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Summary: Shock formation process and shock tube performance are investigated
numerically. Numerical method applied is FLIC method proposed by Gentry, Martin
and Daly for solving compressible fluid flows. A model of diaphragm opening process
which does not base on the usual one-dimensional assumption is presented. Four cases
for cylindrical shock tubes and one for two-dimensional were calculated for diaphragm
pressure ratios of 100 and 1000. Diaphragm opening times were varied from about 100
to 500 usec. Shock formation process predicted from present calculations shows a
qualitative agreement with experimental results. Shock tube performance was also calcu-
lated and compared with those predicted by ideal shock tube theory and other models
such as formation-from-compression model proposed by White and multi stage model
proposed by Ikui and Matsuo. Presented result shows a close agreement with that
predicted by multi stage model.

1. INTRODUCTION

Most theoretical studies on shock tube flows have been based upon the usual
ideal model which assumes; (1) one-dimensional flow, (2) ideal nonviscous, non-
heat conducting driver and driven gases and (3) instantaneous diaphragm re-
moval [/],[2]. According to these assumptions, wave speeds and the flow pro-
perties of the uniform states are readily determined from the initial conditions in
terms of the specific heat ratios of driver and driven gases, diaphragm pressure
ratio and initial temperature ratio. Schematic diagrams of this model are illus-
trated in Fig. 1.

In practice, however, it is not possible to remove instantaneously the diaphragm
which separates high and low pressure chambers. Photographic investigations have
revealed that the process by which a diaphragm actually ruptures involves forma-
tion of a small opening near the center, followed by the outward tearing of the
material and the folding back of the leaves so formed. The effective cross-sectional
area of the shock tube at the diaphragm location therefore increases gradually
with time instead of attaining its maximum value instantaneously as assumed in
the usual ideal analysis. Associated with this fact, a constant strength shock wave
is not formed immediately but a train of compression waves generated by the
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Fic. 1. Schematic diagrams of flow in a shock tube.

gradual opening of the diaphragm are sent out and overtake each other to form
a weak shock wave. Then this shock wave is continuously accelerated by suc-
ceeding compression waves and finally attains its stationary speed.

White [3] has suggested a model which has taken into account this effect of
finite opening time of the diaphragm. His model has assumed, instead of above-
mentioned assumption (3), that diaphragm opening time is finite and continuously
sent out unsteady compression waves all overtake the first wave at the same point
to form a shock wave. When the same driver and driven gases such as air/air
are selected, for a given diaphragm -pressure ratio his theory always predicts a
shock Mach number greater than that given by ideal shock tube theory. His
model, however, does not include the effects of shock acceleration process.

Ikui and Matsuo [4] have extended White’s model to take into account of this
process of shock acceleration. Their model (multi stage model) has based upon
the assumptions that continuous compression waves sent out through the dia-
phragm opening process can be divided into a finite number of groups, each of
which is represented by a single compression wave, and a weak shock wave formed
by the coalescence of such compression waves belonging to the first group is ac-
celerated stepwise by succeeding compression waves. According to this model,
still higher shock Mach numbers than White’s model are predicted for the case
of the larger diaphragm pressure ratios.

These two models still base on the one-dimensional assumption. As mentioned
above, actual diaphragm opening process is not one-dimensional and analysis
taking into account of this not-one-dimensional effects has not yet been performed.

In the present work, the process of shock formation in cylindrical and two-
dimensional shock tubes is investigated numerically using the Fluid-in-Cell
(FLIC) method [5]. A model of the diaphragm opening process not assuming
one-dimensionality and computational cycle of FLIC method is described in
some detail and results for shock formation distances and shock tube performance
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Numerical Study of Shock Tube Flow 237

are presented and discussed. FORTRAN programme used in this calculation is
listed in appendix. Present calculations were performed on HITAC 5020 Fs at
Institute of Space and Aeronautical Science, University of Tokyo and at National
Aerospace Laboratory.

NOTATION
c; speed of sound
CPUT; computational time
D; hydraulic diameter of shock tube
E; fluid energy per unit volume
I specific internal energy
IN; maximum number of cells in x-direction
IN1; maximum number of cells in x-direction in high pressure chamber
IN2; maximum number of cells in x-direction in low pressure chamber
JN; maximum number of cells in r(or y)-direction
M, shock Mach number
MEMSTP;  parameter controlling the diaphragm opening time
N; maximum time cycle number
P,p; static pressure
r; coordinate perpendicular to shock tube axis of symmetry
t; time
u; velocity in x-direction
v, velocity in r(or y)-direction
X; coordinate parallel to shock tube axis of symmetry
X5 shock formation distance
¥ coordinate perpendicular to shock tube axis of symmetry in two-
dimensional case
75 specific heat ratio
4aM; mass flowing across cell boundary during the time increment At
dr; cell dimension in r-direction
Aat; time increment
dx; cell dimension in x-direction
dy; cell dimension in y-direction
0; fluid density
Tops diaphragm opening time
SUBSCRIPTS
i cell number in x-direction
i cell number in r(or y)-direction
n; time cycle number
1; initial condition of low pressure chamber
2; state compressed by the shock wave
3; state formed from the isentropic expansion of the gas in high
pressure chamber
4; initial condition of high pressure chamber
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2. DIAPHRAGM OPENING PROCESS

As mentioned in the previous section, actual diaphragm opening process is
three-dimensional, that is, diaphragm first ruptures from the center then follows
continuous opening to full aperture. As the result a shock wave so formed by the
coalescence of continuous compression waves is curved and contact surface be-
comes conical. Formation of compression waves in diaphragm opening process is
to be considered to correspond to the rate of diaphragm opening. Therefore, to
simulate this process, we must know whether it opens at an even rate or whether
it opens more rapidly at some stage than others.

Campbell et al [6] has investigated experimentally the time dependence of the
aperture size of rupture of aluminium diaphragms and the piercer-assisted bursting
of cruciformed copper diaphragms. For both the natural rupture of an aluminium
diaphragm and the piercer-assisted rupture of a copper diaphragm, a slow initiation
of opening followed by a much more rapid opening to full aperture was observed.
Their result shows that the time taken to 10% of full aperture was 100 usec while
that from 10% to full aperture was 80 usec in the case of aluminium diaphragm
and 750 usec (out of 1050 yusec total) for copper. But analogous experiments
for other materials have not yet been performed.
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Fi1c. 2. Suggested model of diaphragm opening process.

In the present study, we simulate the diaphragm opening process as follows;
at t=0, a plane diaphragm begins to rupture from the center, then stepwise increase
of aperture is repeated at discrete intervals of time, MEMSTP and finally reaches
to full aperture. Increment of the cross sectional area at diaphragm location is
dr or 4y, the cell dimension of r or y direction. This model of diaphragm open-
ing process is illustrated in Fig. 2. Choosing an appropriate value of MEMSTP,
we can control the rate of diaphragm opening. Throughout this calculation the
values of MEMSTP are taken to be constant with time for the convenience of the
calculation, therefore, rate of change of cross sectional area opened to high pres-
sure gas is proportional to time in two-dimensional cases and to square of time in
cylindrical cases.
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3. CELL ARRANGEMENT AND BOUNDARY CONDITIONS

ELIC method requires a fixed (Eulerian) grid of rectangular cells of sides 4x
and 4r (or 4y for two-dimensional problems) to cover the region under considera-
tion. Fig. 3 indicates how the shock tube configuration fits into the cell system.
In both cylindrical and two-dimensional problems the pair of integers (i, j) denotes
the location of cell center with i and j increasing in the x and r (or y) directions,
respectively and half integer indices denote the cell boundaries. IN and JN are the
total number of cells in x and r (or y) directions. IN1 and IN2 indicate the
number of columns of cells located in high pressure and low pressure chambers,
respectively. In all cases except one, calculations were performed in cylindrical
coordinates. Typical grid sizes were 400 cells in the x-direction and 10 cells in
the r-direction. The plane r=0 was chosen as a plane of symmetry, thus there
being effectively 20 cells in the r-direction. Cell dimensions were taken to
Adx=24r.

Boundary conditions on the left, the top and the bottom boundaries were set to
be reflective but the right boundary was set to be continuative. Reflective

boundary conditions were also set on both sides of the diaphragm not yet opened
to the fluid.
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FiG. 3. The computing mesh.

4. METHOD OF SOLUTION

A number of numerical methods for time-dependent compressible flows con-
taining shocks have been proposed. Representatives of such schemes are Lax’s
scheme [7], Godunov’s [8] Rusanov’s [9], Lax-Wendroff’s [/ 0] and Particle-in-Cell
(PIC) [11]-[13] or Fluid-in-Cell (FLIC) method. Each of these schemes has
characteristic properties which make it suitable for a certain class of problems.
Little investigation has been performed as to which of these methods is optimum
for a particular problem [/4].

In the present calculations, FLIC method proposed by Gentry, Martin and Daly
is chosen. The FLIC method is an outgrowth of the work of Rich [15], which is
an extension of the PIC method to the case of a continuous fluid. Details of the
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method can be found in references [6] and [/5]. Here only an outline of the
calculational cycles will be presented. The calculation of the time (n+1) configu-
ration of the fluid from that at time » proceed in cycles in which all the variables
of the cell quantities are advanced to ncw values slightly removed from the values
of the preceding cycle representing a slightly later time.

The governing partial differential equations for compressible fluid flows are as
follows;
Conservation of mass,

a bead —
— 4 ur ) =—plVu 1
( o T e=—0p (1)
Conservation of momentum,
2 ap\a
p(m+ uV)u_- —Pp (2)
ot
Conservation of energy,
o[-+ ar) {1+ Laes o) =—pom (3)

Set-up of Initial Conditions
pw, £a ,lU1,U4,V1 ,V¢,11 s

l @ Step 1

Calculate Pressure for All Cells
in the System

Pii=0r-1)R; I

Calculation of
Intermediate Values

Calculate Intermediate Values of

the Two Components of Velocity Add Artificial
for All Cellsin the System | Viscosity Pressure
i p g8t pDu= - 42 Term g
W —p gt +P0V = - 9

D= Ud% +v3%—

1

Calculate Intermediate Specific
Internal Energy for All Cells in
the System

Ti~pgi +PDI=-p [$L+ 9L ]

F1G. 4(a).
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FiG. 4(b). Flow diagram of FLIC method in two-dimensional case
(a) Phase I; (b) Phase II.

Equations (1), (2) and (3) are solved in two separate phases. Equation (1),
that of mass conservation, may be eliminated from further consideration, as it is
used only implicitely in the calculation of mass transport. Phase I treats the terms
due to pressure forces only, and Phase II accounts for the remaining transport
terms. Thus the second terms on the left-hand side of equations (2) and (3) are
temporarily dropped in Phase I.

Briefly, Phase I begins with the calculation of new pressures for all cells from
cell values of density and specific internal energy at time n or from those of initial
conditions. From the gradients of these pressures are calculated tentative new
values of the two components of velocity for each cell. From these new velocity
components and those from the preceding cycle or from the initial condition,
tentative new values of specific internal energy are computed for all cells. In both
instances, the values are tentative because of omission of transport terms from
the equations given above. As was seen in Phase I of the calculational cycle, only
cell quantities were updated, while the fluid was assumed to be momentarily com-
pletely at rest.

In the second stage (Phase II) the term that were omitted in Phase I are
accounted for, so that the cell density, momenta and energy are updated to time
(n+1) for the effects due to transport. Mass fluxes across cell boundaries are
first computed for each cell, then mass at time (n+1) is calculated for each cell
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from the mass at time n and mass fluxes across four boundaries. New velocity
components and specific energy are calculated from those obtained in Phase I
and new density just calculated. To complete the time cycle, the pressure is
calculated from the density and specific internal energy and this present the start-
ing condition for the next cycle. To help clear understanding of this calculational
cycle, flow diagrams for two-dimensional case are shown in Fig. 4(a) and (b).
FORTRAN program for the present calculation is listed in appendix.

5. RESULTS AND DISCUSSIONS

Using the numerical technique described in the prior section, four cases for
cylindrical shock tube and one for two-dimensional were calculated for various
combinations of diaphragm opening times and diaphragm pressure ratios. These
cases with some representative results are summarized in Table 1. Both driver
and driven gases were assumed to be ideal gases and the value of specific heat
ratio, y was taken to be 1.4. The hydraulic diameter of the shock tube, D was
assumed to be 10cm. All numerical calculations were performed on HITAC
5020 Fs at Institute of Space and Aeronautical Science, University of Tokyo and
National Aerospace Laboratory.

TaBLE 1. Summary of calculational conditions and results.

Pu MEMSTP | N | CPUT | (& | XD | M.
6 480 1801 99.3 7.8 2.40
16 520 ] 1801 264.7 8.2 2.40

100 -
16 7 ” " 8.6 2.39
30 600 1963 496.3 >10.7 >2.36
1000 16 1200 5119 264.7 12.0 3.30

Shock formation process

Henshall [/6] has explained the process of shock formation as follows; when
the bowed diaphragm is ruptured, a number of curved compression waves are
propagated into the channel. These compression waves very quickly coalesce to
form a curved shock wave. Its profile will become less curved as it progresses
down the channel. Regular reflection of this curved shock will take place at the
walls of the tube until the angle of incidence of the shock is such that regular
reflection of the shock is impossible and the shock then undergoes Mach
reflection. The triple points of the Mach reflection move toward the center of
the tube, thus producing a plane shock wave. Subsequently, the triple points
continue to move back and forth across the tube untii the secondary branches of
the Mach configuration are very weak and disappear. Finally, an optically flat
primary shock is propagated down the channel.
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Numerical Study of Shock Tube Flow 243

Experimental investigations on the process of shock formation after diaphragm
rupture have been performed by Geiger and Mautz [I7] for the Cellophane
diaphragms in a 2”X7” shock tube using the Shadowgraph technique. Ikui and
Matsuo [/8] have also investigated the process in a 38X38 mm shock tube by the
Schlieren method. Photographs obtained by Geiger and Mautz support Henshall’s
explanation.

To see the flow patterns near the diaphragm at the initial stage of the opening
process, calculated velocity distributions near the diaphragm are shown in Fig. 5
(a)—=(c) for the case of 7,,=496.3 usec and locations of shock fronts at various
radial positions are also displayed in Fig. 6(a)—(c). Fig. 6(a) shows the result
for diaphragm pressure ratio, P4; =100 and r,, = 264.7 usec, 6(b) is for the same
diaphragm pressure ratio as 6(a) but T,p=496.3 pusec. Result for P,;=1000
and ,,=264.7 usec is plotted in Fig. 6(c).

The followings can be seen from Figs. 5 and 6; immediately after the diaphragm
rupture, radial flow of the high pressure gas is initiated and a weak curved shock
first formed by coalescence of compression waves becomes gradually plane as it
propagates down the tube, which shows that the one-dimensional assumption does
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not hold in this case. Distance travelled by the primary shock before it becomes
plane is about 2 to 3 diameters. This result agrees well with that of 2.4 times
hydraulic diameters obtained by above-mentioned experiment of Ikui and Matsuo. -
Results presented in Figs. 5 and 6 seem to support Henshall’s explanation.
Although, transition from regular reflection to Mach one cannot be fully identified
due to insufficient resolution. Photographic investigation of Geiger and Mautz
also proves this process as was indicated before. On the other hand, Ikui and
Matsuo report that such reflected waves cannot be observed in their experiment

but it should be considered that sensitivity of the Schlieren apparatus was not
satisfactory.

Shock formation distance

As is generally known, shock formation distance is one of the most important
parameters in the shock tube problems but it is very difficult to determinec this
theoretically. 1n this section we shall discuss the effect of the diaphragm opening
time on shock formation distance. Fig. 7 shows x-¢ diagrams calculated by FLIC
method for various combinations of diaphragm pressure ratio, P4; and diaphragm
opening time, 7,,. In Fig. 7 x-f diagrams predicted by the ideal shock tube theory
are also shown. Since the slope of tangent of x-f diagram is reciprocal of shock
speed, the smaller increnation shows the higher shock Mach number. As is
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Fie. 7. Calculated x—¢ diagram for j=1 cells.

clearly seen from Fig. 7 the shock front is accelerated by succeeding compression
waves gradually to its final speed. This seems to prove that multi stage model
proposed by Ikui and Matsuo is reasonable. Although shock formation distances
tend to increase with diaphragm opening time, for the same diaphragm pressure
ratio shock Mach numbers converge to a value which is greater than that predicted
by ideal shock tube theory. As in our model of diaphragm opening process ap-
plied to this calculation, rate of change of cross-sectional area opened to high
pressure gas is set to be proportional to time in two-dimensional case and to square
of time in cylindrical case for the convenience of calculation, for the same dia-
phragm opening time, shock front is accelerated faster in two-dimensional case
than in cylindrical case, which can be clearly seen in Fig. 7.

From x-t diagrams displayed in Fig. 7 variations of shock Mach numbers along
the shock tube axis are obtained and plotted in Fig. 8 for several diaphragm opening
time for the case of P,;=100. Fig. 8 also shows the tendency that although
acceleration of shock fronts is slower for larger diaphragm opening time, shock
Mach numbers for all cases converge to the same value. This shows a qualitative
agreement with the result of Shtemenko’s experiment [/9]. In his experiment,
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FiG. 8. Variation of shock Mach numbers with distance along
shock tube axis.
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maximum shock Mach numbers decrease slightly with increasing diaphragm
opening time but this may be due to the effect of viscosity and should be a con-
stant value neglecting such effect. As is clearly seen from Figs. 7 and 8, for the
case of 7,,=496.3 usec, the largest value of diaphragm opening time, shock
front is still accelerating. Shock formation distances calculated from Fig. 8 are
tabulated in Table 1.

Shock tube performance

According to the ideal shock tube theory, shock Mach numbers are easily :
calculated from specific heat ratios of driver and driven gases, diaphragm pressure
ratio and initial temperature ratio. In actual shock tubes, however, shocks with
higher Mach numbers than predicted by the ideal theory have been observed for
diaphragm pressure ratios of the order of 10% Ikui and Matsuo [Z8] have re-
ported that even for the diaphragm pressure ratios less than 102, stronger shocks
than predicted by ideal theory were observed in a shock tube with large diameter. .]‘f?
The formation-from-compression model proposed by White predicts significantly ‘
stronger shock waves than the usual ideal model for the larger diaphragm pressure
ratios. Multi stage model proposed by Ikui and Matsuo which is an extension of
White’s model to take into account the effects of shock acceleration gives still
stronger shocks than White’s model.

In the present calculation by FLIC numerical method we did not base upon the
one-dimensional assumption on which all the above-mentioned models were based.
In Fig. 9 calculated shock tube performance is plotted and compared with
those predicted by ideal, White’s and multi stage model. Present result shows a
close agreement with multi stage model for the cases of P4,;=10 and 100 but
significantly higher shock Mach number is predicted for P,,=1000. Calculated
data are so insufficient to draw any conclusion about this that further investigations
should be needed.

—-— Tlkui (Ref.4) 8
40 —-—— White (Ref. 3)
Simple Theory
o  Present Calculation
3.0
2.0}
1.0 ! ! ! .

| 10 10° 10° 10*
Par
Fig. 9. Predicted shock tube performance for air/air.
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4% ’
6. CONCLUDING REMARKS

It may be summarised from the calculated result using the FLIC method that
shock formation process is not one-dimensional as assumed in ideal shock tube
theory and other models proposed by various authors, and shock formation dis-
tances tend to increase with diaphragm opening time and with diaphragm pressure
ratios, which shows qualitative agremeent with experimental results. For P,=
100, calculated shock formation distances varies from about 8 diameters to above
11 according to the diaphragm opening time. For T,p=496.3 usec, the largest
value of diaphragm opening time shock front is still accelerating. Calculated
shock tube performance shows a close agreement with that predicted by multi stage
model for the cases of P,;=10 and 100. For P,;=1000, however, significantly
higher shock Mach number is predicted by FLIC method. Calculated data are
so insufficient to draw any conclusion that further investigation should be needed.
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