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CFD  Challenges

3

Vision  2030  ”Where  we  believe  CFD  should  go”
•Accurate  prediction  of  boundary  layer  transition
•Improved  RANS  model  for  efficient  complex  flow  analysis
•Accurate  prediction  recovery,  dynamic  distortion,  and  swirl  patterns  at  the  
Aerodynamic  Interface  Plane  (AIP)  for  propulsion  integration
•Accurate  prediction  of  shock-‐‑‒boundary  layer  in  presence  of  corner  flows
•An  advanced  turbulence  model  within  a  single  framework  for  accurate  unsteady  flow  
phenomena
•Efficient  and  robust  mesh  adaptation  for  complex  configurations
•Error  estimation  and  uncertainty  predictions
•Multidisciplinary  analysis  (aeroelasticity,  etc.)

[Andersen  2012]

[pssap.stanford.edu]

Predictive  Science  Academic  Alliance  Program
(PSSAP)

Predictive  Simulations  of  Multi-‐‑‒Physics  Flow  
Phenomena,  with  Application  to  Integrated  
Hypersonic  Systems

Uncertainty  Quantification  (UQ)
Science  of  quantitative  characterization  and  reduction  of  
uncertainties  in  applications                                                    [wikipedia.org]
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Contributions  of  UQ

✓Simulation
• Assist  verification  and  validation
• Make  perfect  models

✓Physics
• Understand  complex  phenomena
• Find  exact  principles

✓Design
• Evaluate  robustness
• Ensure  reliability

Types  of  Uncertainty
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✓Aleatory  (Irreducible)  Uncertainty
• Inherent  variation  associated  with  the  
system  under  consideration

• Defined  in  a  probabilistic  framework
→  Material  properties,  operating  conditions,  
manufacturing  tolerances,  ...

✓Epistemic  (Reducible)  Uncertainty
• Lack  of  knowledge  or  information  in  any  
phase  or  activity  of  the  modeling  process

• Involves  a  single  but  unknown  true  value
→  Turbulence  models,  chemical  process  
models,  ...
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Types  of  Uncertainty  Propagation
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✓Non-‐‑‒Intrusive  Methods
• Only  require  (multiple)  solutions  of  the  
original  (deterministic)  model

• Treat  the  model  as  a  black  box
• Less  efficient  to  compute

✓Intrusive  Methods
• Require  the  formulation  and  solution  of  a  
stochastic  version  of  the  original  model

• Need  to  know  the  mathematical  
structure  of  the  model

• More  efficient  to  compute x
f(x

)
PDF(ξ)

x

f(x
)

PDF(ξ)

Sampling  Methods
✓Monte  Carlo  (MC)

Samples  all  points  randomly
✓Latin  Hypercube  Sampling  
(LHS)                      [Mckay  et  al.  1979]

• Samples  a  point  in  each  equi-‐‑‒
probability  partition  randomly

• Does  not  allow  overlapping  
partitions  to  be  sampled  for  all  
dimensions
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Approximation  Methods
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✓Polynomial  Chaos  Expansion  (PCE)                    [Xiu  &  Karniadakis  2002]

• Approximates  as  a  linear  combination  of  orthogonal  polynomials
• Estimates  coefficients  for  known  orthogonal  polynomials

✓Stochastic  Collocation  (SC)                                                    [Xiu  &  Hesthaven  2005]

• Approximates  as  a  linear  combination  of  interpolation  polynomials
• Forms  interpolation  functions  for  known  coefficients

f(⇠) '
PX

i=1

↵iφi(⇠)

obtained  from  N  (≥  P)  samples

Polynomial  Chaos  Expansion  (PCE)
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PCE  Examples

11

Outline

✓Fundamentals  of  Uncertainty  Quantification
✓Research  Topics
•Polynomial  Chaos  Expansion  with  Order  
Adjustment
✴Prof.  Shigeru  Obayashi  (Tohoku  Univ.)
✴Mr.  Akihiro  Inoue  (Tohoku  Univ.)
✴JAXA/NSRG
•Dynamic  Adaptive  Sampling  based  on  Kriging  
Surrogate  Model
✴Dr.  Soshi  Kawai  (JAXA/ISAS)
✴Prof.  Juan  J.  Alonso  (Stanford  Univ.)

✓Summary  &  Future  Work
12

This document is provided by JAXA.



第 6回 EFD/CFD 融合ワークショップ 65

Order  Adjustment  in  PCE

13

Step  1  adjusts  #  samples

P (p) =
(n+ p)!

n!p!
where

Step  2  adjusts  polynomial  order

N = P (p)
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Z 1
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|f̂(⇠|p,N)− f̂(⇠|p− 1, N)|

⇥PDF(⇠)d⇠

S1(p) =
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−1
|f̂(⇠|p, P (p))− f̂(⇠|p− 1, P (p− 1))|
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✓Step  1 ✓Step  2
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Numerical  Tests  (2D  Func.)
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Numerical  Tests  (2D  Func.)

Error  in µf �fError  in

16

Numerical  Tests  (2D  Func.)
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Application  (Sonic  Boom)
Augmented  Burgers  equation
[Cleveland  and  Blackstock  1996]
with  atmospheric  uncertainties
•Temperature
•Humidity
•Wind  (speed  &  direction)

[Carlson  1967]
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Kriging-‐‑‒Based  Methods

19

[Yamazaki  2013]
Inferior  to  a  classical  PCE  (without  adaptive  sampling)

[Dwight  and  Han  2009]
Adaptive  sampling  based  the  fit  uncertainty  in  the  Kriging  predictor  and  the  
PDF  of  input  parameter  uncertainties

[Bilionis  and  Zabaras  2012]
Adaptive  refinement  based  on  the  fit  uncertainty  predicted  by  the  Gaussian  
process  regression

✓Kriging  Surrogate  Model
[Sacks  et  al.  1989]

• Based  on  the  Bayesian  statistics
• Adapts  well  to  non-‐‑‒linear  functions
• Estimates  not  only  the  function  
values  but  also  their  fit  uncertainties
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20

E[Z(⇠)] = 0
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Realization
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Correlation  function  (kernel)
• Depends  on  
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Kriging  Surrogate  Model  (cont.)
N  samples f(⇠(i)) = F (⇠(i))

(i = 1,2, · · · , N)

Ln(µ, σ2,⇥) =�
N

2
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where

Maximization

21

✓Criterion  1      [Dwight  and  Han  2009]

✓Criterion  2

✓Criterion  3

=  0
in  smooth  regions

Dynamic  Adaptive  Sampling
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✓Criterion  4  (proposed)

Dynamic  Adaptive  Sampling  (cont.)

23

Crit(⇠) =

 �����
@f̂(⇠)

@⇠

����� ⇥�⇠ +Df̂(⇠)

!

⇥ ŝ(⇠)⇥ PDF(⇠)

�⇠ = min
i=1,2,··· ,N

|⇠ � ⇠(i)| Df̂(⇠) = |f̂(⇠)� f̂pre(⇠)|
Current

(N  samps.)
Previous

(N-‐‑‒1  samps.)

Summary  of  Sampling  Criteria

✓Criterion  1      [Dwight  and  Han  2009]
considers  only  fit  uncertainty

✓Criterion  2
considers  only  gradient

✓Criterion  3
considers  both  fit  uncertainty  &  gradient

✓Criterion  4  (proposed)
adds  an  extra  error-‐‑‒estimate  term  in  criterion  3

24
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Numerical  Tests  (1D  Funcs.)
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Numerical  Tests  (1D  Funcs.)
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Numerical  Tests  (1D  Funcs.)
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Numerical  Tests  (1D  Funcs.)
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