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We have intensively studied the dynamic behavior of combustion instability in a cylindrical
combustor with an off-center installed coaxial injector. The most interesting discovery in this study is
the appearance of a deterministic chaos in a transition from a dynamically stable state to well-
developed high-frequency thermoacoustic combustion oscillations with increasing the volume flow
rate of nitrogen with which oxygen is diluted. The presence of deterministic chaos is reasonably iden-
tified by considering an extended version of the Sugihara-May algorithm [G. Sugihara and R. May,
Nature 344, 734 (1990)] as a local predictor and the multiscale complexity-entropy causality plane
based on statistical complexity. Published by AIP Publishing. https://doi.org/10.1063/1.5025480

Thermoacoustic combustion oscillations possessing a rich
variety of dynamic behavior, which is affected by nonlin-
ear interactions among a turbulent flow, chemical reac-
tions, and chamber acoustic perturbations, are induced in
confined combustion systems. Their onset gives rise to seri-
ous mechanical stress, leading to the destruction of com-
bustors. The characterization of the transition process to
thermoacoustic combustion oscillations is of fundamental
importance to the systemization of combustion instability.
In this study, we characterize the dynamic behavior of
combustion instability in a cylindrical combustor with an
off-center installed coaxial injector using nonlinear time
series analysis in terms of symbolic dynamics, statistical
complexity, and nonlinear forecasting. Thermoacoustic
combustion oscillations with a high frequency, which is
strongly dominated by the first tangential mode of the
combustion chamber, are clearly observed in this combus-
tor. With increasing volume flow rate of nitrogen, with
which oxygen is diluted, deterministic chaotic dynamics
appears in the transition from a dynamically stable state
with aperiodic and small fluctuations to well-developed
thermoacoustic combustion oscillations. An extended ver-
sion of the Sugihara-May algorithm' as a local predictor
and the multiscale complexity-entropy causality plane
incorporating a scale-dependent approach clearly show
the possible presence of deterministic chaos prior to well-
developed thermoacoustic combustion oscillations.

I. INTRODUCTION

Nonlinear time series analysis based on dynamical sys-
tems theory has potential use for extracting the deterministic
features hidden in complex phenomena,” leading to possible
new engineering applications to detect the onset of unstable
phenomena. Recent advances have led to significant research
to understand the nonlinearity in dynamic behavior observed
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in many disciplines from physics to mechanical and electri-
cal engineering.3 One of the authors has demonstrated the
potential utility of dynamical systems theory for various
physical settings including magnetohydrodynamic instabil-
ity,* flame front instability induced by buoyancy/swirl cou-
pling>® or radiative heat loss,”® and chaotic traveling waves
in a falling film flow.’

Strong mutual coupling between heat release rate fluctua-
tions and longitudinal/transverse acoustic modes in a pressure
field through a combustion process gives rise to self-excited
thermoacoustic combustion oscillations.'"” Thermoacoustic
combustion oscillations are classified by combustion chamber
pressure fluctuations, depending on the range of the dominant
frequency in the chamber: low- (<50Hz), intermediate-
(50-1000Hz), and high-frequency (>1000Hz) combustion
oscillations."" The physical mechanism underlying thermo-
acoustic combustion oscillations has been studied for various
types of combustor,''™"* and the characterization of the transi-
tion process to thermoacoustic combustion oscillations is
of major importance in a wide range of areas in current com-
bustion physics. Regarding the dynamic behavior in well-
developed thermoacoustic combustion oscillations in a liquid
rocket model combustor, linear analysis such as power spectral
analysis has been performed in most studies.'*"® This method
is useful for extracting the dominant instability modes but is
limited in terms of obtaining an in-depth understanding and
interpretation of a rich variety of complex dynamics affected
by the nonlinear interactions among a turbulent flow, chemical
reactions, and chamber acoustic perturbations. Recent progress
in the studies of combustion instability using nonlinear time
series analysis has enabled us to encompass the understanding
of quasi-periodicity, intermittency, and chaos in combustion
dynamics. The correlation dimension,'” a positive Lyapunov
exponent,'® and the recurrence quantifications'® have mainly
been used, but the characterization of combustion instability
using nonlinear time series analysis still remains an open ques-
tion. The correlation dimension and a positive Lyapunov expo-
nent often lead to misinterpretation for the signature of chaos
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when a time series is short, temporally correlated, and/or
contaminated with observational noise. Therefore, more plausi-
ble analyses from different viewpoints should be taken into
account to show the possible presence of chaos.

Two of the authors®® have recently conducted an experi-
mental study on high-frequency combustion oscillations in a
cylindrical combustor with an off-center installed coaxial
injector, which is related to a liquid rocket engine model
combustor. Dynamic behavior of pressure fluctuations during
thermoacoustic combustion oscillations, which is dominated
by the first tangential (1T) mode, reasonably corresponds to
that obtained by numerical simulation.?! They also found
an interesting transition from a dynamically stable state to
well-developed thermoacoustic combustion oscillations with
increasing volume flow rate of nitrogen with which oxygen
is diluted.

The purpose of this study is to characterize combustion
instability in a cylindrical combustor with an off-center
installed coaxial injector using nonlinear time series analysis
in terms of symbolic dynamics, statistical complexity, and
nonlinear forecasting. The concept of entropy, which can be
considered as the rate of production of information, is impor-
tant for treating complex nonlinear phenomena. The Shannon
entropy is a well-known invariant describing the measure of
disorder in a system from the viewpoint of information the-
ory. In this study, we consider the permutation entropy>* in
terms of symbolic dynamics to quantify the randomness of
combustion dynamics. It represents the Shannon entropy con-
sidering the probability distribution of possible existing rank
order patterns in a time series and has been shown to provide
a deep understanding of the dynamical state in a wide spec-
trum of physical settings.*” In addition to the permutation
entropy, we use the multiscale complexity-entropy causality
plane incorporating a scale-dependent approach in terms of
statistical complexity to distinguish deterministic dynamics
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from stochastic dynamics.>* It can quantify not only the ran-
domness of dynamics but also the degree of correlational
structures. A deterministic chaotic process has the important
property of short-term predictability and long-term unpredict-
ability. On this basis, we use an extended version of the
Sugihara-May algorithm' involving the update of library data
as a local predictor, which has been shown to ensure reliable
performance in distinguishing deterministic dynamics from
stochastic dynamics from the viewpoint of orbital instability
in a phase space.”

Il. EXPERIMENTS

The configuration of our experimental system is shown
in Fig. 1. A cylindrical combustor is identical to that used in
previous studies.””** The diameter and length of the com-
bustor are 200 and 500 mm, respectively. A coaxial injector
is mounted 72 mm from the center of the combustion cham-
ber to excite tangential mode instability. The working gases
are hydrogen (H,) and oxygen (O,) diluted with nitrogen
(N,) under atmospheric conditions. H, is issued from the
outer injector with a diameter of 8.6 mm, while the oxidizer
(O, +N») is issued from the inner injector with a diameter
of 49 mm. The mass flow rate of H, and O, is 100 and
90 L/min, respectively. The mass flow rates of N, are gradu-
ally increased so as to induce the 1T mode instability, keep-
ing the mass flow rates of H, and O, constant. The pressure
fluctuations are measured by pressure transducers (Kulite
Semiconductor Products, Model XTEL-190-15G). Pressure
ports PT1-PT5 are located on the wall of the combustion
chamber. The sampling frequency of the obtained time series
is set to 102.4kHz. A spatial OH* chemiluminescence inten-
sity distribution is obtained in this study by a high-speed
video camera (Photron) with 20000 frames per second, to
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FIG. 1. Experimental apparatus.
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investigate the dynamic behavior of high-frequency thermo-
acoustic combustion oscillations.

lll. MATHEMATICAL FRAMEWORK OF ANALYTICAL
METHODS

A. Nonlinear forecasting

Nonlinear forecasting method involving the update of
library data enables us to clearly extract the short-term pre-
dictability and long-term unpredictability hidden in complex
dynamics.”> In this method, the time series of p’ is first
divided into two intervals, namely ¢ € [0;#,] and ¢ € [t; T¢],
and two corresponding data sets: one is used as library data to
predict temporal evolutions of p’ and the other is used as
reference data for comparison with the predicted p’. Note
that, similarly to in a previous study,”> D-dimensional phase
space”® consisting of position vectors p(t) = (p'(1), p'(t — 1),

.,p'(t— (D —1)1)) is used for the nonlinear forecasting
method. After finding the vectors p(#)(k=1,2,...,K)
neighboring the final vector p(z) from all position vectors
in the phase space, p(#;) is mapped to p(f; + T) after time
T, where T = T,At, At is the sampling time of p’, and T is
a time step with arbitrary integer. We finally obtain the
predicted p(#; + T) using a nonlinearly weighted sum of
p(l kT T).

E :k e =lp()—p()]l . p(t +7)
= .
—llp()—=p (1)l

If nonlinear deterministic dynamics exists in an observed
time series, short-term predictability appears in the increment
process of the time series; the correlation coefficient C
between the original and predicted time series for the incre-
mental process is high at a small prediction time tp.25 Note
that in this method involving the update of library data, ¢, rep-
resents the duration of the actual temporal evolutions of p’
added to the library data.

Similarly to in a previous study,? the time lag 7 at
which the mutual information / first reaches a minimum is
used in this study as a suitable time lag in accordance with
the prescription of Fraser and Swinney.?’ Here, I is given by

1= pijlog, 2" o )

ij J

Py +T) = (1)

where p; is the probability density function represented by
the one-dimensional histogram constructed from p'(t), p; is
the probability density function represented by the one-
dimensional histogram constructed from p'(¢ + ), and p;; is
the joint probability density function represented by the two-
dimensional histogram. The false nearest neighbors (FNN)
method proposed by Kennel er al.*® is widely applied to the
optimization of the embedding dimension of a phase space.
It is obtained by computing the ratio R of the Euclidean dis-
tances between the position vectors in D + 1- and D-dimen-
sional phase spaces, as shown in Eq. (3). The embedding
dimension D when R first falls below a threshold R, (=15)
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in terms of D is adopted to this study as a suitable dimen-
sion.”® We set D to 5 on the basis of FNN computations

d%)ﬂ - "%
R=—"————"> Rupe- (3)

/2
dp 1
Here, dp is the Euclidean distance between the position vec-

tor p and its nearest-neighbor vector in the D-dimensional
phase space.

B. Multiscale complexity-entropy causality plane

Zunino et al.*® reported that the multiscale complexity-
causality plane (CECP) consisting of the permutation entropy
and the Jensen-Shannon statistical complexity enables us
to clearly distinguish between the stochastic behavior of
Brownian motion and high-dimensional chaos. They reported
that the multiscale CECP can robustly characterize short and
noisy data sets by conducting a systematic study on the rela-
tion between additive noise and the changes in the trajectories
on the CECP. In fact, the utility of the multiscale CECP has
been shown in a recent experimental study on buoyancy-
induced flame instability with a swirling flow® and dynamics
of turbulent atmospheric surface layer.30 We first estimate
the permutation entropy /), in a similar manner to in Ref. 6.
In this method, after all possible permutations (D! per-
mutations) of D successive data points in time series
consisting of the rank order in the components of
p(t) = @'@),p(t+7),....p(t+ (D —1)1)), indexed as
m;(j = 1,2,...,D!), are counted, the probability distribution
P =p(n)(j=1,2,...,D!) is given by

#Hp(t)|i<N-D— 1)t ,p(t,)hastypenj}
N—(D-1)

P(”]) 4)

where D is the embedding dimension, N is the number of data
points, and # represents the realization frequency of permuta-
tion type m;. H, normalized by the maximum permutation
entropy (= log,D!) corresponding to a completely random
process is obtained by substituting Eq. (4) into the definition
of the Shannon entropy

fz p(m;) log,p(m;)

H,[P] = og.Dl . 5)

Note that H, is zero for a monotonically increasing or
decreasing process, while it is unity for a completely random
process. On the basis of the FNN computation and a recent
study,>' D is set to 5 in this study. The Jensen-Shannon sta-
tistical complexity C,yg is defined as

Cys[P] = Qys[P, Pe]H,[P], (6)
P.— {1/D!,1/D\,...,1/D!}, )

where Qys[P,P.] is the disequilibrium and is defined as
the difference between P and the uniform distribution P,.
0ys[P, P.] is given by
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FIG. 2. Temporal evolutions of pressure fluctuations p’ with increasing amount of N, added to the oxidizer.
log,D! nitrogen Qy, under the condition of Oy, = 100 L/min. At Qo,
QslP.Pe] = S, max {Hy[(P + Pe)/2)-H,[P]/2 =90 L/min, we observe a significant transition from state I to
—H,[P.] /2}’ 8) state I.II via state IT as Oy, exceeds 3.9.4 L/min.
Figure 4 shows temporal evolutions of the power spectrum
1 |D!+1 | | | density with increasing amount of N, added to the oxidizer. A
QJs,max = 2\ D log, (D!+1)—2log,(2D!) +log,D! . dominant peak with f=175Hz is clearly formed for all states

€))

The H,—C,g plane can quantify not only the randomness of
dynamics but also the degree of correlational structures.”’
For a given value of H,, Cs can take values between a mini-
mum of Cjg min and a maximum of Cjg max.

IV. RESULTS

Temporal evolutions of pressure fluctuations p’ are shown
in Fig. 2. Irregular dynamics with small oscillation amplitudes
is observed in p’ during the dynamically stable state (£ < 5.8s).
The amplitude of p’ markedly increases at =65, indicating
the sustainment of the irregularity. The combustion state finally
leads to well-developed thermoacoustic combustion oscilla-
tions with large amplitude and strong periodicity. In this study,
we classify these combustion states into three regimes, states I,
II, and III, and focus on the pressure fluctuations at PT1 as a
representative case. Note that the amplitude ratio A, /A, for p/
in states I and II is about 4.5, where A; and A, are the standard
deviations of the pressure fluctuations for states I and II during
1 s, respectively. Figure 3 shows the changes in the formation
regime of the combustion state with increasing amount of

regardless of the amount of N,. This instability mode corre-
sponds to the 0 L mode (quarter wave) in the longitudinal direc-
tion of the combustor. An additional dominant peak with
f=1100Hz appears during state III, and is generated by the 1 T
mode of the combustion chamber. The presence of these modes
has been confirmed in a recent numerical simulation.”’ When

1 —
- :
80 | StateTland T o
— StaFe 1 1 (Unstable lifted flame, |
g (Unstable lifted flame) | Aached/lifted flame)
£ 60F ! -
— L 1
= 1
o
z 401 . .
Q) //’—-‘?r.\.\.
r State T
20F (Stable attached flame) -
1
1
A T T LR P |
0 20 40 60 80 100

Qo> [L/min]

FIG. 3. Changes in formation regime of combustion state with increasing
amount of nitrogen added to the oxidizer Q,. Note that Qy, is set to
100 L/min.
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FIG. 4. Temporal evolutions of power spectrum density with increasing amount of nitrogen added to the oxidizer Qk,.

N, is not added to the oxidizer, the combustion field consists of
two dominant flames: one is an inner diffusion flame between
H, and O, jets with the attachment of flame base at the
oxidizer-injector rim, and the other is an outer diffusion flame
between the H, jet and ambient air. Dynamic behavior of these
flames during state I is stable and remains nearly unchanged
with the addition of a small amount of N,. Above the critical
amount rate of N,, the inner diffusion flame base lifts from the
oxidizer-injector rim, leading to state II. Temporal evolutions
of OH* chemiluminescence intensity for state III are shown in
Fig. 5. The five images in the first row show the flame moving
downstream, while the five images in the second row show
them moving upstream during one cycle of high-frequency
thermoacoustic combustion oscillations. As shown in images 2
to 4, flame front moves downstream with time and the flame
base in image 5 is further from the injector rim than in images
1 to 3. The flame base suddenly propagates upstream in image
7, and attaches to the injector rim in image 10. These observa-
tions correspond to those obtained by the numerical simula-
tion.>! The formation of state III is accompanied by two

processes: the detachment of flame base from the oxidizer-
injector rim and the attachment. The significant changes in heat
release fluctuations owing to the periodic detachment/attach-
ment of flame base to the oxidizer-injector rim with increasing
amount of added N, couple strongly with the pressure fluctua-
tions induced by the 1T mode, resulting in the formation of
periodic oscillations with large amplitudes. The presence of the
acoustically coupled pulsating flame dynamics is the primary
driving factor inducing well-developed high-frequency thermo-
acoustic combustion oscillations, which is quantitatively shown
using the Rayleigh index. Details of this physical mechanism
are clearly identified from the numerical simulation.”'
Variation in C in state II is shown in Fig. 6 as a function
of t,. C for p" is 0.98 for one-step-ahead prediction (T,=1)
corresponding to #, = 9.7656 x 107 s, while C for the
increments Ap'(= (p'(t; + 1) — p'(#;)) is 0.92. The distribu-
tion of C in terms of #, for Ap’ nearly corresponds to that for
p', clearly demonstrating short-term predictability and long-
term unpredictability. On the basis of Ref. 25, this indicates
the presence of chaotic dynamics in state II. Variations in H,
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detachment of flame base

t=0.9 ms

t=0.8 ms t=0.7ms

FIG. 5. Temporal evolutions of OH* chemiluminescence intensity for state III.

and Cjg in terms of 7 are shown in Fig. 7 for states I, II,
and III, together with the CECP. H,, in state I reaches a mini-
mum value at t=2, and Cjg reaches a maximum value at
t=3. The H,—C,s plane possesses a clockwise loop with
increasing 1, indicating the presence of noisy-chaotic dynam-
ics. Cyg in state II has a maximum value at t=2, and H,
increases throughout this domain. The location of (H,, Cjs)
moves from the left-side to the right-side with a parabolic
curve as 7 is increased, strongly indicating the presence of
deterministic chaos. These results obtained by nonlinear
forecasting and multiscale CECP clearly show that determin-
istic chaotic dynamics exists in pressure fluctuations during
state II. Note that the definition of deterministic chaos in this
study is essentially based on orbital instability: short-term
predictability and long-term unpredictability of trajectories
in phase space. An important point to note here is that C,g
takes a maximum value at t =3 for state I. It would be inter-
esting to explore the physical process with a time scale of
approximately 30 us, corresponding to 7=3. The spatial

1._ ° ° e State 1T ]
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& 0-6F “’%%sz?gg%«%: -
0.4F LE
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0.2F o8
0 1 " 1

1—_ . . .Ap' N
0.8 * . .. .
0.6/ oo, ]

U -.6.'-.. o.' o
0.4F ™K b
: T
0.2F o3

107 104 107
t, [sec]

FIG. 6. Correlation coefficient C as a function of prediction time 7, in state
II. The embedding dimension D is 5. Note that the embedding delay time t
is determined by the mutual information.

distribution of OH* chemiluminescence intensity obtained
using by a high-speed camera with a higher frame rate than
33 kHz may be needed to reveal the hidden physical process
in pressure fluctuations at state I. H,(Cs) in state III reaches
almost unity(zero) at t=93. This value of t corresponds
to the period of the 1T mode. Zunino ef al.*® showed that a
local maximum (minimum) of H,(Cys) in terms of 7 periodi-
cally appears in the dynamics of a stochastically driven
van der Pols oscillator producing noisy periodic oscillations.
Noiray and Denisov’® recently showed that the dynamics
of thermoacoustic combustion oscillations can be described
by stochastically driven Pandel Vole oscillators. Although
the shape of the H,—Cs plane for state III does not coincide
with that obtained by stochastically driven Pandel Vole
oscillators, on these bases, it is conceivable that the dynamic
behavior of pressure fluctuations in state III represents noisy
periodic oscillations. Our results demonstrate that the CECP
incorporating a scale-dependent approach is useful for dis-
cussing the presence of deterministic/noisy chaos in combus-
tion states, indicating the potential use of the multiscale
CECP for detecting the significant transition from state I to
state III via state II.

V. DISCUSSION

Many studies on dynamics of thermoacoustic combustion
oscillations induced by the OL mode in a confined sys-
tem?>*? 494344 have provided a new interpretation of com-
bustion instability from the viewpoint of dynamical systems
theory. However, a scale-dependent approach has not been
introduced and nonlinear invariants have been computed at a
specific embedding delay time. An advantage of the multi-
scale CECP is that one can distinguish chaotic processes from
stochastic processes without determining a specific embed-
ding delay time. The conventional approach considering only
a single temporal scale in combination with the surrogate data
method is valid for discussing the presence of nonlinear deter-
minism, but the multiscale CECP is important for treating the
transition process to well-developed high-frequency thermo-
acoustic combustion oscillations dominated by the 1T mode.
As reported by Zunino et al.,29 the multiscale CECP is useful
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FIG. 7. Variations in permutation entropy /,, and Jensen-Shannon statistical complexity C;g in terms of the embedding delay time t for states I, 11, and III,

together with the complexity-entropy causality plane.

for extracting the intrinsic chaotic nature in time series, but
we should keep in mind that the presence of a maximum for
Cys in terms of H,, on the CECP is a necessary but not suffi-
cient condition for giving evidence for the presence of chaos.
The characterization of the transition process to thermo-
acoustic combustion oscillations and the opposite transition pro-
cess using nonlinear time series analysis in terms of dynamical
systems theory and complex networks has been conducted in
many previous studies.*”#4%* These studies mainly dealt with
a turbulent premixed flame using two types of rectangular com-
bustor: one was a swirled-stabilized type and the other was a
bluff-body type forming a large-scale recirculation flow. They
reported the appearance of thermoacoustic combustion oscilla-
tions dominated by the OL mode with a intermediate-frequency
of around 200 Hz. In the previous studies®>**4? using a
swirl-stabilized type combustor, the entire flow field inside the
combustion chamber was mainly composed of two large-scale
recirculation regimes: a vortex breakdown bubble generated
by a swirling flow, and an outer recirculation flow in a dump
plate generated by the backward-facing step flow. The entire
flame during thermoacoustic combustion oscillations with
intermediate-frequency of around 200 Hz was sustained by both
recirculation regions, with the roll up of turbulent premixed
flame due to vortical structures stemming from the convective
interaction in the shear layers. Here, we deal with a turbulent
inverse diffusion flame using a cylindrical combustor without a
flame holder such as a swirler or bluff-body. In addition, thermo-
acoustic combustion oscillations dominated by the 1T mode
with a frequency higher than 1000 Hz are clearly formed in the
cylindrical combustor without large-scale recirculation flows
(note that our study using H,/O, as a fuel/oxidizer is related to
combustion instability in a liquid rocket engine model combus-
tor). As shown in Fig. 5, the formation of high-frequency
thermoacoustic combustion oscillations is accompanied by

the periodic detachment/attachment of the flame base to the
oxidizer-injector rim, which corresponds to the recent numerical
studies by Matsuyama et al.>' Therefore, the observed transition
phenomena to high-frequency thermoacoustic combustion oscil-
lations essentially differs from the previous studies dealing with
intermediate-frequency combustion oscillations in a swirl-
stabilized type combustor.”>>2%**% Nair and co-workers*>**
recently obtained a useful deterministic model describing a sig-
nificant transition from combustion noise to thermoacoustic
combustion oscillations induced by the OL mode via intermit-
tency in a bluff-body stabilized combustor. Nonlinear dynamical
systems based on the physical mechanism we presented here
will be desirable for obtaining a more comprehensive under-
standing of the observed dynamics. The characterization of com-
bustion dynamics generated by the above mechanism is of great
importance, and in this work we focused on revealing the
dynamic behavior of combustion instability from the viewpoints
of symbolic dynamics, statistical complexity, and nonlinear fore-
casting. We were able to demonstrate the presence of noisy-
chaos, deterministic chaos, and a noisy periodic oscillations in
pressure fluctuations, showing the possible prediction of the pre-
cursor of thermoacoustic combustion oscillations. Finally, note
that the presence of chaotic dynamics depends on the resolution
of time series observed in an actual system.** It would be of fun-
damental and practical importance to the combustion commu-
nity to study whether or not the resolution of the pressure sensor
affects the detection of chaos.

VI. SUMMARY

We have intensively studied the dynamic behavior of com-
bustion instability in a cylindrical combustor with an off-center
installed coaxial injector. With increasing volume flow rate of
nitrogen, with which oxygen is diluted, deterministic chaotic
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dynamics appears in the transition from a dynamically stable
state with aperiodic and small fluctuations to well-developed
high-frequency thermoacoustic combustion oscillations. An
extended version of the Sugihara-May algorithm' as a local
predictor and the multiscale complexity-entropy causality plane
incorporating a scale-dependent approach clearly show the pos-
sible presence of deterministic chaos prior to well-developed
thermoacoustic combustion oscillations. Spatial distribution
of OH* chemiluminescence intensity shows that the formation
of high-frequency thermoacoustic combustion oscillations is
accompanied by the periodic detachment/attachment of the
flame base to the oxidizer-injector rim.
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