /Ly reduces to the form :
3 o]
[0 (2
L __ T . (7)
Lo

4 |n( 2 ] o(-2)
2T s 2

Combining (6) and (7), the ratio L/L, can also be put in the form:

L_H [ﬂi(o)]gﬁ](% . (8)
Ly 47%a [%(ﬂ\r

2/

I have determined the value of 6; by (5), by employing the method
of trial and error, for a number of values of ¢, and then the values of
2a/H and L/Ly have been calculated. The results are embodied in the
following table.
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TaBLE V. (88— 0°)

2a L
“ H L,
0-01 0-0800 1-0004
0-05 0-4020 1-0100
0-10 0-8160 1-0393
0-20 1-7287 1-1505
0-30 2.8430 1-3256
0-40 4-2972 1-5716
0-50 6-3192 1-9187
0-60 9-3539 2-4374

Fig. 2 shows approximate curves of L/L, drawn against the ratio 2 a/H

for various values of the angle of attack.

From the preceding tables and the figure we see clearly the manner
of variation of the ratio with respect to za/H . It is easily seen that
the theoretical results are in good agreement, at least qualitatively, with

experimental ones which have been fully described in the previous
paper.

§5. In this paper already referred to, DATWYLER shows some
interesting curves, by plotting experimental values of the lift coefficient
of the aerofoil model against the distance of the trailing edge of the
aerofoil from the bounding wall.

In order to compare the theoretical results obtained in this paper
with his experimental results, we shall now draw similar curves showing
the manner of variation of the lift coefficient of the flat plate with

respect to the distance of its trailing edge from the wall.

We define, with DATwWYLER, the lift coefficient ¢, as follows :

_ L

Co = ——

apU?’
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Then, we have

Ca = Cao

Ly

where ¢, = 2msinf.

Also we denote, as mentioned already, by s the distance of the
trailing edge of the plate from the wall. Then we evidently have the

following relation :

Since the values of L/Ly and 2a/H have been calculated for some
cases, we can calculate, by the above formulae, the values of ¢, and
s/za, and I have calculated their values for three cases in which & is
equal to 5°, 10°, and 18° respectively. The results of calculation are

shown in the following tables.

TasLeE VI. (8 =59

q S Ca
2a
0-02 ‘ 6-2025 0-5447
0-05 2-4440 0-5435
0-10 1-1824 0-5495
015 0-7547 0-5639
0-20 0-5361 0-5852
0-25 0-402 0-612
0:30 0-310 0-646
0-40 0-192 0-720
0:50 0-119 0-813
0-60 0-069 0-919
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TasrLE VII. (8 = 10°)

s
9 2q, Ca
0:02 6-1593 1.0778
0-05% 2:4020 1-0645
0-10 1-1409 1-0583
0-15 0-7141 1-0673
0-20 0-499%5 1.0926
0-25 0-363 1-116
0-30 0-273 1-148
0-40 0-157 1.224
0-50 0-088 1:304
0-60 0-043 1-375
TasLE VIII. (B = 18°)
s
q 2a Ca
0-02 6.0916 1-8976
0-05 2:3367 1-8447
0-10 1-0782 1-7861
0-15 0-6539 1-7555
0-20 0-4390 1-7449
0-25 0:309 1-742
0-30 0221 1-747
0-40 0-113 1-761
0-50 0-053 1-769

35

The curves of ¢, plotted against the ratio s/2a are shown in Figs. 3

and 4, where the values of ¢, for the case s =0 have been calculated

by DATwvYLER’s theoretical formula.

Fig. 4 is evidently a part of Fig. 3

and gives the curves of ¢, for small values of s/2g ranging from o to

1 on a larger scale.
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‘Fig. 4.

We see that ‘in practically important cases where the angle of
attack is small, the lift coefficient of the plate is considerably increased
by the influence of the boundary wall when the distance of the trailing
edge of the plate from the wall becomes very small. These theoretical
results for the plate may duly be applied to a thin symmetrical aerofoil
near the ground and thus we see that our theoretical results agree

satisfactorily well with DATWYLER's experimental results®.

(1) G. DATWYLER, loc. cit.,, p. 87.
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IV. Summary.

§6. In this short note I have carried out further numerical
calculations of the lift acting on a flat plate which is placed in an
incompressible perfect fluid in the neighbourhood of an infinite plane
wall, with the special intention of examining how the said lift changes
when the distance of the trailing edge of the plate from the wall becomes
fairly small, since for such cases interesting experimental results have
been obtained by G. DArwvLeEr. It was found that the theoretical
results obtained in the present paper are in full agreement with

experimental results obtained by DATwYLER and others.

August, 1934.

Cambridge, England.
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Appendix.

Supplementary Note on the Lift on a Flat Plate in a
Stream between Two Parallel Walls.

§1. In No. 101 of the Reporté of this Institute®, I have investi-
gated the problem of finding the effect of two parallel walls upon the
lift on a flat plate placed in a stream between the said walls, which
has been discussed previously by Dr. T. Sasakr and Dr. L. ROSENHEAD.
I have pointed out that the relation (df/ds),_ s =

ROSENHEAD in the course of calculation of the lift does not hold for

— k/2w; used by

the general case and in consequence of that ROSENHEAD’s expression
for the lift for the general case is incorrect, although his expression
gives the correct result for a special case in which the mid-point of the
plate lies on the centre line of the channel, since in such a special

case the relation (df]ds) —k/2w; holds good.

s =83

I have obtained the correct general expression for the lift on the
plate in the channel and carried out some numerical calculations, and
also I have shown clearly that my general expression gives, as its
limiting forms, the already known expressions for the lift on a plate
placed in a semi-infinite stream bounded by a single infinite plane wall

below or above the plate.

Since, as mentioned just in the above, ROSENHEAD’s expression for
the lift does not hold for the general case, his approximate formula®
for uk;/k; , which is equal to (L—L )/L, in our notations, for the case
where the mid-point of the plate is not on the central line of the

channel can not be said to be correct.

(1) S.Tomotika, The Lift on a Flat Plate placed in a Stream between Two Parallel
Walls and Some Allied Problems. January, 1934. There are unfortunately some small mis-
prints in this paper. The term [sin(n6~—28)—g2nsin0] on pages 177 and 178 should be
corrected as [ sin (n0—2B)—q2nsinnd] .

(2) L. RoseNHEAD, The Lift on a Flat Plate between Parallel Walls. Proc. Roy, Soc.,
London. 132 {1931), p. 129 and p. 146.
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Thus, it is not quite useless to obtain the correct approximate ex-
pression for L/L, in the case where the mid-point of the plate is at a
finite distance % from the central line of the channel, although, in
mounting aerofoils in wind tunnels, it is not usual to put the aerofoil
at a great distance from the middle.

The object of this supplementary note is to derive the said appro-
ximate formula for the lift on the plate, assuming that the breadth of
the plate is fairly small compared with the width of the channel.

The method of images has already been applied to this case by the
late H. GLAUERT and the approximate formula for the lift has been
obtained, under the supposition that the dimension of the aerofoil
is sufficiently small in comparison with that of wind tunnel and the

angle of attack is small.

§ 2. Referring to the annexed figure, we denote the breadth and
the angle of attack of the plate AA’ by 2a and B respectively. Also
we denote by k the distance of the mid-point of the plate from the
central line of the channel and by D the breadth of the channel.

"
.

Then, we have®
> q" sin 10, sin %n(93~ 6s)

27 -
= §
D Z‘ n(1—2¢* cos 28+q*)

n=1

{cos (n—1)B—¢*™ cos (n+ I)B} )
(1)

(1) S. ToMoOTIKA4, loc. cit., p. 174, and p. 180.
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and

= ™ sin 1z cos %n(ﬁs —0,)

h ar ;
L =—6)+
(2 g 4smB"Z=l n(1—2¢?" cos 28+ ¢*")

x {sin (n—1)B—q™ sin (n+ 1)/8} , (2)

where 6, 63 and @; are real quantities and they must satisfy the

following two equations:

€340, = 28, (3)

and

04(03—02) (94—62) S 03+02)194(64+62)' (4)

. 2m 2T

Next, we denote by L the lift acting on the plate in the channel
"and hy L, the corresponding quantity in the case of an unlimited stream,
which is given by Ly = 27aU?psin 8, U being the velocify of flow at
infinity and p the density of the fluid. Then, the most general expres-
sion for the ratio L/L, is

P =0, K =0 IR
N O

27T

where , is the circulation round the plate, the value of which has been
determined by Joukowskr's hypothesis such that the flow leaves the

trailing edge of the plate smoothly, and is given by

z%( 64+ 92) 19'( 0s—0, )
_ UD 2w/ 27

,c_
. l& 04+02) 54 _94—02)
2T 2T
= 8UDZ~?cos’n€4smn92, (6)
n=1 I— "
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and also «’ is the constant defined in the form:

&/(ﬁ'{ie_z ( 03—02)
— UD ! 2 ! 2T

~

" —
T l 194(93-{*?1) Y 03—92)
s 2T 2
=8UD Z anq—_ncos n6s sin 1o, . (7)
n=1 17 Y

§3. We shall now obtain approximate expressions for various
quantities, under the assumption that the ratio 2a/D is fairly small; in

other words, the value of ¢ is fairly small.

We put

When ¢ tends to zero, 63—>%7r+/8 and 6,— —~2~7r+ B, as shown in
the previous paper®, Therefore, since 63+6, =28, we may assume

that

G; = ivr-FB+a1q+agq°+a q3 ,
2

0 = — Lo+ B—a1q—a2°—asg’.
2

Putting these in (4) and determining the coefficients a,, az and as, we

get

0; = Lvr+,8+2q{1—2q2<l—i cosz.Bvsin2 2>}cosBsin i,
2 3

64

Il

“é‘"‘“"ﬁ—“ﬂ]{l_?qz(l‘i cos? B sin? J)}cosﬁ’sinl .

(1) S. ToMmorika, loc. cit., p. 194.
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Thus we have

f

0s—6s = m—4q ll — zqz(l—é— cost B sin22>}cos Bsina . (8)

* In like manner, we get, from the general expressions (1), (2), (6
and (7), the approximate expressions for 27a/D, =h/D, «/UD and
«'|UD respectively. The results are

2ara/D = 8q cos 2 [I + q2<; cos 28 cos? 2+ 2 cos? B sin? X)J ,
wh/D = 2—2¢®sin® Bsin2 1 ,

«/UD = 8¢ sinfBcos A [I + 2 q sin B sin A

+ 2q2( 2 cos? B +sin? A + sin? B sin® R)], )

«'|UD = 8qsin,8cos&[—1 4+ 2q sin Bsin A

—2¢? (2 cos? B+ sin?A+ sin? Bsin%a )] )

Also, taking the above several results into account, we obtain, from

(5), the approximate expression for L/L, in the form :

f = 1444 sin 8 sin 1+—8—q2[(1+ sin? 8) + L sinf (1 +7 sinzﬁ)] ,
3 2

0

(10)
Solving 2 from the second equation in (9), we have
h . . ((2mwh
A=T""450%sin? sm(-—— , 11
p 24 B D (11)

and putting this in the first equation in (9) we get

5 sl oo tefusatnr Lo ()]
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from which we can solve ¢ as a power series of 2a/D. The result is
™ ﬂ)(z&)_zri s(lfﬁ)l — 2 sint
3 sec( A\ D 384 sec 5 1(1 2 sin® B)

~(I—5 sin? B) sin (?)}(7)3 (12)

Finally, substituting (11) and (12) in (10) we have

—L— !Wsmﬁtan('g'i }(D )

+ 7 e ’Z‘){(x +sin® ) +§sin2(%h)(l +7 st ’B)}(%L)z

24
(13)

I

q

and at small angles of attack this becomes

L '71'2{ g(wh) I (2&) [ 2a ('n'h 1
— =14+—gsec|\ —— )—— +,—-—ta . (1
Lo 16 D/ 3! 15D B\ B (4
These are the required correct approximate formulae for the lift and
they should be used when necessary instead of ROSENHEAD’s erroneous
formulae.

Further, if we suppose 8 to be very small and neglect the second

term which is proportional to 8, we get
L a2 (wh) 1)/ 20 )2
=14+ )= {=) . 15)
o 16X \Dp /) i( D (15)

This is the approximate formula deduced by H. GLAUERT by the method

of images.
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