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Necessary Conditions for the Optimal Weighting Matrices of
Quadratic Performance Index to Maximize the
Measure of the Controllable Set

By Nagakatsu KAWAHATA

A set of necessary conditions is presented to determine the optimal weighting matrices ot
the quadratic performance index in cases where the final time of the process is specified finitely.

The feedback control system may be said to be used essentially for achieving the predeter-
mined purpose as well as possible, even if there exist large deviations or errors in the actual
state to the desired state space trajectory during the process. Such an essential use of the
feedback control system is the main concept used to derive a set of necessary conditions for
the optimal weighting matrices in this paper.

The controllable set is defined to consist of all of the states which fall within the given
allowable error ellipsoid at the end of the process by the linear feedback control law with
finite gains, although such a definition of the controllable set is somewhat different from the
usual one in optimal control theory.

It is first shown that the measure of such a controllable set during the process depends
on the weighting matrices. From the essential purpose of the feedback control mentioned
above, it is clear that the larger the measure of the controllable set is at any time of the
process, the better the system is. So, when the largest measure of the set is obtained
within the bounded controls, the corresponding weighting matrices are regarded to be optimal.
The necessary conditions for these matrices are derived in the same way as in the usual
optimal control theory.

When the optimal weighting matrices are determined in this way, the controllable set is
also evaluated automatically. Therefore, it is easily decided at any time during the process
with simple calculations whether or not the present state will be able to reach the allowable
neighborhood at the terminal with the stored control law.

A Zermero’s problem and an acceleration control problem in the second order are treated
as an analytic and a numerical example of the applications, respectively.
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