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Abstract.

The present paper deals with a simple method of detérmining the aercdynamic
characteristics of a mcnoplane wing. First, 2 method is developed for calculating
the spanwise lift distribution and other aerodynamic characteristics of a simple wing.
The solution is by means of successive approximaticns, the required induced angle
being readily computed by the method of mean value as used for approximate quadrature.
The effects of landing flap displacement and aileron displacement are next consicered,
the calculation being simplified by considering the effects on a reference wing of
elliptic plan form, and by modifying the results by assuming a simple relation of
proportionality. Worked numerical examples are added in order to explain the ap-
plication of the method as well as to check the accuracy of the method. The
lateral stability derivatives are calculated in much the same way. Fina'ly, with the
object of providing numerical data for a number of aerodynamic characteristics, a

series of straight tapered wings is calculated by the method here discussed.
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INTRODUCTION.

§ 1. A knowledge of the spanwise lift distribution over a wing
is important not only from structural considerations, but also from the
fact that certain conclusions regarding the behaviour of the wing near
the stall may be drawn from it. Indirectly, lift distribution affects also
matters relating to perfdrmance and stability, such as the magnitude
of the induced drag, the angle of no lift, the pitching moment about
the aerodynamic centre, the effects of flaps and ailerons, the derivatives
of lateral stability, etc. Although an accurate knowledge of lift dis-
tribution could be obtained from wind tunnel experiments, it in almost
every case be drawn also from theoretical calculation, which is based
on Prandtl’'s well-known wing theory. While this calculation is not so
simple as to lend itself readily to designing room work, in view of
the great importance this problem has assumed of late, it cannot be
dispensed with. And, since to make sufficiently extensive investigations,
both theoretical and experimental, with the object of obtaining numerical
data for the general case, is impossible, owing to the large number of
variables involved, in order to determine the lift distribution over a

wing, a special calculation becomes necessary for every design.
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To repeat the calculation for every design requires that the process
and the labour of calculation shall be reduced to the simplest possible.
Numerous methods for computing lift distribution have been proposed,
clief of which are those due to Betz (Ref. 1), Trefftz (Ref. 2), Glauert
(Ref. 3), Gates (Ref. 4), Lotz (Ref. 5), Lippisch (Ref. 6), and Wada
(Ref. 7). The methods of Betz and Lotz give accurate results, but
the calculation, besides demanding experience, is time-consuming, while
those due to Trefftz, Glauert, and Gates are less simple in procedure,
and less accurate in practice. Those of Lippisch and Wada seem best
suited for practical work. One fault, however, runs through all these
methods, and that is, that considerable difficulty is encountered in
applying them to that case in which stalling spreads over a part of the
wing, or in which the flaps or ailerons are displaced. |

The writer now proposes a simple method of calculating the lift
distribution over a monoplane wing. The method, true, is approXimate,
but it is sufficiently accurate for all practical purposes; its simplicity
commends itself to calculations of the designing room. Although parts
of the method have already been published (Refs. 8, 9, 10), since they
amount to n‘othing less than a gist of the process, its practical application
leaves something to be desired. Im this paper, they are recapitulated,
with the addition of new proposals and data in a form suitable for
practical purposes; numerical examples in order to illustrate the application

of the method are also added.

§2. The present paper is divided into five chapters. In Chapter I
the fundamental concepts of wing theory are treated in the same con-
venient form as adopted in the chapters that follow it. Explanations
of the symbols used are also given. In Chapter IT will be found
a method for calculating the lift distribution and other aerodynamic
characteristics of a simple wing, which is an improvement on the writer's
proposal in his first paper (Ref. 8). At the end of the chapter, the

caleulation is extended to the case of a large angle of incidence in
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which stalling spreads locally over the wing. The method of attack
is based on the proposition given in the writer’s third paper (Ref. 10).
In Chapters III and IV, non-simple wings are considered, i.e., a simple
method for calculating the effects due to wash out and flap displacement
is given in Chapter III, while the effect due to aileron displacement
will be found in Chapter IV. The attempt that was made in the writer’s
second paper (Ref. 9) to simplify the calculation of aileron effect has
since been improved and extended to such a degree as to constitute
the contents of Chapters III and IV. The latter half of Chapter IV deals
with the calculation of lateral stability derivatives along similar lines.
Numerical examples are worked out in order to illustrate the arguments
in Chapters from II to IV as well as to facilitate the application of
the method. Finally, in Chapter V, a series of straight tapered wings
is calculated according to the method discussed in preceeding chapters
in order to provide general numerical data for a number of aerodynamic

characteristics.

CHAPTER L
FUNDAMENTALS OF WING THEORY.

8§ 3. Fundamental equations of wing theory. In Prandtl’s wing
Itheory, the wing is represented by a vortex filament, which is perpendi-
cular to the direction of flight and whose strength is equal to the
circulation [’ at a station at distance y along the filament, i.e. along .
the span of the wing. Assuming that the free vortex, which forms
as a result of the variation in [’ along the span, extends downstream
in the form of a plane of discontinuity, it will be seen that the effect

is to reduce the angle of incidence of the section by the small angle

b

— 1 [*el dy.
P(y) 47er_l,_ W o (r.1)
2
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Fig. 1.

and that if « is the geometrical angle of incidence of the section, the

effective incidence will be

oY) = ely)—(Y) - ()

Assuming that the aerofoil section behaves exactly the same as if it
formed a part of a wing of infinite span at an angle of incidence cte,

the lift coefficient of the section is given by the relation

Cz = z(aao) ’ (1'3)

which depends on the shape of the section. If the angles of incidence
are measured from the attitude of no lift and are assumed to be small,

the relation will be
C: = Uy » (1.4)

where @ is the slope of the curve of lift coefficient against the angle
of incidence for the section in two dimensional flow. Moreover the

circulation is given by

r=—-Vtc., (1.3)

|~

where V is the speed of flight and ¢ is the chord of the section.
Combining (1.2), (1.4), and (1.5); we have the equation
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A Simple Method of Calculating the Acrodynamic Characteristics 315
I'y) = - Va@tylaly)—#w)} . (1.6)

from which I" is to be determined in terms of a, t, and o, which may
of course vary across the span of the wing.
When the circulation /7 has been determined, the coefficients of

lift and induced drag for the section are obtained by

_ 2I'(y)
CZ(y) Vt(y) ] . (1'7)
and
c(y) = cy)ply) = cz(y){oc(y)—--CZ(y)} : (1.8)
a(y)

respectively. The coefficient of profile drag ¢, may be known in
terms of ¢, as section characteristics.

Although, strictly speaking, a should be regarded as a variable
depending on the shape of the section, its variability may be neglected,

and an appropriate mean value may be used without any appreciable
loss of accuracy.

§ 4. Fourier rvepresentation of the circulation distribution. Before
dealing with the determination of " according to (1.6), it will be
convenient here to write out the formulae giving the aerodynamic
characteristics of the wing, when the coordinate y, measured to starboard

along the span from its centre, is replaced by the angle 8 by
__ b
Yy = ——cosb, (1.9)
2

and the circulation is expressed as the Fourier series

T'=%Vato(KlsinG-}-Kzsin20+Kgsin39+---), (1.10)
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where ty is the chord at the centre (y =0, § = /2), a is the mean
value of the slope of the curve of the lift coefficient across the span,
and K,, K, K3, --- are non-dimensional coefficients to be determined in

accordance with (1.6). Substituting (1.9) and (1,10) in (1.1), we have

q)=#\fK1+2KASi{120+3KSSi{13H+"'}J (I'II)

1 sin @ sin

where

p= L) . (1.12)
4b
The aerodynamic forces and moments of the wing are determined
very readily in terms of the above Fourier coefficients. The lift of

the wing is

b
Z=fipVde=-'g—pV2b2}bK1, (1.13)

and the lift coefficient is

- Z
(pV?[2)S

z

= mrAK , (1.14)

where A is the aspect ratio,

32
A=-Ié—, (1.15)

and S is the area of the wing. The induced drag and its coefficient are

b
Xi= [*pVIgdy = TpViB K+ Ki+ 3K+ 1)
-2 ) ' (1.16)
X.

= (_T—/“W = mP A(K{+ 2K+ 3K+ -++);  (1.17)
P 2

)
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3
~Ny

the rolling moment and its coefficient are

b
L= ——fszf'ydy = —TpVBuks, (1.18)
b
L
Cl = _(pvz/Z)Sl; = —%#AKz ’ (1.19)

and the yawing moment and its coefficient are

b
N; = flpVI‘qudy = %pvzb3fl:2(3K1K2+5K2K3+7K3K4+_,,)’
b

(1.20)

N: T 2 A(a y
Cri=—2 — = PAG KK+ 5 KoK+ 7 KaKy + -+ ¢) (1.21
(p V¥/2)Sb 4,“« (3 K1Kz+ 5 KoK+ 7 KKy ) ( )

respectively. The moments are referred to the so-called wind axes,
the positive moments being such that the starboard wing rolls down
for I, and yaws back for N;.

The pitching moment M is referred
to the transverse axis that passes through
the leading edge of the centre of the

wing, and which is reckoned as positive

when the angle of incidence increases. .
Fig. 2.

In order to compute M, we assume the &
seat of circulation to be the locus of the aerodynamic centre of each

section. Using the notations as shown in Fig. 2, we have then

b
9 2
AM - f 2 {pVIj(gt(]“'ht)+Cm,0£‘{£"‘t2}dy . (1.22)
. - J

2
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The coefficient of pitching moment is

PR
(pV?2)St
= 4F,A6/‘1(K1 sin 9+K3 sin 30+ M ')(E’*’htio)d( b?//fl )
+~4%6/.10m0t—t; d(—b?//—2~> , (1.23)

in which h, the position of the aerodynamic centre, ¢,,, the pitching
moment cofficient about the aerodynamic centre, and &, the sweepback
of the leading edge, are given as functions of y or 6.

In §5 we shall write the above expressions in a more convenient

form.

§5. Normal and zcro distributions of circulation. Since, generally
speaking, the geometrical angle of incidence « varies across the span

of the wing, it may be either expressed as

o{y) = am+1(0) , (1.24)

where o, is a certain niean value, or as
o{y) sin@ = Dysin@+ Dpsin 20+ Dssin 30+ +--, (1.23)

where Dy, Dy, -+- are constants.
In accordance with the expression (1.24), the distribution of circulation

I'(y) may be regarded as consisting of two parts,
I'ly) =TIy +y), - (1.26)

where [,(y), the normal distribution, is the circulation when o= ¢,
and [%(y), the zero distribution, is the circulation when « = f(6). The
lift of the wing is determined by the normal distribution, the zero

distribution modifying the shape of the circulation distribution withou
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A Simple Method of Calculating the Aerodynainic Characteristics 319

altering the total lift. This definition determines the mean angle o).

It is convenient to write
Ki=A;+B; (j=1,2,...), (1.27)

such that A; and B; are the Fourier coefficients of circulation distribution
for I, and [} respectively. Since, according to (1.14), the lift is given
by the coefficient K; and since the lift is given by the normal distribution

alone, it follows that

B, =o0, (1.28)

and since K; for even j corresponds to the asymmetrical distribution

of circulation,

A2=A4=Ae="'=0. (1.29)

Therefore the coefficients for normal distribution are Ai, As, As, A1,
Ay, -+-, and the coefficients for zero distribution are Bs, Bs, By, Bs,
Bg, -+, all the other coefficients being zero.

Since Ai, As, As, --- are identical with Kj, K, Ks, --+ when o
is taken to be equal to o, in (1.8), (1.10), and (1.11), A;, As, As, "
are all proportional to the lift coefficient C,. In other words, the
normal distribution of circulation as a whole varies in proportion to C:,
the form of distribution remaining unchanged. Writing I'; for the

normal distribution for C, = 1, (1.26) becomes
I'(y) = T'n()Ce+ Iiy) (1.30)

of which convenient use will be made in the next chapter.
We recapitulate here the various formulae of §4 in convenient
forms. First, in order to treat the non-dimensional quantities, we

replace ¥y and I” by 7 and G such that

N = b72 , (1.31)

A

(1) See the end of this paragraph and « Relation bLetween Cr and «p" in §10.
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Gn) = [I;(%//) = 2u(K;sin 0+ Kpsin 20+ Kgsin 360+ -++),

(1.32)
G(M) = GaC,+ Go(M) , (1.33)

Ga(") = ZS:) = <Cz sin 8 + é: sin 30+‘27:Asin59.f_...),

(1.34)
Go(n) = 2p{ Bz sin 28+ B3 sin 30+ Bysin 46+ Bssin 56+ -} .
(1.35)

L}
Taking then (1.27), (1.28), and (1.29) into account, (1.14), (1.17), (1.19),

and (1.21) may be written in the form

C: = mpdds, (1.36)
_ Cf  3K{+s5KE+--- 2BZ+ 4B+ - -+ .
Cm '7I'Al i+ A2 + A% ’(1'.)/)
Cr = —”W’I‘*ABZ ) (1.328)

4

Cﬂi_____SCzCl[ +5 K3+/ K3 B4>+v9__£(§_§4_+...}
"rAl 3 Ai 3 AL B 3 A B

(1.39)
respectively, and (1.23) transforms into
Cm = ECz+Cn10 ’ (1.40)
where
1 .
7= X2
) 2A0f Ga1<6+hto)dn, (1.41)
Al ;
Coo = zAf Ge+nl)ane £l U Otzdn (1.42)

The last result shows that the position of the aerodynamic centre of

—

the wing 5 is determined by the normal distribution of circulation,
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and that the moment coefficient about the aerodynamic centre C, is
determined by the zero distribution of circulation as well as by the
e of the section.

‘ The angle ¢, in (1-24) is the mean angle of incidence in the sense
that when o is constant across the span (untwisted wing) o, is equal
to the constant value of «, and that when o« varies across the span
(twisted wing) o, is equal to the angle of incidence of the untwisted
wing which gives the same value for the lift coefficient C,, whence
it follows that the slope of lift coefficient against angle C./e, is
independent of the distribution of «, and that it depends solely on the
plan form of the wing. Taking (r.12) and (1.36) into account, and
writing :

Ce o ppd 1 = o, (1.43)

Om Om

it will readily be seen that the coefficient m depends solely on the plan
form of the wing.

Finally, the total drag coefficient of the wing C, is the sum of
the induced drag coefficient C,;, (1.37), and the profile drag coefficient
C,0, which is obtained by

1
Cuo = czo%dn : (1.44)
(1]

where ¢, is the local profile drag coefficient of the section 7, and is

obtained by the local lift coefficient ¢,, (1.7).

8§ 6. Explanations of the symbols used.

P density of air,
Vv speed of flight,
b span of wing,

S : area of wing,
A=

b2/S: aspect ratio of wing,
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y : distance along the span from centre of wing, Fig. 1,

n=2y/b=cos@, Fig. 1,

t : chord of the section y, Fig. 1,

t, : chord of the centre section, Fig. 2,

« : geometrical angle of incidence of the section y, measured
from the attitude of no lift, in radians,

o, : mean angle of incidence in radians, see §s,

o : effective angle of incidence of the section y, see Eq. (1.2),

@ : induced angle at the section y in radians, see Eq. (1.1),

a : slope of the curve of lift coefficient against angle of

incidence in two dimensional flow, see Eq. (1.4),

A =7Ala,

p = aty/4b,

I’ =bVG: circulation of the section y,

=0+ 1Ty=TaC+I%,

I, =bVG, = bVG,C,: normal distribution of circulation,
see §5,

I, =bVG, : zero distribution of circulation, see §s,

K;= A;+B;: Fourier coefficient of circulation distribution,

A; : Fourier coefficient of the normal distribution of circulation,
B; : Fourier coefficient of the zero distribution of circulation,
D; : Fourier coefficient of the distribution of the geometrical

angle of incidence, see Eq. (1.25),
c. : local lift cbefﬁcient of the section y,
c» : local drag coefficient of the section y, .
C, : lift coefficient of the wing,
C, = Cy + Cn: drag coefficient of the wing,
C,; : induced drag coefficient of the wing,
C,, : profile drag coefficient of the wing,

C, : rolling moment coefficient of the wing, referred to wind

axes, positive when the starboard wing is lowered,
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Cpn:

Cni :

pitching moment coefficient of the wing, referred to the
transverse axis through the leading edge of the centre
section, positive when the angle of incidence increases,
yawing moment coefficient of the wing, referred to wind
axes, positive when the starboard wing is retarded,

yawing moment coefficient of the wing caused by the
aerodynamic induction, the moment due to asymmetry

of profile drag being excluded,

m = Cz/aolcm, see end of §3,

B :

Br:

=

change in angle of no lift of the section due to flap

displacement, see Fig. 17,

B for landing flap displacement, see § 14,

B for aileron displacement, see § 20,

rolling angular velocity, referred to wind axes,
yawing angular velocity, referred to wind axes,

taper ratio of the trapezoidal wing (straight tapered wing),
see Fig. 22,

subscript ( e ): for the elliptic wing,

1 B

”

( F): for the landing flap,

( A): for the aileron,

(AS): for the starboard aileron,

(AP): for the port aileron,

( 7 ): for the landing flap displacement,

(77 ): for the wash out,

(7”7 ): for the differential displacement of ailerons,

( * ): for the basic wing, especially when landing flap

is displaced.
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CHAPTER 2.
CALCULATION OF A SIMPLE WING.

This chapter deals with a method of calculating the aerodynamic
characteristics of a simple wing, that is, a wing without body or nacelle

and without aileron or flap displacement.

§ 7. Solution by the method of successive approximations. For calculat-
ing the circulation distribution [’ of a simple wing, the most practical
way is to solve Eq. (1.6) by the method of successive approximations.
It consists in making a suitable assumption for I" for finding ¢ from
(1.1), and in calculating a new value of I’ according to (1.6). Since,
usually, the calculated [ differs from that originally assumed, another
assumption for I' is then made, after which all the calculations are
made over again. The process must be repeated until the assumed
and calculated values of the circulation agree, although in practice
three or four repetitions usually suffice for a simple wing.

‘The advantages of this method of solution are that the calculation
is simple, that any errors are easily detected owing to repetitions of
similar calculations, that since it is not necessary to assume g to be
constant in (1.6), if it is required (1.3) may be used instead of (1.4),
which is a convenient generalization in dealing with a wing of large

angle of incidence when stalling spreads locally over the wing.

§8. A simple method of calculating P (y). Notwithstanding the
advantages of the method of successive approximation as just enumerated,
it is not practicable unless a simple method of calculating @(y) is used.
Graphical and mechanical methods of calculating ¢ have already been
proposed (Ref. 11, 12, 13, 14,), but the labour these methods entail is
so great that it is no wonder that the method of successive approxima-

tion has not been used oftener.
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To evaluate as simply as possible the definite integral (1.1), we

adopt, as an approximation to the value of @, the form
(])(77) = ki G(’h)‘f‘KzG(’?z)'*‘ I N G(’?s) , (2.])

where G(n1), G(nz), -+, G(y) are the values of the non-dimensional

b

circulation (G at the suitably chosen representative sections N, N2, **

ns» and w;, «2, -+, xs are constants to be determined, which evi-

dently depend on the value of 2.0

In the case of a simple wing, since the distribution of circulation
G(1) = 2u(K; sin 6+ Kz sin 30+ -+ +) (2.2)

is symmetrical about the centre (7= o0, 6 = =/2), it is sufficient to
consider only the starboard half (0 <7 <1, w/2226>>0) of the wing.
Taking s = 4, that is, the four points 7, = cos™4;, 72 = cos™16,, Ny =
cos™1gs, 7y = cos™; on the starboard wing, and putting (1.11) and (z.2)

into (2.1), we get

Kit 3K, Sin30 4 (g sinsO o posinzé
sin 0 sin 6 sin @

= 2 «i(Ki sin 81+ Ks sin 36,+ Ky sin 560, + Ky sin 76,)
+ 2k Ky sin 05+ Ks sin 3 6:+ K5 sin 560, + K7 sin 7 65)
+ 2k Ky sin 83+ Kj sin 363+ K sin 5654 Ky sin 765)
+ 2 xg(Ki sin 61+ K sin 3604+ K sin 56,4+ Ky sin 76,) .

Equating the coefficients of K;, Ki, Ks, K; on both sides of the

equation we have a set of linear equations,

(1) Recently, Moriya succeeded in calculating, in a similar way, 9 due to helical vortices
of a propeller. T. Moriya: Formu'ae for prepeller characteristics caleulation and a method
to obtain the best pitch distribution. Jour. Sce. Aero. Sci., Nippen, Vol. 5 (1938), p. 995;
Prec. Fifth Int. Congr. App. Mech. (1938), p. 504. :
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XL = gy sinf; +xzsin by +kgsinfs +wgsinby ")
2
3 sin 36 . . . ;
s = K S 301+/czsm 392+K351n393+x4 sin 394 ’
2 sinf

. (2-3)
—S‘iln-—S—e* = g1 Sin SU1+K2 sin 592+Ks sin 56'3+K4 sin 594 ,
2 sinf
7 sin 70 . . . .
7 SMIY = gy sin 761+ kesin 702t k3sin 703+ kg sin 764,
2 sin@ J

from which «1, x2, k3s K4 may be determined. Considering the nature

of the distribution of G, we take 7, =01, Ny = 04, M3 = 07, M4 = 09,

and get
N=0'1. K= +1:8376, w2 = —1-3627, k3= —0:0477, k&= —01042,
N=0-4: K1= —09322, K27 +2-3818, x3= —09717, Ky = —0-02068,
N=0-7: K =—00276, Ky = —1-2781, wz= +3-0778, kg= —1:1451,
n=0-9: K= +0-1360, kp= —07007, k3= —1+0074, k4= +4:1080.

With these values of «,, @ is given by (2.1) in radians. Multiplying
xs by 180/, we have the induced angle expressed in degrees, as

follows :

4%(0-1) = +105-3 Glor1)— 781 Glo-g)— 27 Glo7)— 60 G(0-9)

¢%(0-4) = — 563 G(o'1)+136-5 G(0-4)— 557 Glo-7)— 15G(0.9),
¢%(07) = — 1:6G(or1)— 73:2 G{o"4)+176°3 Glo-7)— 656 G(0-9), .
9°(0-9) = + 7-8G(o1)— 40-2G(0°4)— 62-9 G{o-7)+235-4 G(0-9) -

(2.4)

A direct connection clearly holds between the number of terms
taken in (2.1) and the degree of accuracy attained by that approximation.
To take s = 4 is equivalent to neglecting coefficients higher than Ky

which, in practice, is an approximation sufficiently accurate for a simple
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wing. When, however, stalling spreads locally over the wing 8§12,
13), the distribution of ' deforms into a complex shape, so that it is
better to take s =15. Thus

@°( 0) = +182:73 G(0-1)—166-81 G{0-3)+ 20-83 G{0-3)
— 1509 Glo-7)— 2:97 G(0-9), |

@%0-1) = +132:71 G(o-1)— 88:63 G{0-3)— 12:69 G(0-5)
— 848 Glo7)— 414 Gl0.9),

¢%0-2) = + 1569 G{o-1)+ 84-73 G(0-3)— 75.81 G(05)
+ 073 G(or7)— 6-11 G{09),

@°(0-3) = — 88:46 G(0-1)+208-28 G(0-3)— 83-98 G(0-5)
— 926 Glo'7)— 614 G{09),

@%(0-4) = —103-88 G(0-1)+154-22 G(0-3)+ 22:72 G{o-5)
— 45-86 Glo-7)— 467 G(09),

@°(0-5) = — 1967 G(o-1)— 68-94 G(0-3)+198-85 G(05) (25
| — 76:07 Glor7)— 894 G(0-9),
\ @°(06) = + 74-23 G(0.1)—253.21 G{0+3)+261-92 G{0.5)
— 2455 G(o-7)— 29-74 G(0-9),
@°%(0-7) = + 26-07 G(b-l)— 87-17 G{o-3)— 872 G(o-s)
+169-61 G{o-7)— 63-58 G(0-9),
¢°(0-8) = —200-22 G{0-1)+455-64 G(0:3)— 53790 G{0*5)
+393-00 G(0-7)— 49-6o G(0-9),
#°(0-9) = —130°69 G{0-1)+ 27335 G{0:3)—257-46 G{0*5) .

+ 40:67 G{o-7)-+211-39 G(0-9) . )

The more terms we take, the more accurate the results. This
holds, however, in cases wherein the values of G(m), Gm), -+, G(s)
are accurately known, i.e. to as many figures as may be desired.
Since, in practice, G is not known in more than three figures, any

increase in s is likely to vitiate the results, owing to the fact that large
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quantities of nearly equal magnitude but of opposite signs have to be
added, for which reason it would seem a disadvantage to take s more
than 5.

It is supposed that the accuracy of approximation depends to a
certain extent on the choice of the representative values 7y, 7, -+« , 7.
The problem presented here is analogous to that of Gauss’s method of
approximate quadrature. However, we shall not pursue this inquiry
further, contenting ourselves by calculating for several sets of values
71, M2, ++, M, chosen by taking into account the nature of distribution

of G, and selecting the most desirable sets, as given in (2.4) and (2.5).

§89. Harmwonic analysis. With the foregoing method, the circulation
distribution for a simple wing may be calculated very easily. The
result is expressed, however, as the curve of (7, the Fourier coefficients
K, Kz, -+-- in (2.2) not being given explicitly. In view of the
importance of these coefficients for calculating the aerodynamic charac-
teristics of the wing, a convenient method of finding them from the
curve of G may be given. After the method of attack in §8, assuming,

for instance, the form
Ki = €} G(n) + 4, G(M) + w3 G(13) + s G(Ma)
we have the equations

/. ’ . 7 . .
kysin O +«psin O+ «ysin O:+ kg sin by,

l
|
|

0 = «j sin 301+« sin 36>+ &, sin 3603+ «§ sin 36,

0 = «j sin §6;+ ;3 sin 56,4 3 sin 565+ «f sin 564,

0 = i sin 78, «} sin 70+ «} sin 70;+ «} sin 764,

by which «/, w2, «3’, x4/, may be determined. Taking 2 =o-1,

7p = 04, M3 = 0-7, My = 0-Q, We have
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K1=A1

—I~{o- 1453 G(0°1)+ 0-2184 G{0-4) + 01498 G{0-7) + 0- 1108 G(0-9)},
lL .

(2.6)
whence by (1.14)

C, = A{0-4565G{0-1)+0-6861 G{0-4)+0-4707 G(0.7)+ 03479 G(0-9)} .
(2.7)

The corresponding expression for s = 5 becomes

C, = A{0-45368 G(0-1)+0-28197 G(0-3)+0-50246 G(0-5)
4035521 G{0-7)+0-37073 G(0-9)} . (2.8)

K, and K, may be obtained quite similarly, thus

K; = I;{—4-7233 G(o-1) + 6-8828 G(0-4) — 1-9062 G(0-7) )
+05798 G(0-9)} '
. (2.9)
Ks = L {+7-4602G(0-1)—15-2617 G(0:4) + 11-6124G(0-7)
I
—3-9644 G(0-9)} . J

Owing to the limited number of figures composing G, however, the
calculation of these coefficients is satisfactorily performed with s=3
rather than with s = 4. We have

Ky = 1 {—0-2028G(0.1)+0.0752G(0"3) + 03137 G{o.9)}, y
N
(2.10)

Ks = —I—{ +0:1636G(0:1)—0-2€85 G{0-5)+0-1600G(0-9)}.
[l,

Seeing that it is not necessary, in practice, to treat coefficients
higher than K5, the harmonic analysis is very easily performed accord-
ing to (2.6) and (z.10). It should be added that the lift coefficient of
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the wing C, is calculated by (2.7), and the induced drag coefficient Cy;
by (1.37), (2.6), and (2.10).

§10. Nwmcrical example. In order to illustrate the foregoing
method of solution, it will be supposed that the aerodynamic charac-
teristics are required for the tapered wing shown in Fig. 3, and Tables
1, 2. This wing has an aspect ratio A = 8-7036, a taper ratio 0-3237,

and a linear wash out of 2°. Although the slope of lift curve a varies

- b= 566431,

Fig. 3.
across the span, this minor variation may be neglected and a mean
value of 5-67 applied throughout every section. Since b/t = 5-6643,
= aty/ 4b = 0-25025, the quantity (7 /180) (at/2b) appearing in the

equation
TABLE 1.
" X 3 Yo l o’
fy ' 1
o 1.0000 o 2-33° 15-00°
o-1 09324 0-0676 2.32° 14-797
0-2 0-8647 0-1353 2-30° 14-57°
0-3 0-7971 0-2029 2.28° 14-35°
0:4 0-7295 0:2705 2.25° 14.12° .
0.5 0-6618 0-3382 2.22° 13-89°
0.6 05942 0:4038 2.17° 13.64°
0-7 0-5266 | 0-4734 2-11° 13-38°
o8 0 43587 0-5412 2-00° 13.07°
0-9 0-36€0 0.6214 1.73° 12.€0°
.0:95 0:2740 0.6842 1-45° 12.22°

—{° is the angle of no lift. «° is the angle of incidence of each section
when the angle at v = 0 is 15°; «9(n) = 15° — 2% — {L°(0) —¢°()} .
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~

TABLE 2.
Cxo X 107
N | @ |Czmax| Cmy h ¢ i !
=_zo_o 0 |02 |04 io-6 08 | 1.0 | 1.2 1.4 |1.6
u
0-1|5-59| 1.67 |-00I5|0-235| 095 {0-86|0 84 o-89|1-01 1-19 | 1:44|1-79 | 2-36] 3.75
0-3|5-63| 1-70 |-0.016| 0.236| 0-92 |0-83|0-8110.86;0-97|1-14|1-38|1.71 |2 23330
0-5/5-67 | 1.75 -0.016|/0-237! o0-90 |0-81 |0-78 0~82§o-92 1.07 |1-30| 1-61 | 2.06| 2.90
0-7|5-71 | 1.80 |-0-015|0-238| 0-82 |0-75!0.7210:76 086 1.00|1.22|1.501-90 | 2-€0
06| 5-75| 1.80 |-0 014|0-240| 0©-72 |0.67|0-67 o-72io.83 0-98 { 1-20 | 1-48 | 1.88 | 2.59
o af
G(n) = — —H{a®—9°), (2.11)
180 2b
which is the non-dimensional alter-
TasLE 3. native of (1.6), is given in Table 3.
First approxunation. First, in
" «© _';ﬂﬁ‘;_ order to make a rough estimate,
180 2
; - the distribution of G is assumed to
01 1479° | o008 be elliptic, or
0.4 14-12° 0-00538 , -C R
Gn) = 21—,
0.7 13.38° 0-004€0 aA
. .€0° .003 o . .
| 2o 000320 although it might be possible to make

a closer approximation as, for ex-

ample, by using the known circulation

distribution for a straight tapered wing, as given in Chapter V, the

elliptic distribution is here adopted as an example of a somewhat crude

assumption, but with the advantage that @ is constant across the span

and is calculated very easily. Since the mean of & is roughly 14°,

and since the value m, corresponding to k= 0-3237 and A [a = 8-7036

| 5:67 = 1-534 in Fig. 25, is 0-82, the lift coefficient of the wing will

be nearly
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14
573

C. = maoc = 0-82% 5-67 X

= 1.14 .

Therefore the first approximate values of circulation are
G(n) = 0-083, 0:076, 0-060, ©0:030
for 7 = 0-1, 0-4, 0-7, 0-9 respectively. Substituting, at the same time,

Ce _,,0

A

P° =573

in (2.11), we have a new distribution of circulation,
G(n) = o-101, 0075, O©0-051, 0-033,

for the four sections. Since these calculated values differ from those
originally assumed, the mean of the assumed and calculated values is

used for the second approximation.

Second approximation. The assumed values of G for the second

approxjmation are,
G(n) = 0-0920, 0-0760, ©0:0550, 0-0340
respectively. With these values of G, we obtain @ from (2-4):
@Om) = 3-40°, 2:08°, 1-75°, 2:21°,
and substituting @ in (2.11), we have
G(n) = 0.0928, 00768, 00535, 0°0332,

which differ slightly from those originally assumed. Taking the mean

of the two, we have

G(n) = 0-0924, 0-0764, 0-0542, 00330,
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TABLE 4.

|
|
‘ n = 0-I : n=04 n = 0-7 n=09

i

' G(0.1)=0-0920 !(x 105-3)+9-€9 E(x—_,-é-‘;)— 5-18i(x—~ 1:6) —0-15 (X  7-8) +0-72
G(0-4)=007€0 (X —781)—5:94 (X 136:5) 4+10-37 (X —73-2) —5-56| (X —40-2) — 3-06
G(0-7)=00550 (X — 2:7)—0 15 (X —55-7)— 306 (X 176-3)+9-€9|(X —b2-;,) —3.46

G(0-9)=00340 | (X — 6:0)—020 (X — 7-5)— O 05? (X —65.6)—2.23|(X 235-2)+8-01
e b
o° 3.40° 2.08° : 1.75° 2.21°
|
«® — 3° 11.39° 12 04° | 11.63° 10-39%
|
© at, 6 o i
= (a®—09), 0-0928 0.07€8 ; 0.05 0-033
5o 2b( ) 9 7 i 535 332
G, revised 0 0924 0-0764 ' 0-0542 0-0336
!

which are to be'assumed in the subsequent approximation. The numerical
calculation may be performed with a 50 cm slide rule, the steps being

tabulated with advantage, as shown in Table 4.

Tlurd approximation. The third approximation may be performed

quite similarly to the preceding. The result is

G(7), assumed = 0-0924, 0-0764, 0-0542, 0-0336,
G(n), calculated = 0-0927, 0-0763, 0-0541, 0-0334,
G(7), revised = 00925, 00764, 0©-0542, 0-0335.
Since the calculated values almost agree with the assumed, we may

accept the mean of the two as the final distribution without further

checking. According to (2.7) the lift coefficient becomes

C. = 87036 x (0:4565 X 0:0925 + 06861 X 0:0764

+ 04707 x 0:0542 + 03479 X 0:0335) = 1-146.
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Normal and zero distributions. On the other hand, calculating
similarly a fictitious wing with the same distribution of chord (i.e. plan
form), but with a uniform distribution of angle of incidence across the

span, o® = 15°, we get for the distribution of circulation
G(n) = o0-0951, ©0-0810, 0-0601, 0-0389,

with C, = 1.225. Seeing that for such a wing circulation varies in
proportion to C,, the value of G(n) for C,= 1-146 may be obtained
by multiplying the above by 1-146/1-225, giving

G(7) = 00890, 0-0758, 0°0563, 0:0304,

\
which is nothing else but the normal distribution of the wing under in-
* vestigation, Subtracting the normal distribution from the resultant dis-

tribution, previosuly calculated, we have the zero distribution
Gs(m) = 0-0035, 00006, —0-0021, —0:0029.
The mean angle of incidence becomes

1-146

1-22

ol = 15°x = 14-03°.

Calculation for other angles of incidence. Although the foregoing
calculations apply to the case when the angle of incidence at the centre
section op® = 15° and the lift coefficient C, = 1-146, the circulation dis-
tribution for other angles (hence for other values of C;) may be very
easily deduced from them. Multiplying the normal distribution previously

given by 1/1-146, we have the normal distribution for C, = 1, namely,

Gal .

Gu(n) = 0-0776, 00661, 0-0491, 0-0318.

The circulation distribution for any value of C, is then given by
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G(’]) = Gal(n)cz_*' Gb(n) ’

whence we get the results shown in Fig. 4.

0! [

G()

012

008

JEEEREREAN

B -
| R
0 935 7 T
Fig. 4.

Relation between C, and op. It has been shown that when C, is
1-146, the mean angle of incidence o is 14-03°. Since the difference
between o,, and the angle of incidence at the centre section og, Which
is equal to 15° — 14-03° = 0-97° in the present case, is independent of

C., we have the following relation between C, and o

C, = 1-146 x " _ = 0-0817(ag—097°) ,
14-03
the angle of no lift being 0-97°. It will be seen that the angle o, .
means the angle of incidence at the centre, measured from the no lift
attitude of the wing, or the angle of incidence of the untwisted wing,
which has the same value of C, as the wing in consideration. The

slope of the curve of lift coefficient against angle of incidence is

ma=%g—"—=o-0817x57-3=4-68, '

o
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and the value of the coefficient m is

m = f’ig—g— = 0826 .

5-67

Section lif t ceefficicnt.  The relation between the section lift coefficient

c(7) and G{n) is given by (1-7), namely,

2b
S = 7
=5 G0,

. i — Co=20
cumz
C: / e "
?.-,,.——« 167
b \\<
N
1 10—
"] \<\
L ]
—t | o5
., ]
-0 03 . 0
7
Fig. s.
with the aid of which the distribution of ¢,, Fig. 5, may be deduced .

from the distribution of G, Fig. 4. In Fig. 5, there is also a curve
drawn representing the maximum lift coefficient ¢,,., of each section.
The curve of ¢, distribution becomes tangent to the curve of ¢ .. at
C. = 1-67 and 7 = 0-3, indicating the beginning of stall. Although the
method of calculation described in §§12, 13 is preferably used for
estimating the maximum lift of the wing, the method shown in Fig. s

is sufficiently accurate for roughly estimating the condition near the stall.

This document is provided by JAXA.




A Simple Method of Caleulating the Aerodynamic Characteristics 337

Harmonic analysis. First, the leading coefficient A, is calculated
by (1.36) as
A1 1

C. A

= 0-14614 .

In order to obtain other coefficients, the value of G at 7= 0-5 mus

be found by interpolation. Substituting

Ga(0-1) = 0:0776, Gafo-5) = 00609, Gauf0-9)= 00318,

Gs(0°1) = 0-0035, Gs(0'5) = —0-0005, Go (0-9) = —0-0029

in (2.10), we have

As
= —0+*0047,
C. 4.7 C.

B; = —0-0066 , Bs = 0-0010.

= 0-0057 ,

Induced drag. Substituting, then, the values calculated above in

(1.37), where

A A
K3= 3CZ+BS, K5= SCZ+B5, 32=B4=-.. =o’
Cz CZ
TABLE §.
Cz ‘ Cui Cxo ‘ Cy
—
o ' 0.0002 0.0080 ‘% 0.0082
1 !
0.2 ! 0.0018 0-0078 i 0-0096
05 ' 0.0096 0.0087 | 0-0183
| o
1.0 : 0.0376 0-0133 | 0-0509
1-5 : 0-0339 0:0253 0-1092
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we obtain the coefficient of induced drag,

C.i = ! (1-0107 C?+0-0114C,+0:0063)
3-142 % 8:7036

= 0-0370C%+ 0:0004C,+ 0-0002 .

The value of C,; calculated by this equation is given in Table ;.

004 =
et L _—
L \ C=15
z= T
003 - \
\
\ \
802 —]
\\ 7"?
s
M~ 05 \0\02
-po1 - —— -
%. =SSN \\
.0 .
a o5 9 10
Fig. 6.

Profile drag. The coefficient of profile drag ¢, of each section
being given in Table 2 as a function of the section lift coefficient ¢,

the distribution of ¢, may be deduced from Fig. 5 and Table 2. The

06

2/Gul6+RE) |
= ~

AN

04 7

\

24G,(E+hE)

o il
S
-2
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distribution of ¢(bt/S) is shown in Fig. 6, and the coefficient of profile
drag of the wing calculated by (1.44) is given in Table ;5.
Total drag. The coefficient of total drag is

Cx = Caci+ C@O ’

which is given also in Table 5.

Pitching moment. The integrands in (1.41) and (1.42) are calculated
by the numerical data in Tables 1, 2 and by the distributions G, G?
above obtained. These are shown in Fig. 7. Integrating the curves, we

~

have = = 0-447, C,,0 = — 0-017, and the coefficient of pitching moment
Cn = 0447 C,—0-017 .

§ 11. Accuracy of the meithod. As a test of the accuracy of the
proposed method of calculation, numerical examples will be worked

out also by the other methods to enable comparison of their results.

Comparison with Lotz’s method. TFirst, we shall treat the problem
described in § 10 by Lotz’s method (Ref. 5) which, although gives very
accurate results, has the drawback that it is laborious. It is required
to express the distribution of angle of incidence by the series (1.25),
and the distribution of chord by the series

lq—sin0=E0+E2cos2t9+E'4cos40+--- , (2.12)

)

the Fourier coefficients D,,,; and Ej; being given in Table 6. Although
for the present purpose, coefficients of higher order are unnecessary,
they are nevertheless tabulated so that in the following chapters they
may be applied to non-simple wings. The Fourier coefficients Az, +1 and
Bon.1 of the circulation distribution are also given in the same table,
while the values of G, and G are given in Table 7. The results of

calculation are compared in Table 8 with those obtained in §10.
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I'aBLE 6
- = e e .
n Dot Eon Esnie | Avan/Ce Bonty
(o} —0-01720 1.2091 | —0-0142 0-14614 0.00000
1 —o0 01186 —0-1387 00355 | —-0 00471 | —0 00614
2 0-00116 0-0005 0 0I11Ig 0-00519 0-00046
3 —0.00174 | —0 0100 0.0022 | —0 00099 | —0-00075
4 0.00056 | —0.0043 0-0036 0-00037 0 00021
5 —0.00056 | —0.0027 0-0016 | —0 00045 | —O 00016
6 0.00042 | —0.0028 | 0.0013 | 0-00022| ©-:00011
7 —0:00032 | —0-0018 0.0016 | —0-00012 | —0-00008
8 0.00030 | —0-001% 0-0011 0.00012| ©0-00006
9 —0-00032{ —0 0017 0-0011 | —0-00009 | —0-00006
10 —0-0014

Dyy iy correspends 1o the case when the

at the centre &, is zero.

angle of incidence

TABLE 7.

0 @ Gay Gy
90° 0-0000 0-07928 0-00402
81° 0-1564 0-07621 0-00296
72° 0-3090 0.07029 0-00142
63° 0-4540 0-06333 —0 00001
54° 0-5878 0-05594 —0-00119
45° 0 7071 0.04851 —0-00205
36° 0-8090 0-04105 —0-00263
27° 0-8910 0-03286 —0-00286
18° 0-9511 0.02295 —0-00253
9° 0.9877 0.01181 —0.00152
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TAaBLE 8.

Lotz soluticn

Approx. solution

Cei

A+ By —0.00471 C,—0-00614
A; + By 0.00519 C;+0-00046
Ga + Gp (1 =01) 0-0777 Cz+0 0034
» (n = 0-4) 0.0661 (400005
' (n = 07) 0-0390 (C,—0-0020
» (n = 0-9) 0.0317 (,—0.0029
2§ — ol 0.961°

0 03€93 C2+40-00037C;
+0-00020

—0-0047 Cj-—0-0066
0-0057 C,-}0.0010
0-0776 C;4-0-0035
0-0661 Cy-+0-0006
0.0491 C,—0 0021
0.0318 C,—o0 0029

0-97°

0-0370 CZ+0-0004C;

-+ 0-0002

341

Comparison with Wada’s method. The second example is that of

a wing, the particulars of which are the same as that of §10, except

that @ is g-00 instead of 5-67, and that the distribution of no lift angle

TABLE 0. 010

T T G S

n Zero lift angle

-
0 —3.20° ™~
o 005 s

-2 . —3-07 ?

G4 —2.92° ) — Tani \

0.6 —2.75° - Lotz

0-7 —2.€2° — Wada ¢ Toyoda

0-8 —2-44° \

09 —207° ATl

0-95 —1-75° n ) G5 3
T s Fig. 8.

. is as shown in Table 9, instead of as in

Table 1.

The distribution of

circulation obtained by the writer’s method is compared in Fig. 8 with
those by Lotz and Wada.
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Comparison with Lippiscl’s method. The third example is that of
a straight tapered wing with a central parallel part and with a wash
out of g° (Fig. 9). This is the illustration given in the writer's
previous paper (Ref. 8). The distribution of circulation obtained by
the writer’s method is compared with that by Lippisch, as worked out
by Mr. Lippisch himself in his private communication to the writer,

dated Oct. 5, 1935.

]
E
03m
L=2Im =
a=355
. b _ ..
7= 75m >
ng= 14 ~
' 412°
3m
4 8°
008 -
]
G ¢ 44
006 \ .
00
5
004 . Tant \
\\
x Lippisch, 1st approx. - \
0-02 ¢ Lippisch, 3rd approx. - \\
N .
) 1]
a 02 04 06 08 10
7
Fig. o.

From the comparisons just mentioned, it will be seen that the
proposed method of solution gives results sufficiently accurate for

practical purposes.
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Accuracy of the harmonic analysis. In order to check the accuracy
of the harmonic analysis as described in §9, the Fourier coefficients
Ay, Az, As are calculated by applying formulae (2.7) and (2.10) to
the distribution of circulation for a series of straight tapered wings
(trapezoidal wings) with constant angle of incidence, as given in the
works of Betz (Ref. 1) and Hueber (Ref. 15). The results of calculation

are compared with the values as tabulated in Glauert’'s text book

14 .
o Betz
12 o  Hueber
x  Glavert k=10 —tet==
B e O N O O
10 A P ’——(lr”" [/ I —
. ?m R ot _——r-
/ | »’r‘——‘_
08 v — 04 | [ 1T —g—
SESEEREBESCC o
—1 02 | | L —g—
06 Cl// = ”’T
| P ] 0 —
B 'e —
B
Jr/"—; ]
04
02- Aa k == I-(J
3 3 s I e s
Sim A oy e I il &8
I Y"1 96 aamn mu—
0 ’? ) o4 =5
aiz A
02
02 /k‘=ova, 0.6, 0-4
As | k=10,02
%m L D PR A S N S e S S i D
0 k=0
':,\‘\ 05 10 15 2:0 25

Sl

Fig. 10,
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(Ref. 3), Fig. 10 showing the accuracy of the proposed method of
harmonic analysis. The results shown in Fig. 10 will serve as basic
data for the systematic calculations in Chapter V.

§12. Calculation for the condition near the stall. The calculation
described above (and those in Chapters from III to V) requires that

we assume a linear relation
Cz: = A0l (2.13)

between the section lift coefficient and effective angle of incidence.
Although in most practical cases, the slope a, for simplicity, is taken
to be constant across the span, the variation in ¢ may, if desired, be
taken into account by replacing the chord #(y) by a fictitious chord
t(y) a (y) | Gmean and then performing similar calculations.

At large angles of incidence near the stall, however, the simple

relation (2-13) no longer holds; the more general relation

C: = C{oo) (2.14)

must be used, where the functional form is to be determined Dby
experiment and may vary across the span. Such a general case can
be solved only by the method of successive approximation, which,
however, has never been used in practice owing to the great amount
of labour involved for calculating the induced angle @, except for the
solitary case in which Lachmann (Ref. 16) investigated the problem
of lateral control near the stall. Besides, the section characteristics of
a wing are deduced from the results of wind tunnel experiments on an
untwisted rectangular wing of aspect ratio 4 by applying the correction
of angle (5-4), regardless of the fact that the maximum lift coefficient
C.max of an untwisted rectangular wing increases as A increases. In
recent N. A.C. A. reports, an empirical correction is adopted, according

to which the maximum lift coefficient for a rectangular wing of aspect
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ratio 6 is to be increased 7 percent to allow for the value of the infinite
aspect ratio (the section characteristics).

The problems encountered may be treated with advantage by the
writer’s solution by successive approximation. The method of attack
has already been suggested in the writer’s third paper (Ref. 10), while

a similar calculation was later performed by Wieselsberger (Ref. 17) by

4

YA

¥/
12 G
17 N\

1-0 /

08 %

T

-4°

Fig. 11.

utilizing the results of the writer's first paper (Ref. 8). Wind tunnel
experiments have since been performed by the writer, the results of
which will now be analized.

§13. Continuation. Numerical example. The calculation for large
angles may be made similarly to that as when ¢ is assumed to

be constant. Calculating @(7) by (2.4) or (2.5) from the assumed
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distribution of G(7) and then c,(») by (2.14) from the value of ow(n) =
on) — @ln), we get G(m) = c(nt(n)/2b. Comparing the calculated
values of G(7) with those originally assumed, another assumption for
G(7) is then made, after which all the calculations are made over again.

In order to prepare the characteristics for the infinite aspect ratio

(2.14), the pressure distribution was measured along the centre section of

-,

7

22(n) n
12

I
N
N A

" 7

: // /
o /] “
N/

AY \\
NENAN:
>
o

o 4° 8° 72° 16° , R0° 24°
(s4

Fig. 12,

a rectangular wing of 28 cm span, 28 cm chord, of section Clark Y, and
placed between large vertical walls in the 2m wind tunnel of the
Institute. The main purpose of the measurements was to study the
effect of ground on the aerodynamic characteristics of a wing; des-
criptions of the apparatus together with the results of measurements
for wind speed 40 m/s have already been published in the Rep. Aero.
Res. Inst., No. 156 (1937). In TFig. 11, the measured characteristics
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-~
N

08

-/ o

Fig. 13.

for a wind speed of 30m/s is shown, where o. means the angle of
incidence measured from no lift attitude.

Using the curve drawn through the measured points as the relation
(2.14), we obtain the value of ¢, for sections 7 = 0-1, 0-4, 0-7, and 0:9,
of a rectangular wing with a span of 140 cm, chord 28 cm, and section
Clark Y, as shown in Fig. 12. Since the relation (2.14) is non-linear,
the curves of ¢, against o are also non-linear, and, before everything
else, ¢, for n=o0-1 attains a maximum value of 1.39, indicating the
well known fact that a rectangular wing stalls first from the centre.
Integrating, then, the distribution G = c;t/2b by (2.7), we have the
lift coefficient of the wing ¢,, which is shown as a curve in Fig. 13.

The maximum value of ¢, is attained at «=21°, where the section
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inboard from 7 = 0.1 is already stalled. With further increase of ¢,
the stall spreads as far as 7 =0-4 and the section 7= o0-1 will be
completely burbled. Although, in view of the doubtful accuracy of
the section characteristics for such a large angle of incidence, the |
calculation will not be continued further, it nevertheless seems certain
that the maximum lift occurs somewhere near o = 21°.

The measured values of the lift coefficient of the rectangular wing
are also shown by small circles in Fig. 13, which are in close agreement
with the calculated curve. The typical example, therefore, shows the
usefulness of the proposed method. Comparison of Fig. 11 with Fig.
13 moreover shows that the maximum lift coefficient of a rectangular
wing of aspect ratio 5 is reduced by g percent as compared with that

of the infinite aspect ratio.

CHAPTER IIIL.

CALCULATION OF A WING WITH SYMMETRICAL
DISTRIBUTION OF ANGLE OF INCIDENCE.

This chapter deals with the method of calculating the aerodynamic
characteristics of a wing, whose angle of incidence varies symmetrically
across the span, with or without discontinuities. It is therefore concerned
with the effects of the landing flap and wash out on the characteristics
of a simple wing.

§ 14. Basis of calculation of the flap effect. When the landing
flap that is located at the centre of a wing is working, as shown in
Fig. 14, the angle of incidence measured from the attitude of no lift
is increased by B over that part occupied by the flap, where B depends
on the flap displacexﬁent and the ratio of flap chord to wing chord,
so that it is to be regarded as a function of #. Consider now, for
simplicity, the case when the basic wing has no twist and the angle

© of incidence is zero. Although this is a special case of flap effect, it
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=6, 8,

=

]
. w |

Fig. 14.

will be seen from §17 that the general case when the wing has any
distribution of angle of incidence may easily be deduced from it.

’

Since the distribution of angle of incidence ¢« is such that o/ =0

foroLd<h and 71— 6, <0< 7, and o/ =B for 6, <0< 7 — 6, the
coefficient of the series

o! sin @ == D sin @+ Djsin 30+ Dfsin 58+« - - (3.1)

may be given by
il = ifzﬁ{é) sin{zn+1)0d6 (n=o0, 1, 2, ...). (3.2)
T
0

(3.1) is the special case of (1.25), the prime denoting the special case
mentioned above. Should the ratio of flap chord to wing chord be .
maintained constant across the flap span, 8 may be taken as being

constant ( = By), and

! — ‘?_B_,If,_ sin 26,
Dy = w |2 ht > )7 ]
y _ 2Brfsin(zn+2)0 _sinznb ] < (3-3)
el = 0 — | (n >o0).
T 2n+2 2n
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The calculation of the flap effect is therefore reduced to the problem
of a wing whose distribution of angle of incidence is given by (3.1),
(3.2), or (3.3). There being nothing particularly difficult about the
calculation, it may be successfully performed by the method due to Lotz
(Ref. 35), although a considerable number of Fourier coefficients in the
series expression for the circulation will have to be taken into account,
because a sudden change in angle of incidence can be reproduced only
by retaining the Fourier coefficients I)’y,.; of the higher order. Con-
sidering the limited range of application of the theoretical calculation
in practice, it is doubtful whether its use warrants the extra labour
involved. An attempt will therefore be made in §16 to develop an
approximate method that would give results sufficiently accurate for
most practical purposes.

§15. Flap effect for an clliptic wing. Before describing the ap-
proximate method of solution, we might consider the case of an
elliptic wing, the exact solution of the flap effect of which is very
easily obtained, and of which use will be made in subsequent paragraphs.

Since the chord is distributed according to the relation

ty) =111 —" = lysin @, (3.4)

the coefficients in (2.12) are: Ey=1, Ey=FE;= --- = 0. Substituting
(3.1) and (3.4) in (1.6) and bearing in mind (1.11) and (1.32), we have

at once the FFourier coefficients of circulation

7/ Dérutl 2 )
A e— ————————nN=0,1, 2, «*+ ), 3.
2n+l, e l+(2n+l),ue ( ’ ) (3 5)

where the prime denotes that the circulation distribution
GJm) = 2pdK{ ., sin 0+ K/ sin30+---) (3.6)

corresponds to the special distribution of angle of incidence (3.1), and

subscript ¢ denotes the elliptic wing, for example,
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The normal distribution of an elliptic wing is given by

Go ) = ZH¥mesing . (3.8)
I+ pe

§ 16. Approximate solution of the
flap cffect.  In order to calculate

the flap effect generally, but ap-
proximately, it is now assumed that
the ratio of the circulation distri-
bution G’(n), due to flap displace-
ment, to the normal distribution G,(7)
for the mean angle o, is the same
for wings of the same span b, the

same aspect ratio A, and the same

distribution of angle of incidence
(3.1). Taking now one wing to be
the elliptic wing (with subscript e)
and the other to be the wing in
question (without subscript), and dis-
pensing with the subscript for that
quantity which is the same for both

wings, the proposed assumption may

Fig. 15.

be expressed by

G _ G

NONETOR (3.9)
where
2 oL .
a,e = g, .
Ga. ") Tt sin (3.10)
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G.(n =.J,‘_1,,‘ , 3 20+
) 2\ +1/2 +I+3/ S J (3.11)
A =14" (3 12
a
Gum) = 2{(A;sin @+ Aszsin 36+ ---). (3.13)

The relation (3.9), true, is approximate, but that it is adequate
may be shown to a certain extent theoretically, and,r as will be seen
later, its application gives results with sufficient accuracy. The practical
importance of the relation (3-9) is then that G’(»), which is laborious
to calculate, may be deduced from G, ("), G.(7), G/(n), all of which
may be calculated without difficulty. As a matter of fact, by substituting
(3.10), (3.11), and (3.13) in (3.9), we have

G'(m) = 2{K{sin@+ K sin30++--), (3.14)

’ /
= DA e D s
m 1 1 54 Ax

DlA{AR A+1 D;;{ A3 A5)

+ + 224

A a2+ DN T A A
+Z+I Ds( A5+ )+
A+5 D]

’ ’A1fA5 R+I D3 A3 A5 )
+ L3y BB

Clm lAl 3+3 D1 Al A1

2+ID5( A3 A5 ) }
+% + + e )y,
Z+5D1\ A, Ay

=D{A]{A7 1+1D3{A5+ .')
‘41 Z+3D

A+1 Ds{Ag
+ Foees
2+5 DINA A )

1+1Dr’7( Ag A5 ) }
FETL T L8 L8 )
1+7D1 ! A1 A1

(3-15)
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In most practical cases, coefficient A; and those of higher order may
be ignored without any loss of accuracy. Finally, using (1.36) and (1.43),
the lift coefficient of the circulation distribution G’(7), namely, the

increase in lift coefficient due to flap displacement, becomes

! = qpAK{ = maD{(1+ @), (3.16)

where

i+3 Dy Ay 2+5Dp A

3 : ! !
’G)”:A+I D3_14L3~+2_'{:‘I“ D5_14_5_ (3.]7)

It will readily be seen that @ = o for the elliptic wing.

817. Flap effect for the general case. The calculation in §§ 1416
refers to the special case in which the angle of incidence of the basic
wing is zero. If, more generally, the distribution of angle of incidence
of the basic wing is not constant across the span, and it has the mean

value X such that the distribution of circulation is given by

G*(m) = 2p{A*sin 6+ (Ag + By) sin 30+(A¥+B¥)sinsf+---},
(3.18)

the resultant distribution when the flap is displaced is obtained by
G(n) = G(N+G'(n) , - (3.19)
and the resultant lift coefficient by
C, = C*+C. = mpA(Af + K}) . (3.20) :

The asterisk is used to denote the basic wing, for which, however,
letters without asterisk were used in Chapter II.
Resolving the resultant distribution in the normal and zero dis-

E tributions, such that

G() = Gu(M)+Ge(7) , (3.21)
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we have

Go(n) = 2p{A1sin 0+ Assin 30+ Assinsf+--+), (3.22)

Gb(n)=2f"( Bssin 36+ Bssinsf+---), (3.23)
A= AF+ Al Al =K/, (3.24)
; A A
Ay=azray, aj=KA] — gz,
3 3 A1 A
Bﬁ = B‘;+B§! B:) = K,—Aé ’
4 L (3.25)
As=A;+Al, Al=K] 5[ K4,
5 5 5 1A1
B5 = B§+Bé, Bg = Ks_As y ete. J

It will be seen therefore that the flap displacement affects both normal
and zero distributions of circulation, By (1.37) the coefficient of induced

drag is given by

Cui = * ';1802-%(#10 +——C’>C’+#2sz + pfuCrt fjl CZ,

T
(3.26)
where
( AX
8—3( >+5\A1)+ (3.27)
_ *Ag 5 *As 7 *A7
wy = 6(33 A1 3 2B A1 +B; A7 + - ) ) (3-28) ]
W = 3W<B§2+-5—B§‘2+ lB;’-‘2+---) , (3.29)
By A |5 Bl A¥ , 7 By AY
= o[ 23 L8 5 + L =1 +-e0 ), (3.
Ao G YAt St ) 6
B
fo= (i +5 B +7 A,2+ ) (3.31)
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Bs

—6(B* + 5B Bﬁ+ '+ ) (3.32)

A A1

and where § is the well known factor for the wing without flap and
without wash out, while w, and w, represent the effect of wash out,
J1 and f; the effect of flap displacement, and f,, the combined effect of
wash out and flap displacement.

Since we have

=0 ===-—-, = =", ... (3.33)

from the definition of the normal distribution, the asterisks for A,,., in
equations (3.27), (3.28), (3.30) may be omitted.

As will be seen from (3.16) and (3.26), although the calculation of
C! requires K] only, that of C,, requires, in addition, B, B}, ---. The
coefficients Bj, Bj, -+ that represent the flap effect usually converge
more slowly than the coefficients By, B¥,--- that represent the effect
of wash out, so that, for example, Bf may be neglected in calculating
w1, Wz, -although as far as B; or By must be retained in calculating
Ji,f2. The coefficients Bf, Bf, -+-, as wellas B}, B., --- are however
easily found.

To summarise, in order to calculate the flap effect according to the
assumption (3.9), all that is necessary is to provide the Fourier coef- .
ficients of the circulation distribution when the flap is closed, A}, Af,
Ag, -+, Bf, Bf, .-+, as well as the Fourier coefficients of the
distribution of angle of incidence (3.1), D}, D}, D}, ---, which depend
only on the flap displacement. The calculation, which is performed by
:means of formulae (3.15)—(3.32), is very simple compared with those
hitherto proposed, the latter requiring the solution of linear simultaneous

equations or other processes equally laborious.
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Finally, it is worth noting that the flap with central cutaway (Fig.
16) may be treated similarly. If the ends of the flap are defined by
parameters 6; and 6z, the Fourier coefficients of the series (3.1) is

given by

7T
9

0,
Dy = if *8(6) sin fsin (2n+1)0d (n=0,1,2, .-.) . (3-34)

It appears therefore that the value of Dj,.1, and consequently the in-

crease in lift coefficient due to such a flap, is expressed as that difference

Fig. 16.

between the value due to a flap without cutaway and that due to a flap
occupying the part of the cutaway.

§18. Namerical example. As an illustration of the method described
above, consider the tapered wing of § 10 as being fitted with a central
flap of ¢split’ type. The flap span by is 0-4928b; the ratio of flap chord
to wing chord is 20"y, and flap displacement is 45°, both of which are
assumed to be constant across the span. The change in angle of no lift
8 may therefore be substituted by a constant value Bp. The data for

B are best obtained from wind tunnel experiments, but, in their absence,
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a rough estimate may be made from Fig. 17, in which available ex-
perimental results are plotted to show the general relation between 8
and flap displacement and chord ratio. Referring to Fig. 17a, we have

B =11° and then Bp=11/57-3 = 0-102.

20° 20
| )
tr
F=02
8 ¢ ——y— # -l:5= ¢:3
YL | P
/$/d o x
d rd
. i ot o
10 | ° T i 1w Ve 01
= L~ j//’ M
ap 44Dl
// ' t £ /;/" A1 t EtF—-
/ : Y % 4
S W
- llill\%. 7 Ll
3° 500 5, - 100° o 50° o 100°
Fig. 17a. TFig. 17 1.

Since cos @) = 0:4928, 6; = 60°28’, and D’y,.;, as given by (3.3),
is calculated as shown in Table 10. Referring to (3.12), 4 = 3-71416 x
8:7036 <+ 5:67 = 4-822, and according to (3-11), in which the coefficients
as far as D}, are retained, Gi(y) is calculated as shown in Table 11.
Next, (g ) and Gu(7) are deduced from results given in ¢ Normal and
zero distributions’ of § 10, i.e. Ga, (M) = (2/4-822){14-03/57-3/(1 + 1/4-822)}
sin@ and G,(n) = 0-08g0, 0:0758, 0-0563, 0-:0364 for 7 = 0-1, 0-4, 0+7, 0-9
respectively. With a view, then, to obtaining G'(7) by multiplying G(7)
by Go(7)/Ge, (1) according to the assumption (3.9), the values of G ()]G4, ()
could have been obtained by interpolating the values obtained above.
Although this is the method proposed above, the calculation illustrated
in Table 11 does not follow the step recommended, the values of

Ga(1) | Go, () being calculated by Lotz's method in §11, not by the
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TaBLE 10.
n Doty K’op+y (approx.)l K/onsy (Lotz)
0 0-11542 0-0808 0.08131
1 —0.07936 —0.0431- —0-04325
2 0:02794 0.0141 0-01395
3 0o o1171 0:0025 0.00243
4 —0-02395 — —o0 00%12
5 0:01204 — 0-00272
6 0.00€02 — 0-00146
7 —0-01407 — —0-00289
8 0-00805 — 0-00157
9 0-00373 - 000053

writer’s approximate method in §10. This is because the purpose of
the illustration is not only to demonstrate the application of the
method, but also to check the accuracy of the assumption (3.9), and
because, for the latter purpose, it is desirable that all causes for error other
than the assumption (3.9) shall be excluded as far as possible. Since
it has been shown in §11 that the writer’'s approximate method gives
results almost agreeing with those obtained by Lotz's method, the end
results of the present calculation would scarcely have been altered had
the values of Gu(")/Ga ") been taken from the approximate solution.

We have thus obtained distribution of circulatioh due to the flap
displacement, which is given in column ‘G’ (approx)’ of Table 11.
The resultant distribution of circulation when the basic wing has the
lift coefficient C¥ is obtained by G(n) = Gi:1(n)C; +Gi(m)+G'(n), where
G#1(n) and G§(n) have already given in §10.

Although coefficients Dj,,; of the higher order have to be retained
for plotting the curve of G’(n), the few leading coefficients suffice for
other purposes. As to ;4:).,@;,1, only the first three coefficients A;, As, As

are required. From the results of § 11, we have
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TABLE 11.

9 'q G’ GalGa,e (G’ (approx.) G’ (Lotz)
go° o) 0-0612 1.081 0-0662 0.0664
81° 0-1564 0-0585 1 052 0-061% 0-0618
72° | 0-3090 0-0553 1.008 0-0557 0-0561
63° 0:4540 0:0392 0.9€g 0-0380 0-0385
54° 0-5878 0-0196 0 942 0:0137 0-0139
45° | 0-7071 0-0082 0-935 0-0077 0-0077
36° ' 0-80g0 0-0048 0952 0-0046 0-0046

i 279 i 0-8910 0.0031 0-986 0.0031 0-0031
18° | 0-9511 0-0018 1-012 0.0018 0.0018
9° i 0-9877 0-0009 1.030 0 0009 0-0009
b
A A
—A—l = 0684, 2= —0032, =2 =0-036,
Bf¥ = —o0-0061, B = 0-0005.

These values could have been obtained from the results of §10, but
with a view to checking assumption (3.9), they were purposely taken
from Lotz’s solution. From the values Dy, Di, D;, D; in Table 10,
K;, K}, K;, K} are calculated by (3.15), as given in the colum ‘Ko 1
(approx.)’ of Table 10. We then have

B} = —o0.0405, Bi= o-0o112, B;= 0-002;%

from (3.25), and
@ = 0-022, C. = 0554

from (3.16), (3.17), and finally,

1+8 _ 00370, MW = 0-0004, HAW;= 0-0002,
.
fl .fZ
pfw = 0°0047 , = 0-0052, = 0-0313,
Fu 47 aA 5 TA

C. = 0-0370 C2+0-0033 C;+0-0124
from (3.26)—(3.32), where C, = C; +0-554.
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Comparison with Lotz's selution. As a check on the accuracy of
the approximate solution, particularly the validity of the assumption
(3.9), Lotz’s method is applied to the same problem. The distribution
of circulation G’(7) and the corresponding Fourier coefficients Kj, 1 are

" given in Tables 11 and 10 respectively. Besides

. Bj=—0-04063, Bi= 001107, B;= 000298,
’ . 146 __ 2
C,=0-3564, A 0-03€93 , pw; = 0:00037 , pPAw: = 0-00020,
T
/"fw = 0.00460 , _f_l = 0-00502, _L_ = 00347 .
TA TA

Comparing these results with those obtained above, it appears that the
approximate solution gives results sufficiently accurate for practical
purposes.

§19. LEffect of wask out. In §§14-18, the wing with displaced
flap is treated as a typical example of a wing with symmetrical dis-
tribution of angle of incidence. The wing with wash out may be
regarded as another typical example, of which a short account will now
be given. Now, while it may appear unnecessary to resort to calculation
based on assumption (3.9), seeing that the simple wing with wash out
could be dealt with satisfactorily with the aid of the method developed
in Chapter II, it nevertheless seems quite appropriate to consider an
alternate way of calculating the change in lift and induced drag due to
wash out, of calculating the coefficients By, B, ---, and so on.

Consider now the distribution of circulation corresponding to the

distribution of angle of incidence

o' sin @ = DY sin 0+ D sin 360+ Df sin 50+-++, (3.35)

where

D= :::fZa"w)sinesin(zwrI)edem:o, 12, ...), (3.36)
: . |
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and o/ denotes the angle of incidence when the value at the centre

of wing is zero. After the assumption (3.9), it is assumed that

G,”(") G"()

G Gdm (3.37)

from which G”(17) may be obtained from G [n), Gu(n) and G/ (n) . Ga,e(7)
and Go(7) are given by (3.10) and (3.13) respectively, while G’/(7) may
be deduced from (3.14) when Kj,.1 is replaced by K;,.1 where K, vt
is obtained from (3.15) when D}, 1 is replaced by Dj,1. Also the lift
coefficient €7 due to the distribution G'/(7) may be obtained from (3.16)
and (3.17) when Dj,.1 is replaced by Dj,.1. Since C; represents the
change in lift coefficient due to wash out, and since the slope of lift
coefficient ma is independent of the amount of wash out, the change

in angle of no lift becomes

oc—p"f A+1 Dy As a+1 DY As 1 (o ogy
l 1 +3 D A 2 +5 Di’ A, I 0
The Fourier coefficients that appear in (3.18) are given by

By = Ky—K/“4%, B = Ky —K{ 4

, etc. .3
A : A, etc (3-39)

To summarize, in order to calculate the effect of wash out according
to the assumption (3.37), all that is necessary is to provide the Fourier
coefficients of the normal distribution of circulation (i.e. the circulation
distribution of the untwisted wing) A;, As, As, =, as well as the
Fourier coefficients of the distribution of angle of incidence Di', Dy, Dy,

.... As to the wing calculated in §10, we have from Table 6,

Ao 6844 , ma = 4-6829 ,
Om

As As

A3 — _o6.0322, =% =00355,
4, 3220 7, °
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D{/( = Dy in Table 6) = —o0-01720,
DY( = D; in Table 6) = —0-01186,
D/( = Ds in Table 6) = +0-00116.

Substituting these values in (3.38) and (3.39), we have
S*e® = —0-068°, Bf = —0-00608, Bi = 0-00044,

which agree very well with the exact values given in Table 8, which
agreement seems to indicate the adequacy of the assumption (3.37) and

consequently of (3.9).

CHAPTER 1V.

CALCULATION OF A WING WITH ASYMMETRICAL
DISTRIBUTION OF ANGLE OF INCIDENCE.

This chapter is concerned with the calculation of the effect of
aileron displacement, and with certain stability derivatives in the lateral
motion of an aeroplane.

§ 20. Basis of calculation of the aileron effect. The wing with
displaced ailerons is represented as the result of a sudden change in
angle of incidence over that part occupied by the ailerons. Since it is
possible to consider the circulation distribution of a wing without ailerons
separately from the effect of aileron displacement, its treatment may be
simplified by assuming the angle of incidence of the basic wing equal
to zero, and by considering the effect of the z;.ilerons by themselves.

Consider now the starboard aileron displaced upward while the port
aileron displaced downward by an equal amount. Then, since the
distribution of angle of incidence as measured from the attitude of no
lift ctaeym is such that oueym = B for 0 <0< 01, otasym =B for
a— 0, <0< — 03, and oueyn = 0 for the remaining range of @, the

coefficients of the series
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Olasym SiN @ = Dy sin 20+ Dy sin 40+ Dgsin60+---  (4.1)
may be given by

0y
Dyp=—2| B0)sinlsin2nidd (n=1, 2, ...). (4.2)

aT
03

Although B generally varies across the aileron span, being dependent
on the aileron displacement and the ratio of aileron chord to wing chord,
-a constant value B84 may be given for 8 when the aileron displacement

and the chord ratio are maintained constant across the span. We then have

D,, = 284 [sin(zn—1)s _ sin(2n+1)fs _ sin(2n—1)h
T L 2R—1 2n+1 2n—1

+ Sill(2n+l)94}. (4.3)

2n+1

Fig. 18.

The calculation of the aileron effect is therefore reduced to the
problem of a wing whose distribution of angle of incidence is given by

(4.1), (4.2), or (4.3). There being notbing particularly difficult about
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the calculation, it may be successfully performed by the method due to
Lotz (Ref. g), although a considerable number of Fourier coefficients in
the series expression for the circulation will have to be taken into
account, because a sudden change in angle of incidence can be reproduced
only by retaining the Fourier coefficients Dy, of the higher order.
Considering the limited range within which the theoretical calculation
can be applied in practice, it is doubtful whether its use justifies the
extra labour entailed. An attempt will therefore be made in §22 to
develop an approximate method that would give results sufficiently
accurate for most practical purposes.

§ 21. Aileron effect for an elliptic wing. For the case of an elliptic
wing, the exact solution of the aileron effect is obtained very easily,
very similarly to that for the flap effect (§15). The distribution of
circulation corresponding to the distribution of angle of incidence (4.1)

is given by

Gasym, &) = 2pe(Bs, o sin 20+ By, e sin 40+ - - 9,  (4.4)
where

BZn,e = _Q?ﬁ’*\ (n =1, 2, *-° ') ’ (45)

ve=(22)~(%5). (46

of which convenient use will be made in calculating the aileron eftect

aund

for the general wing.

§22. Approximate solution of the aileron effect. In order to calculate
the aileron effect generally, but approximately, it is now assumed, exactly
as in the case of flap effect, that the ratio of the circulation distribution
Gasym(7), due to aileron displacement, to the normal distribution for the
mean angle o, is the same for the wings of the same span b, the same

aspect ratio A, and the same distribution of angle of incidence (4-1).
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Fig. 19.

Considering now one wing as the elliptic
wing (with subscript €) and the other
to be the wing in question (without
subscript), and dispensing with the
subscript for the quantity, which is
the same for both wings, the proposed

assumption may be expressed by

_gqsym.e(n) — Gasym(n)

G Gn) (4.7)

where
Gao, M) = =" sin@, (4.8
) 2A14+1/2 )

2 I Dz .
(; el = — ) -——"—sIn 20
asym, ( ) 2 l[—{-—z/,{Sl 2

Di }
o+--- ’ .
Trald sin 4 (4-9)
1=4 (4.10)
a

Go(n) = 2p(Aysin @
+Assin30+---). (4.11)

The relation (4.7), true, is approximate, but its adequacy may be

proved, as will be shown later, by the fact that its application gives

results agreeing very well with those by exact solution. The practical

importance of the relation (4.7) is then that Gasyin(7), which is laborious
to calculate, may be deduced from Ga o7, Galn), Gesym, {m), all of
which may be calculated without difficulty. As a matter of fact, by

substituting (4.8), (4-9), and (4.11) in (4.7), we have .

Gasym(7))= 2/1{32 sin 2€+B45in49+"') B (4..12)
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where
DAy A+ As 2+2D4<A'3 A5> )
By = =271 + 22 )+ e
’ Om 2+2l ! A A+4 D \A A
A+2 )
+ + -
R+6D2<

B[lzy_@gHrI(AaJrAt; +R+_7D4( Aoy ds )

+ 204
Cm i+2 WA, A A+4 D, A, A

A+2 Dg A3 A5 ) }
-+ Foeee JF e s
Z+6 D2 Al Al

Be = DzA},%ff}.{(ﬁiJr---)+fii3—]2i(‘4—3+‘—4—5+"'> ¢ (4.12)

Om A+2 A i+4 D:\A; A,
z—t-&( +28 +ﬁ+ >+
A+6 D,
DA1 +I{ 47 ]+"D4 A5 )
By = : .. Sz doeee
* O A A1 Z+4D2(A1
24—” DG(A +A5+ )
X+6D2 A Al
A+2 Ds/ As As > ]
+ 1+ + I b U
A+8 D\ A4, A J

---------------------------------

In most practical cases, coefficients A; and those of higher order may
be ignored without any loss of accuracy. Finally, using (1.36), (1.38),
and (1.43), the rolling ‘moment coefficient of the circulation distribution
Gasym(7) , namely, that due to the aileron displacement, becomes

Ci= =T uAB: = ~l"4ij—i‘02(1+o) (4-14)

where

g =

As  i+2 D4{A3 As A+2 Ds{As A
—_— 4+ + + + =)t
A Z+4D2\A1 Al) l+6D2\A1 )

(4.15)
It will readily be seen that ¢ = o for the elliptic wing.
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§23. Continuation. Induced yawing moment. In the preceding
paragraphs, only the asymmetrical part of the circulation distribution
was considered, the reason being that the rolling moment is determined
by the asymmetrical distribution alone. In calculating the yawing moment,

the symmetrical distribution

Geym(”) = 2 p{A1sin 0+ (As+ Bs) sin 30 +(As+ Bs)sin 56+ - -}
(4.16)

must be considered together with the asymmetrical part Gaym(7), given
in (4.12). Referring to (1.39), we have the coefficient of induced

yawing moment

G, = —3C:Of , AvtBa(s 7 Bi)

wA | A1 \3 3 B

A5+Bsf9 By 11 Bs |
+— AR .
A, \3 B 3 Bz> (4-17)

The total yawing moment is obtained by adding together the induced
yawing moment and the profile yawing moment, the latter being caused
by asymmetry in the p‘roﬁle drags of both ailerons.

It would appear from (4.17) that C,; consists of two parts, the first
due to normal distribution with coefficients 4;, Az, -+, and the second
to symmetrical zero distribution with coefficients B3, Bs, «--, in view

of which, it is convenient to write (4.17) in the form

C'ni z *
G = —‘jri(l+u)——pT, (4.18)
where
o 5 3( 7 B4) 9 As II Bs>
y = — + - + = + - .1
3 A 5 B, 3 A1 Bz 9 B, » (419)
. and

T = SBg(I ?—%—— +9Bs (B" +]9I gﬁ)+--- . (4.20)
2 2
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Since (4.16) represents the circulation distribution for azy symmetrical
distribution of angle of incidence, it may be presumed for example, that
the wing has a wash out and a landing flap displaced over that part
between the ailerons (8; <60 <7 —6,, §16). The coefficients B;, By, ---
will then consist of those due to wash out (with asterisk) and those

due to landing flap (with prime), and reference to (3.25) and (3.39) gives

* 4 A
By= Bi+B, = (Ké’—K{’%‘“’l—)+<K§—— ,A—‘i’),

Bs=B§‘+Bg=(Kg/_ i’és-\+(Kg~K;ﬁ), (4.21)
A1 Al

Since By and By are negative, —pT in (4.18) becomes pdsitive, indicating
that the adverse yawing moment due to aileron displacement is somewhat
nullified by the effects of the wash out as well as by the central flap
displacement.

As will be seen from (4.14) and (4.18), although the calculation of
C, requires B, only, that of C,; requires, in addition, By, Bg, «-+. Since
the coefficients Bz, By, +++ converge somewhat slowly, it is usually
necessary to take them as far as By or By, which can very easily be
found.

To summarise, in order to calculate the aileron effect according to
the assumption (4.7), all that is necessary is to provide the Fourier
coefficients of the circulation distribution when the aileron is not displaced,
"Ay, As, As, -+, Bs, Bs, -+, as well as the Fourier coefficients of
the distribution of angle of incidence (4.1) Ds, D4, Ds, ---, which
depend only on the aileron displacement. The calculation, which is
performed by means of the formulae (4.13)—(4.21), is very simple com-
pared with those hitherto proposed, the latter requiring the solution of
linear simultaneous equations or other equally processes laborious.

§24. Differentially displaccd ailerons. In the preceeding paragraphs

it was assumed that the starboard aileron is displaced upward by an
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amount equal to that by which the port aileron is displaced downward.
The effect is thus a pure rolling moment which does not alter the
symmetrical distribution of circulation. If the ailerons were displaced
differentially, say the starboard aileron was displaced upward by an
amount exceeding that by which the port aileron was displaced down-
ward, the distribution of angle of incidence would become such that
o= — Bas(6) for 6,004, o= B4p6) for r—0, <063, and ¢ =0
for the remaining range of 8, where Bas(6) > Bap(m—0). The effect of
such an aileron displacement may be regarded as being composed of
the symmetric circulation distribution due to the two ailerons having
been displaced upward by the same amount and the asymmetric dis-
tribution due to starboard and port ailerons having been displaced
upward and downward respectively also by the same amount. The
asymmetric distribution may be calculated, as explaned in §§ 22-23, by

using

04 (.
Ds, = —j‘f_f Bas(6) + Barim—0) sin 0 sin 2n0d0 (4.22)
a 2

83

instead of (4.2), while the symmetric distribution may be calculated, as

explained in §§16-17, by using

04 - ‘o N

= — f Bas(O)—=Barlm—6) 4 g in (2n+1)0d0  (4.23)
03 2

instead of (3.2). It will thus be seen that the diffenrential displacement .

does not affect the rolling moment so long as the value of
—;—{BAS(G) + Bap(mr — 9)} remains constant. To the symmetric distribution,
however, will be added the coefficients

As A
"= K — K{'Z=2, By = KV/—K"E5 o0, (4.24)
A, A
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where K/, K!', -+ are obtained from (3.15) if D, Dj, - - - are replaced by

" DY, ---. Since By’ is negative, the effect is to make B; more
negative, showing that the differential displacement nullifies somewhat
the adverse yawing moment due to aileron rolling moment.

§25. Numcrical example.  As an illustration of the method described
above, consider the tapered wing that is calculated in §§10, 18 as being
fitted with ailerons, whose inner ends coincide with the ends of the
landing flap and whose outer ends are 00786 (b/2) inboard from the

wing tips, whence
0, = 0, = 60°28', €3 = cos™{1—0-0786) = 22°52,

and the total aileron span becomes 0-4286b. Besides, the ratio of
aileron chord to wing chord is assumed constant across the span and
that it is equal to 25%,.

We shall now consider first the simple case in which the starboard
and port ailerons are respectively displaced 15° upward and downward.
Referring to ‘Fig. 17b, we have 8° = 6-6°, and then 84=6-6°/57-3°=0-115.
Using the foregoing values of 63, 64, and B4, values of Dy, Dy, +--,

are calculated as given in Table 12.  Gagym, e 1S then calculated according

TaBLE 12.
n D,y B,y (approx.) Boy, (Lotz)
1 —0.05857 —0-0327 —0-03252
2 —0-00235 —0-0012 —0-00141 .
3 0-03149 0-0104 0.01074
4 —0-00283 —0-0009 —0 00071
5 —0:00207 — —0-00034
6 0-00928 — 0.00216
7 —0-00932 — —0-00199
8 —0-00630 L —0-00120
9 0-00535 — 0.00091
10 —0-00348 — —0-00056
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to (4.9), in doing which the coefficients as far as Dy are retained, and
¢ Gasym (approx)’ is deduced by multiplying Ga.ym, . by the factor G,/ G,, .
that was previously obtained. The resultant circulation is obtained by
adding Gaeym t0 Gem, which latter is already known from §§10, 18.

Although the coefficient Dy, of the higher order have to be retained
for plotting the curve of Gasym, for other purposes only the first three
or four coefficients are needed, Ds, Dy, Dg, Dy are retained here. Sub-
stituting in (4.13) the coefficients for the normal distribution,

As As

A _ 0684, =2 = —0032, —>=0036,
Ol ) Al Al

which were obtained in §10, we have the coefficients By, By, Bs, Bs,
as shown in the column ¢ By, (approx)’ of Table 12. Substituting these

values in (4.14) and (4.15), we have the coefficient of rolling moment
g = —0044, C, = 00559 .
Moreover, we have
Bf = —o0-00061 , B = 0-0005
for the zero distribution due to wash out, and
B, = —o-0403, B =o-0112, Bj= 00025

for the zero distribution due to landing flap displacement. The com-

putation according to (4.19) and (4.20) then gives
y = —0-094, pI = —0-009—0-007,
from which the coefficient of induced yawing moment becomes
Cpi = —0-0056 C, +0-0005 + 0-0037 ,

where the terms on the righthand side represent the effects due to

normal distribution, wash out, and landing flap displacement respectively.

This document is provided by JAXA.




372 I. Tamn.

TABLE 13.

0 ' n ‘ Gasym, e Gal Ga,e (:Eggryor:(‘.) ?Eg{z‘?
90° o o 1.081 o o
81° 0-1564 —0-0015 1.052 —0 0016 | —0-0014
72° 0-3090 —0:0030 1.008 —0-:0030 | —0.0028
63° 0:4540 —0 0102 0-969 —0-0099 | —0-0096
54° 0-5878 | —o0.0222 0-942 —0-0209 | —0.0210
45° . 0.7071 | —0.0218 0-935 —0-0204 | —0-0204
36° 0-8090 | —o0-0192 0.952 —00183 | —0.0184
27° o 8910 —0-0132 0-986 —0 0130 | —0-0130
18° 0-9511 —0-0047 1-012 —0-0048 | —0 0047

9° |l 0-9877 —0.0015 1-030 —0.0015 | —0-0015

As an example of differential displacement, consider next that case
in which the starboard aileron is displaced 20° upward while the port

aileron is displaced 10° downward. From Fig. 17b,

B3s = 8-1°, B%r = 4-9°,

1 1
:(,3913 + B%p) = 6.5°, -:’B?xs — 8%p) = 1-6°.

hence

The value of i(3313 + 82p) is slightly smaller than the value 8° = 6:6°,
2

obtained for the equally displaced ailerons, because the change in angle
of no lift does not vary in proportion to displacement (Fig. 17). For
this reason, the rolling moment for the differential displacement is reduced
by a factor 6:5°/6.6° = 0-983, as compared with the previously calculated
value, namely,

C; = 0-0559 X 0-985 = 0-0551 .

Substituting the values

D} = —o-0104, D' = —o0-0096, D{' = 0-0065, Dj" = 0-0038
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from (4.23) for Dy, D}, D;, D; of (3.15), we have
K" = —o0-0069, Kj'= —o0-0047, K’ = o0-0025, Kj" =o0-0011.
Hence from (4.24) we have
B = —0-0049, B{' = o0-0027, 'B7'" = 0-0011 ,

which must be added to Bf, B¥, -++, B;, B;, --- above obtained,

whereupon the coefficient of induced yawing moment becomes
C.i = —0-0055 C;+0-0005 +0-0037 +0-0021 ,

the last term on the righthand side representing the favourable moment
due to differential displacement.

In these calculations, the results from Lotz’s solution were used for
the characteristics of the basic wing, namely the values of G,/G,, . A1l ,
As| Ay, As| Ay, Bf, B¥, etc. These values could have been obtained
from the approximate solution of §10, but with a view to checking the
assumption (4.7), it is desirable that all causes for error other than the

assumption (4.7) shall be excluded as far as possible. Since, however,

e i S 8

it has been shown in §11 that the approximate solution gives results
almost agreeing with those obtained by Lotz’s solutior_l, the end results
of the present calculation would scarecely have differed had the basic
values been taken from the approximate solution.

Comparison with Lotz’s solution. As a check of the accuracy of

the approximate solution, Lotz’s method is applied to the same problem

for the case when both ailerons are displaced by the came amout.
The distribution of circulation Gaem and the corresponding Fourier £
coefficients B,, are respectively given in Table 13 and 12; the respective i

.coefficients of rolling moment and induced yawing moment are

T TR 7 R

C, = 005563, .Cn = —0-00558C,+ 0-00043+0-00388 .

T
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Comparing these results with those obtained above, it will be found
that the approximate solution gives results sufficiently accurate for
practical purposes.

§26. ILffcet of diledral. The function of dihedral is to import
a rolling moment in order to recover the incidental roll. Suppose, for
example, that the starboard wing rolls down, resulting in a side slip

that adds to the angle of incidence of the starboard wing an approximate

=8, 8,

=63 \ 7 8,

[
\

Tig. 20.

amount +ry, and then subtract the same amount from the angle of the
port wing, where « is the angle of side slip and v is the angle of
dihedral, both being assumed small. The effect of dihedral may then
be treated quite similarly to the effect of the ailerons. Let the dihedral
be given over the parts 656 <, and 7 — 0, <O<Law—86;. Then by
referring to (4.14) and (4.18), the coefficients of rolling and yawing

moments become
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CP = — T uABP, (4.25)
4

CD = —CD I_3CZ(I+;-(D>)+ ,wT””} (4.26)
ni 1 7]‘A

respectively, where (D) refers to the dihedral and B{), v® and TP
are obtained by putting B4 = —~7 in (4.3), (4.13), (4.19) and (4.20)
respectively. Although these moments are expressed by reference to
wind axes, they can be easily converted to chord axes. In normal
flight condition, in which the angle of incidence ¢ is small and C{? is
small compared with C{?, C{? will have sensibly the same numerical
value whichever system of axes is used, but C{? referred to chord axes
can be obtained by adding C{P¢, to the value that is referred to wind
axes.

8§27. Moments due to rate of roll. Consider a wing with circulation
distribution (4.16) rotating about the longitudinal axis with a rate of
roll p. Since the positive sign of p corresponds to the lowering of
the starboard wing, the effect of rolling is expressed by the asym-

metrical distribution of angle of incidence

»y _ vb
vV 2V

(»)

aasym

cos @, (4.27)

where (p) indicates the effect of rolling. (4.27) is a special case of (4.1),

and the Fourier coefficients of (4.2) and (4.13) become

Dp =B, Dp=pp =m0, (429)
4

and

A A+1 A3\pb
B = 1 ( + ,
ST it 2N A AV

EB® = A11+I(A3+A5 ﬂb_
! om dA+2\NA; A/ 4V

(4.29)
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respectively. Then (4.14) gives the coefficient of rolling moment

CH = _maldtil A2> pb (4.30)
8§ A+2 A/ 2V

which is negative, representing the damping moment for raising the

starboard wing.

Care, however, must be exercised in calculating the induced yawing
moment due to rate of roll. The actual flow at a starboard section
behaves as shown in Fig. 21a, the flight speed V being horizontal,
the resultant of V and py being inclined upward. In calculation,

however, the wing is expressed as a twisted wing such that the

resultant of V¥ and py lies horizontaly, as shown in Fig. 21b. Since
the effective inflow is inclined downward by the induced angle @ from
the horizontal, the yawing moment must be calculated by considering
the horizontal component (horizontal in Fig. 21a, but not in IFig. 21b)
of the lift pV/[", which is perpendicular to the effective inflow. -It

becomes then
b

N = f ’ pV['(?’ —%’)ydy , (4.31)
b

giving the coefficient

Co) = — [C ( " + B; __3ma,i+1< +; )

8 l<l A1> mA A+2 A1 ( 3 Al J
Mma/+rfB oy A5y o s o he

S i+2 <5+” 7 A,)+-B 4 T0u )

+e }] (4.32)
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Since C® is negative, it is evident that the lowering starboard wing
is accelerated forward. A mistake that is frequently made is to assume
that an increase in drag of the lowering wing results in a yawing
moment retarding that wing, that is, in a positive value of C{#) —— erroneous
because it omits to take into account the conditions explained above,
namely, that it really results from taking the horizontal component of
lift in the sense as shown in Fig. 21b.

The above calculations are obviously not precise, seeing that they
take no account of changes in the trailing vortices due to rolling, and
do not allow for the moment due to section profile drag. For most
practical purposes, however, these effects are so small that they could
be neglected altogether. The stability derivatives due to rate of roll

are then given by

dCz 'mai.-H{ A3
= — + =), . }
pb_ § Atz A,) (4.33)
2V
4G, _ _Cf L As\[, _3mai+1/ . 5 As)\l
dpb 8(I+A1)ll 7rA2+2(I+3 1)]
2V
— At ,As A
_[W'AB ma ; lBg(S +1 ) +7 Al)
As oA o N,
+ B 9A1+20A1+ )+ J]' (4.34)

Apparently, the zero distribution of circulation does not affect dC;/
d(pb/2V). Finally the derivatives for the typical wing considered in
8§10, 18 are

_ qul = 0484 ,
420
2V
dC, 'd t due to fl
W = —0071C.+ 0'002<“iesh ouot> +0-01 I(d‘il:plafemc:rlﬁ)'
a2
2V
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§28. Moents due to rate of yarwv. The wing in yawing motion
about the vertical axis with a rate of yaw r experiences rolling and
yawing moments, which may be calculated in much the same way.
We shall assume that the wing has the distribution of angle of incidence

Osym, such that
Ogym Sin@ = Dy sin @+ Dssin 36+ Dssin56+- -+,  (4.35)

and the distribution of circulation as given by (4.16).

Writing the circulation distribution in yawing motion
= -I_,sym+1—]a(s?m = bV(Gsym+ Gé;_\)/m ’ (4'36)

where Gy is given by (4.16) and (r) indicates the effect of yawing, and
taking the rate of yaw r to be positive when the starboard wing is

retarded, we have approximately the equation for determining [, namely,

—_ ‘I_ »( e r 2 dP dy }
R f i) (4-37)

or

el { ___) Tar dy } '
2 ym(l 47er dy’' y—yf (4:39)

It would seem from the last equation that the effect of yawing is
equivalent to adding to the symmetric distribution of angle of incidence

the asymmetric distribution

r r
aa(zs)ym = —.[_/.y_asym (4-39)

Since (4.39) is a special case of (4.1), and since the Fourier coefficients
of (4.2) become -

Dy = — "D+ D)), DY = 2Dt Dy, ...\ (440)
4V 4V
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it is obvious that the problem may be treated as a special case of

aileron effect. Substituting D) for Dy, in (4.13), we have

B%"’=—:’%f:?;{§:;< ) |
(ij S )(Dq+D5)+ }
B = =y et D) (e
+; (1+%+As .)(D3+D5)+...},

ooooooooooooooooooooo

For calculating the rolling moment we must take into account the

effective longitudinal velocity, thus

b
: pVIymydy,

-2
2

b b
(r) — 2 —_ = ¢ Ly_ —
L J "V =ry)Tydy f PV L' udy

T

(4-42)

where the first term on the right hand side can be easily integrated

and the second term can be calculated with the aid of (4.14). The
coefficient of rolling moment then becomes
Ci = rdb g’_z_[( )+[2+1(I+ )(D1+D3>
2V 8 2+2 (2973
)]
+ +- , 43
T4, 4 (4.43)

which is positive, indicating that the retarding starboard wing is lowered.
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The induced yawing moment may be calculated in much the same
way as that for the aileron displacement. Referring to (4.14), (4.18),
(4.19) and (4.20), we have

C) = /LAB“)[ 3¢ {1—+ 3 A3< +L Bm)
4 A

o 3 Al 5 B(r)
9 As( B{" , 11 B{" ) }
+2 S
3 Al Bi(z'r) B(

{—Bg(1+ ) (g;; §§:>+- : }] (4.44)

which is negative, i.e., the damping yawing moment.
Besides, the wing experiences the rolling and yawing moments
caused by the section profile drag. Although the former is negligible,

the latter in coefficient form is given by

Co) = m f PV—ryPteoydy = ~§% Ca0 Ig 2dn .

0

(4.45)

Although the foregoing calculations take no account of changes in
trailing vortices due to yawing, estimates obtained by means of them
are sufficiently accurate for most practical cases. Thus the stability

derivatives due to yawing become

25 = BN 2)

2V
Tl el e
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dfg =—f1cxobstn?d'i C. r;+1( +A3><D1+Dg>
ad—— 0

8 l+2\ " A Nan  om
2V
el akar )
<[l b 2]
+ sB(1+7 g‘;)>+---}]. (4.47)

If the angle of incidence is constant across the span, that is, if the
wing has neither twist nor ﬂap displacement, we have Di/a, =1,

Dis=Ds=:-+=0, By= Bs= --- =0. The values of the derivatives
of the wing calculated in §§ 10, 18 are

aC

— = 0-224C,—0-011 ,
arb
2V
ac, _ \
" = —(0-103 C,—0-006}{0-110C;—0-008)—0-213 Cyo .
d rb
2V

Nete on change of axes. The four derivatives (4.33), (4.34), (4.49),
(4.47) were derived by reference to wind axes. The corresponding
derivatives with respect to chord axes, whose z-axis inclines by an

angle of incidence ¢4 to that of the wind axes, are calculated by means

of the following relations: .
[ _dG, ] — 4G cos?oy— dCy iC__ Cos et sin ¢+ " sin® o ,
- 2VARd 2V 2V 2V 2V
|_dC. | = dCy cos?ey+ aC ——@Q‘— COS o Sin olp— Lsin®ay,
b pb pb rb rb
d I b d d d—-
- oY Hchord T, Y -2V 2V 2V \
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dC, ) _ dC ., dC, dC, . dCy .
il =T costapt |- ——""2-\cos o Sinoeg— -~~~ SIN” ¢y,
d rb d rb d b d’)"_b_ ar

- Y Akerd LY 2V 2V 2V

| dC:_,?: — 4G cosPog— dCl——f+' aC. cos o sin o+ G, sinczy’
270 rb dib_ d bp 4P

2V herd LY 2V 2V 2V
(4.48)
CHAPTER V.

NUMERICAL RESULTS FOR A SERIES OF
STRAIGHT TAPERED WINGS.

In the preceeding chapters, numerical calculations werc made for a
typical wing in order to illustrate the arguments as well as to facilitate
the application of the method. In view of the importance of providing
the general numerical concept relating to a number of aerodynamic
characteristics, this chapter deals with the numerical results for a series

of straight tapered wings, calculated according to the method discussed

f b

Fig. 22.

in the preceeding chapters. The straight tapered wing, also called
trapezoidal wing, is one in which the chord diminishes uniformly from
a maximum value ¢, at the centre of the wing, to kf, at the tips. The
parameters involved are the taper ratio %k, and the ratio of aspect

ratio to the slope of the lift curve, A/a[ = /7, see (3.12) (4-10}].
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§29. Sunple untwisted wing.

2 Numerical results for the circula-

tion distribution of a straight

//,.:? tapered untwisted wing, or the
1//:4’:':,9,4 normal distribution of circulation |
am ;\\&42 ///T/f;/"_//// | of a straight tapered wing, have
o //3?/: 7 A i been given by Betz (Ref. 1),
_{r=/ox/'£ ',,;5, /J/’/// /V, Glauert (Ref. 3), and Hueber
< /f:f’,}/”z‘; 2 //', A (Ref. 15). The values of Gofuctn
—-/2/01{: i / ‘}’ \&/;z’_:// . for 7 =o0-1, 0-4, 0-7, 0-9 have
7::/":” // v //\96/ ,,-’, been interpolated from these
o ///;/’,':”//"/, -—:  results, as shown in Fig. z23.
,17_/;7;:/ ,,/: ’/T’/ —  Here «,, is the angle of incidence,
//‘/147" /.;'.”/»’ S which is ;onstant across the span,
e ,;';:', and G, is the non-dimensional
—“73,547 circulation, expressed by
— s —
,f’f Go(m) = I;“(n—) = 2p{A;sin 0
: %
- T +Assin3f+-+-),
0 72 ) ng p 08 0 (5.1)
where
Fig. 23. , = ato . a {5 o)

b’ O ZAG+E)

Using the above values of G,/puct,, the Fourier coefficients A1/cey,
Azl om, Asle,, are derived by harmonic analysis as discussed in 89,
see Fig. 10. From this resuit, the values of As/A;, As/A), and the
rate of reduction of the slope of lift curve as compared with that in
two dimensional flow [see (1.43)],

m=C = ™ A (5-3)

b
actm,  2{14+4£) Om
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Fig. 2s5.

~03

TFig. 24.

are calculated, and shown in Figs. 24, 25, which will serve as basic
data for the calculation in §§30-32.

The reduction in the slope of lift may be expressed in an alter-
native form, that is, that the angle of incidence of the wing exceeds
the angle of incidence in two dimensional flow, which would give the

same lift coefficient, by an angle

03 03
T N\ A _ss M/ $

AN P ,

\\ 2 ’%,.0,4
" \\ N el ol . &\ Aozs ]
0/ \ N // 0/ Y A 20,
NS 1] . \ ///_/'_5’/}47
po 02 o4 06 k 2] /6 00 02 04 06 k 08 2]
Fig. 26, tig. 27.
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PEREL VS .
o= (5.4)
where
;= TA1=m -1, (5.5)
a m

as shown in Fig. 26. The induced drag coefficient is given in a form
similar to (5.4), by

]+BCZ

Cxi
TA

(5.6)

where § is shown in Fig. 27.
§30. Effect of lincar waslh out,

wing, consider a straight tapered wing whose angle of incidence diminishes

As an illustration of a twisted

uniformly from the centre to the tips, the difference of the angles

between the centre and the tips, or the amount of wash out, being e

(rad.). With the notations of §19, we have

a/' = —e|cosb],

(5.7)
4€ (—1)

Difs =
Znl m (2n—i1)2n+3)

(5-8)

First, G'/(#) is calculated by using the assumption (3.37), after
which the zero distribution due to wash out Gy(%) is derived from the
relation

GHM) =G"(M)—ma S o Ga(") , (5.9)

where ¥« is the change in angle of no lift due to wash out, and
is obtained by (3.38). The values of G¥/pe and J*«/e are given in
Figs. 28, 29.

V Finally, calculating B¥, B¥, --- by the method of §19, and sub-

stituting the values obtained in (3.28) and (3.29), we get the increase
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in induced drag coefficient due to wash out. The induced drag co-

efficient of the straight tapered twisted wing is written in the form

1+6 Wy W2
Cxi == ——C§+[L——‘€Cz+/‘2A—262 N (S.IO)
TA € €
-0 R 01 —;0% l
4_2
P i 115 e \ £-2 =
L & 3 ny ;
€ L -1 0 04 TN S
R 1.
04 = XK 7
T <
~ | -01 02l = / ‘%\i Ny
L N .
...\
-03 _ _e2l 1y HRNAN
¢ 62 o4 66, 08 10 62 72 pw) 75, 0% \\,Ig
Fig. 29. . Fig. 30.

where the first and the third terms depend only on the normal and
zero distributions respectively, while the second term depends on both,

The values of w;/e and w2/ are shown in Fig. 30.
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//
v
/

Fig. 31. e §
- §31. Effect of flap displacement. //
Consider the straight tapered wing to 02 //
be fitted with a central landing flap a—
of span bp, and of constant chord 9, 72 ) 06 05 70
ratio such that the change in angle &

C o ep s . Fig. 32.
of no lift is constant and is equal to 83

Br (rad.). The increase in lift coefficient due to flap displacement
(3.16) is

, .
¢, = ma2igii+ @), (5.11)
' Br

where the values of Dj/Br and @ are shown in Figs. 32 and 33 respec-

tively. The induced drag coefficient of an untwisted wing with displaced

flap as expressed by (3.26), is

A=t
&
01 T I 2
o2 k=0‘% —
0 06
I e
—p1 g S >
0 02 04 =T
01—k=y-_? i v e T
w o ! - 47
0,6--_ _________
I
_0’ ——'k*] 0- — o el
I
-02 |
o2 06 p, 08 1

Fig. 33.
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Cpi =02+ 1L C,Cl+ 2 C2 )

’ TA A A ¢ (5.12)

the values of f; and f; being shown in Figs. 34 and 35 respectively.
§32. Effect of ailevon displacement. Consider the straight tapered
wing to be fitted with tip ailerons of span b4/2 and of constant chord

ratio. The starboard aileron is dis-

placed upward and the port aileron - g A
. L/
downward, the changes in angle of K T
. . -08 i:z - A
no lift being Bas and Bup (rad.) res- | ‘_ﬁf}/,/
ectively, and Ve
P Y, 05 5 / )/; B
& I
1/ D;” .
7" "r._"
» YAVl
/ |/ |
2 §/ | |
/] | ';
217 | |
| 0 ; j
-b - 0 62 04 06 68 1
B
Fig. 36. Fig. 37.
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1 1 ’
Ba = ‘;(BAS'*‘BAP) , €= ';‘(BAS—,BAP) >o0. (5.13)
The wing has, moreover, a linear wash out e (rad.), as in. §30, .

and a landing flap between the ailerons, as in §31 (span = bp=b—b,4,
the change in angle of no lift = 8r). Referring to (4.14) and (4.18),
the coefficients of rolling and induced yawing moments are given by

_ _mamAla+1 Dy " .
Cl 1 7rA/a,+2 BAIBA(I 0-) s (5 14)

SCe o L s e 20))
A (I+v)+#(BFBF+ - e+ z C) (5.15)

C'ni = - Cl{
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respectively. It will be seen that the lift coefficient C, in (5.15) is the
resultant of values for the basic untwisted wing and those due to the

flap displacement

/
¢ = maligd1+ ), (5.11)
Br
due to wash out
Cl = mad*a, (5.16)
and due to differential aileron displacement
"
C)' = maTIC(I + o) (5.17)
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rer

respectively. The values of Dy/B4, D

/C) ag, VY, T,/ﬁF'y T’,ley T/,,/C)

and o are shown in Figs. 3743 respectively, the other quantities ap-

pearing in the above formulae being shown elsewhere.

8§ 33. Derivatives of lateral | stability. Four derivatives of lateral

stability are calculated for the simple untwisted wing, according to

dCl = —q - m WA/a+I{I+i4~3“ , (5.]8)
d pb 8 wAla+2 \ A,
2V
dC
7 =_Cz . l(l —{-éi){]——ﬂl’g 'E-A/,a',ii(l +_5_.£3_>1 s (5.19)
2P 8 A, mA wAla+ 2 3 A/l
2V
A0 g ramdlats ) AY (o,
rb 8 wA/a+2 \ A
2V '
-0i2 1 ] U5
- _gz P
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Fig. 44. -Fig. 45.
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W —  JCi—TsCr, Jo= 1F3F

ar i+ )’

2V _ (5.21)
J1=_3_7rA/a+I (1+As/A)(1+5A3/34A))
8 mAla+2 1+d ’

where JpC, is obtained by assuming that the section profile drag
coefficient ¢, is constant and is equal to the over all coefficient cu.
See Fig. 44 and 45 for the values of the derivatives.

§34. Swupplement. Although, strictly speaking, the numerical
results given in §§20-33 refer to the straight tapered wing, they can
also be used for roughly estimating the characteristics of the tapered
wing with rounded tips, for which reason the values of the coefficients
are given separately; for example, the rolling moment coefficient due
to aileron displacement instead of being given as the curve of C;/aBy4,
is given as curves of the constituent quantities m, D,/Ba, o, etc. The
rolling moment of a tapered wing with rounded tips may be best deduced
by applying the correction to the values of m and A/a, the value of
o, which is laborious to calculate, being estimated from Fig. 38.

In order to estimate the circulation distribution for a wing with
rounded tips from the values of G, in Fig. 23, it may be assumed that
the shape of distribution of the local lift coefficient ¢, = (2b/t)G, does
not change, whether the tips are rounded or squared, the scale of the
curve varying in proportion to the wing area S. Making use then of
the bar to indicate the straight tapered wing, we get the circulation

=~ . St

Ga=Gax§ (5.22)

for the tapered wing with rounded tips. Although the conversion is
only approximate, it gives results sufficiently accurate for most practical
purposes, being particularly convenient in our estimation of the first

approximation to G, in the calculation shown in Chapter II. Anderson
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(Ref. 18) has given the numerical results for wings having straight
taper with rounded tips, the rounding off of which lies within the
trapezoidal tip of length f.

The more general system of tapered wings is that of straight tapered
wings with a central parallel part (for example, as in Fig.9), which
may cover the system of simple straight tapered wings as a special
case. The circulation distribution for such wings within a limited range
will be found in the paper of Koning and Boelen (Ref. 19) and in
the text book of Fuchs, Hopf, and Seewald (Ref. 20), but a more
extensive range of parameters is covered in the work of Hikita and
Sinra (Ref. 21), who performed the calculation by means of the writer’s
method of solution discussed in Chapter II. With these results as basic
data, it will be possible to obtain such numerical results as are given in

this chapter for a number of aerodynamic characteristics.

May, 1939. - Aerodynamics Department,
Aeronautical Research Institute,

Tokyo Imperial University.
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