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Post-buckling Behaviors of Flat Plates under Axial Compression
1st. Rep. Discussion of Secondary Buckling Values by Analytical Method

By
04l BYON and Masuji UEMURA

Abstract: The post-buckling behaviors and load-carrying capacity of thin
plates under uniaxial compression have been discussed so far as being in
stable states. However, they become unstable with further loading and the
secondary buckling which occurs accompanying snapping-through to
higher-order deflection pattern has not yet been clarified. '

In this first paper, a thin square plate under uniaxial compression
which is simply supported along four edges is considered as an example.
By a proposed method based on the second variation of total potential
energy to judge the stability of post-buckling equilibrium state, the inevi-
tability of secondary buckling is proved analytically and the effects of
various factors, such as initial imperfection, assumed virtual displacement
pattern, post-buckling deflection pattern and in-plane boundary condi-
tions, on the secondary buckling values are clarified.

In the forthcoming paper, the secondary buckling of clamped plates
will be discussed by the finite element method and the numerical results

~ will be certified by experiments. '
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B5 o~¢BfRE RERE (0t 25EHL, Oibsd=00E8a)

TRT D, BRSO EEMICERIN 2 EEHRER (A) OTERETH2. N
Brat (2) —@DBAR, Ml bd s BATED O FERIERGEELE LTS
B BHEME T B LB 78 - TR TREREESEALAL, Fiflie RER L. - TRICETH D
2175 PERER, BHDE, S EHRENELETZ (1) OBAL (2) —@0 (A)
BROXFRILFHEREEICR B ¢ Licd 3.

3.2.2. — IREEIR % T B R BED 225 ) 3]

BNBERBEMOw B L ORBENHDOERRERR 21 LAETHY, SwiELHE
KT B L.

Sw:§ZBH)pq sin(prx/a) sin(gry/b) (29)
q

E3D, AMEMBREFIETROBIENMMES M ERDONG.
FM=3 33 Swpq - Swy [ (1/8){(p?/2)+(g? 1) 128484
' ql

P q p
‘—‘?1(1)2/8)85/6 "Fzzzzwmnwm’n’{Hi(m n, m n’ b q, p Q)

m n m’ n’

—Hy(m, n,m", n’ 0.a, 0, ¢)}] (30)
R G TP, ¢ BENERREEMO LR HEEDT P, g LAL EEKTH D,
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(C) (A) (B) (B) (A) (C)

(B) |wu|:| w3y |

wyp- wy >0

(C) |wu|>|w3l|
wy wyn <0

/

(A) wyy - wy>0
lwn |>|w31|

(A)

1 | | ]

—— % —% =T 0 1T 2 3 1
WMobrEDr-bAis S

X6 o,~0%
. (w:w11+w13 'Czlﬁlﬁﬂﬁlbt%aé)

m o0’ RibsEHERDT mon CRAUCERKTHE H & Hy i3 () AOEHIC
H2EETH DD, KEORE LLREERTS. SERESHBCERLLEED 8211
% 8% pyy pg» BRIC & B ST % 8y, yor (=8I y ¢, pg) & LTAEBD) OHAZATII
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B> THERU 1 NBERAE (18w D BIBICE L TO ETHR 5T ~NTEL &%, —
OT§EH6$£E,~?T§%H6¢E¥&T&é.UFazlﬁﬁ&t£5K2E®t
DB DN TEEHRAEFTS |

(1) ZbBBEREIFEU(m=n=1) LB, KO—KERED DD E R (25)D
VRTEML, Swx 1\~ 4 BTAMLBAIC>0T, 81=0 &5 5 = RAERIET, %
BT ICHB AT & - ORT. #lRE (3,2)+(52) BRRABOC EABKS 2.

Sw=[8ws, sin(3zx/a)+8ws, sin(57x/a)] sin(2zy/b) (32)
(22)9
35 w =wy; sin( 7z /a) sin (7y /b)
’LU()ZO
Sw :%.%'d‘wm sin (pzx /a) sin (qmy /b)
v 30 (4,2)e
&
@g
E (4,1)+(4y3)1r
o
ﬁ (3.2)e B+ (51)
251 “,ﬁ (3.2 +(52) (3.2)+(52)+(7.2)
(1,2)+(3,2)
2,2 4,2) (2,2)+(4,2)
/h::‘_,___‘ % )1f&29. +(6.2)+(82)
2.2)+(4,2) / \
(1,2)+(3,2) +(5.2) (1,2) +(3,2)
+(52)+(7,2)
20J—
0 1 ) 3 7}
BEFE B OEKN

B7 ZREEE 0, OM/NERIREEMOERNIC & 2L,
(i=1, w=w,,DEL)

(2) 7~bBERE2FHAM(m=1&3, n=1)L1B8E, —KEBEDTbHMEFA S

(25) D2HTEPL 72 (A) DEACOOT 2 WERED M NMEEREEBICT 2 21t
ZBICRT 0, B (1) DBAORER (N7 8B) & AHTAERT.
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———— ;w=wysin(7x/a) sin(7y /b)

; w=wysin(7x /a) sin(zy /b)

+wssin(3nx /a) sin (zy /b)

40F (5,2)e
wo=0
Sw = ¥ Owpq sin (pmx /a) sin(gmy /b)
35
(4,2)% (4»2)“+ (6.2)
¢(5,2) +(5.4)

2 RIEEIEAE 010
S

(ﬁ2)+(¢4)+(¢6)
o(4,1)+(43) 1 4,3 4,5
\ugﬂwmw“-\\\}/*)+()+( )
25| N //
N (1) +(43)

N £ (45)+(47)
20
NI
0 i ) 3 2

BEEEHOEEN

8 REBEME 0,y DB/NBEIBEMDOEMNICK 5 EAL
(=1, w=w), +w,, OFEE)

3.2.3. BT ROBKE .

(1) #MNBIHREEAMAZEAMUT B &0k > T RERM W2 IE T3 32 & %K
7, 8LDbbrsb.

(2) #WNBEBEOZHEEBC L2 RERBBEETICHT 20FE, die—F (FH
F¥) Bhe— FRLDATEEL, Wt — FEguie— FREOEEHRITEW.
(3) BOWCZDEBYRIRADFELDIAVBBEROEREKETCHELITED 203
BHROEEREDOEOATETS. FIZE3IXEDCEAIRL 5 EELDOHMTDOLEELRM
5. oTAHEUER-TH _REBMBERIZEAEERMLIZOTIRMBELELS.

(4) EHEMRECL3xbABERAE 2HEUL KBS0 RERBMEIIX, 1 HIUSEAX
DLBOEICIRET 3 EBR8pobh . Ch3—REBROIbLIFHERDT ALK
BENE, REEOHWFHBHEEZRL VWIS EADNS.
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33. HABEREHOEE

RIMIE TOMITTIR, EABEAKHEELTR (16) TEDLINI/AENIIBAITSVLTR
b, TOMORRERFOEEL R LY, KB CRENEREEOEZBEKRNT S, &
AEREHE LT, FIfiZTOEA (a) 2684, RDO3BODOBAEZEL L. 111

FRIICBOTNG=0&, =0, a Tu 3y %0C‘?’c}a‘(~if‘f:Nrdy=—P [ge:s
BCHB. y=0, b TORMRKD IETH 3.
(2) v i3z #ick-T—E [ Ndz=0
(b) =0 (33
(¢) Ny=0
331 —REEBED F#REE

b B E—RIEBRD L bAK R, REWLTHIE — FEoghe— s 1 HS-
o7 A7) ok HicERL, R (8) KARALTROEMRE , HRHON 3.

F1=(E/32)wi(win+2A1)[2% cos(2rx/a)+cos(2ny/b) /%]
+(E /8 w21 (w21 +2A2)L(A%/16) cos(4nx/a)+ cos(2my/b)/2%]
—E(wnwa, +wy A2y + w21 A1) (32/36 )9 cos(znx/a)— cos(3nx/a)
—{81/(442+1)*} cos(zz/a) cos (2zy/b)+1{9/(442+9)?} X
cos(3rnx/a)cos Cry/b)] (34)

—MRF L ZEAEARER (33) OHARICHLL TEFAFNMKRATEZLON 5.

(a) Fo=—s519%/2
(b) Fo=—s59%/24+Cox®/2

(€) Fo=—sy%/2 +i cos(irx/a ))[C;; cosh(ny/a)

+C2(iny /a ) cosh(ry/a)+Cis sinhGry /a)
+CisGiny/a) sinh(iny /a) ] v (35)

XPORERKIZONBRZHCE->TREIN, FHEBEBESH o,=P/bt
:—ﬁMJWb&zw&*%%&a@m&mé.mﬁ@ﬁ@

F=F+F, (36)

THZSH, FROFEEAOTRERNBERREDEACHELT, 2hEhlD—KER

"o FERELZDOT NP0, ~aBFRGBON LY, EROBATLREEBYT 2.
BEFIE L TRW, <0, W =An=An=0DE&5R0 LT 2. $hbb—RKERE
DFEREBHIE — FOREARET I FTEUINZEL, O bsOEEII31H TH
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BLI-OTCCTIRERLIZL. _
BEACOVTELMERIEN G, EROPREADBEKRIDHBO=W(z-0:2, y-b, 2D BFR%E
X9z, FHEhfEse, & OBFRERINCRT.
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(1) (a), (c) OBAER y HABAGH N, 5 0REDANDOREREL, —RE
i, =4THBH, (b) OHARMLICH T y HHALAR v BRI N, N, HR
HLUTo,=308&E705.

(2) —ER®EI, W2t TEN v BRI IEhREARDA & (WN&RD
DT, RKIcOHRETOTRAI DA (¢) DFAMSKEEKREL, LT (a), (b) DI
L1355, -

3.3.2. —IREEJE O F-EHRAE DL E 5

CCTR#/MERLIRBZEN Z, BB XRBOBABALEEBRET 5 1 HOATERL,

Sw=08w,, sin(prx/a) sin(gry/b) (37)

ET5. HNMERREEMNBSI UCHERBEADOBRE R, SCUD=0icHibL T, &84
WD THEMBHATIE,

=0, @ T ou=0, dN,=0 (38-a)

BILBETH 285 UL TRERDE S,

(b) ' 8v=0, 8Nz, =0 (38 -b)

(a) y=0, b T =0, (I:BNydx:0>, ONzy=0
(c) ! ONy=0, 8N,,=0 }

AR E L FETR (14) 20T, ETROBHOIF A RH 2B ENTE B,
SFy=(E2%/4)0wp,(wiy+ A1r) X
(p+q) cosl(pt+1)nx/al (p—q)? cos[(p—1)nx/a] e
it o Tr i G17 T~ TGt r 1t G-t PP ) eoslaDnsb]
(p+q) cosl(p—1)nx/a] (p—q)? cos[(p+1)ax/a]
H T G T~ TGh Tt T eosl G+ Dr o]
+(EA%/4 0w py (war+ Az )X
(p+2¢)° cos[(p+2)nx/al (p—2¢)" cosl(p—2)nx/a] _
{ RCEEI ST Py e (e s Uy CLAC BT
(p+2q) cos[(p—2)xx/a] (p—2q)* cos[(p+2)rx/a]
7 ES RS e rree y Ewr ety oy KRR RUZLA]

(39

— I EINIBEBAREORBICHIGL T, 2NFNRDIDDE[CHTTEZ N5,
(a) SFZZO
(b) 5F2:(1/2)C01'2

(c) 5Fz:§ cos(Kirx/a){Dii+Di(K;my/a)} X
cosh(Kiny/a)+{D;+D;,(Kiny/a)} sinh(Kizy/a)l  (40)
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f:ffbKlzp_lzK:;’ K2:p+1:K3’ K,r,:p—zng, K6:p+2:K7VC£5 (a)@
EARIBROL CENBEREHEBEL, (b), (¢) oHEaDRERKIN (3) O&RHF
»HREIN, BEERABHB®ROF IRRTELONS.

OF =8F,+06F, (41)

MEOFHTRENANOLHOE 2245 ST £RHONEH, RAOFATEHET 3.
333 MITREORH _
BUNBERBER & LT p=1~5 g=1~3 OXBEHEEZLIFA, F1=0 LvESN
f QREBIRIE G10 AEARL, ZONTERND ZRIERME 010 2K 9, 10 IKER LI 25
BRLE (a) OEBAIR p=3 ¢=20& &% 0,,=2599, (b) DHAR p=3 ¢=1 D&
& 5,0=2601, (c) DEAR p=3 ¢=2DL & 5,,=2424TH5. #->T (c) O
BB OB TEARRE BB LLBSASRNOZRKERBESZ BT LBONE. C
niz (c) PBACREEELEROZICH L TERDSS RO O LT, MOEAZ
» FWET HMOBAR, TEBRROEMICHT ZEABK 025 LBDNS.

x4 Zu =0, Zzl =0, Z—U.u?éO, w21 =0

q
AR
b 1 2 3
a
1 b — % %
[
a 37. 33 149. 9
2 b % E 54. 36 % E
c 25. 49 99. 53
a 137, 3 25. 99 54. 00
3 b 26. 01 27. 30 80. 00
c 268. 2 24. 24 49. 78
a 58. 84 29. 93 48. 85
4 b 33. 25 30, 58 56. 217
c 69. 25 29. 23 46. 70
a 69. 45 37. 61 52. 67
5 b 45. 24 38. 14 57. 42
c 78. 84 37. 25 51. 77
4. ¥ o

(1) #EXROBKFTIE, FAUBEMIEHEOBRO—KERED FERENSAEZEICLE &
EZRERBEZOLRUEAZBFODICTE D - 1205, —REBREHED OB E#B/NEEIR
MEMAERMNL BTN REHNELAAVEC EiIcky, ZREBRRZAPSHICT X, —
REBERDOERBEEDO W AERTCERLERSBON:. BIBRIBBORBRERE D
AEFET A EENHELTEL.
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(2) —REBEDFERES LU REBRMBI RKZTTREORFOEEL R 1-.

O WEDCOPBEREE TCONBLbLOEET 3540 RERMER, —KED A, bSA
EANBEBETRECIE LY KBS Ap DAESICL > THREALESEL. LR
LT HH M bAiL, Kb RETO - RERBICHEESZEL 5% 11,0,

® WNBEBE L HERT 2 &1L - T, FADEBYNRICE - T REBMEILIE
T2, 4D EE STHIIEAEETLRL,

® —REBROIOHBACOD TR, HHRE— FOLT2TEML % EA0 " RER
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® HABEREHOZBCONTIR, 3BOOBAEBRIT L2, BT THAL A
LISOHD, —REBMBEREML TS ZREBEIZEL 53

(3) EHBM RO —REBERBUEEROMBEL O /NE O DS, —REREIL— ks
HEL O BERE L, BRRT 2 FUEERTOBI D FICA SOOI BEEHS 2.

(4) AROMEREL L TR, ZRBERRIIROBOBHREOT, BHBIRF ST,
CREBRZERE LS U T IRERE D FEAREEIC OO THRIT AT REHH 55 . 15 EE
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