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ABSTRACT
We are concerned with difference approximation of scalar conservation laws. The convergence of approxi-

mate solution obtained by difference approximation is one of the main interests in the theory of difference

approximation. We discuss the range of numerical viscosity coefficients that arrows the convergence to the

entropy solution in the case of 3-stencil difference scheme in conservation form. The main theorem is one

of the most optimal results of this kind of discussion. The aim of report is to explain the main theorem

and related things from the viewpoint of numerical computation.
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 1 別の言い方をすれば Taylor 展開による誤差評価が有効な部分
 2 厳密には弱解に収束する収束部分列の存在
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 3 f(u) = u2(u2 － 1) のような厳密凸でないもの場合、線形退化した波である接触不連続 (圧縮性 Euler 方程式の接触不
連続のようなものと考えてよい) が発生し、真性非線形な波ばかりではなくなるため議論が複雑になる。

 4 実数直線上の点集合 Aが集積しないとは、Aが集積点を有しないことだが、別の言い方では任意の有限区間 [a, b] 内の
Aの点の個数は有限、とも言える。

 5 解の値を uを微小に変動させた場合にその変動が伝わる速さが特性速度である、という解釈もある。
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CX1
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: x = f ′(u0(X2)) · t+X2

t > 0 6 ( 2) CX1 u u = u0(X1) CX2

u = u0(X2) u 2

t > 0

2. (2) u0(x) x (2) −∞ < x < ∞, 0 ≤
t < ∞

3:

7

( 3)

= 0

u

1. D ϕ

∫

D

ϕ · f = 0 (7)

f = 0

D f = 0 (7)

ϕ

0 ( 0 )8

ϕ (

ϕ ) 9

(1)

6 t-
X2 −X1

f ′(u0(X1))− f ′(u0(X2))
f ′′ > 0 f ′ f ′(u0(X1)) − f ′(u0(X2)) > 0

7

Rankin-Hugoniot
)

8 ϕ 0 (
)

9 D = 0

4

 6 実際、交点の t- 座標は　　　　　　　　　　　　である。f 00 > 0 から f 0 は増加関数で f 0(u0(X1)) ¡ f 0(u0(X2)) >0 

となることにも注意する。
 7 もう少し厳密な言い方をすると、「試験体積の境界と解が連続でない場所との共通部分が或る曲線分になる」というこ

とになる。また、Rankin-Hugoniot の条件を考慮すれば、保存原理を考える有限体積の境界が衝撃波などの不連続と重
なっていても問題がないことが分かる。)

 8 数学的には「Áはコンパクトな台を持つ」という。台とはある関数についてその値が 0 でない点の集合かその閉包 (そ
の集合を含む最小の閉集合 )

 9 そのようにしないと、Dが無限領域の場合に全域で「= 0」の条件を与えることができなくなる。
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全域で滑らかな解は存在しない。上の議論をまとめれば
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3. M( M ϕ ) |x|, t > M ϕ(x, t) = 0

ϕ

∫ ∞

0

∫ ∞

−∞
{ϕtu+ ϕxf(u)}dxdt+

∫ ∞

0

ϕ(x, 0)u0(x)dx = 0 (8)

u = u(x, t) (1) ϕ (test function)

( )

1 u

ϕ

(8) 2

(x, t),−∞ < x < ∞, 0 ≤ t < ∞ u(x, t)

(8) (8) 2

u0(x) =

{
1, x < 0

−1, x > 0
(9)

u0(x) f(u) = 1
2u

2

u(x, t) =

{
1, x < 0, t ≥ 0

−1, x > 0, t ≥ 0
(10)

Rankine-Hugoniot u(0, t), t > 0

1 2 u, v ( u − v = 0)

u, v 1 u v

4. (1) x1 < x2, 0 < t1 < t2

∫ x2

x1
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∫ t2

t1

{f(x2, t)− f(x1, t)}dt = 0 (11)

4: g

x, t-

[x1, x2] × [t1, t2] u = u(x, t)
10 x g(x;x1, x2, h), x1 <

x2, h > 0

1) x1 ≤ x ≤ x2 g(x;x1, x2, h) = 1

2) x ≤ x1 − h x ≥ x2 + h g(x;x1, x2, h) = 0

3) x1 − h ≤ x ≤ x1

4) x2 ≤ x ≤ x2 + h

10 (11) u(x, t1), f(x1, t)
lim
t↑t1

u(x, t), lim
x↑x1

f(x, t) u(x, t2), f(x2, t) lim
t↓t2

u(x, t), lim
x↓x2

f(x, t)
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 10 この条件をつけなくても最終的には問題は生じない。ただ、(11) が最初に導出される際は u(x; t1); f(x1; t) がそれぞれ
の左極限 lim u(x; t); lim f(x; t) に、u(x; t2); f(x2; t) がそれぞれの右極限 lim u(x; t); lim f(x; t) に置き換わったも

のとなる。
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 11 通常、Rankine-Hugoniot の条件はある時刻にある位置で衝撃波のような不連続があり、その不連続が移動する速度を s、
不連続での uの左右からの極限値をそれぞれ uL; uR と仮定して

 s(uR ¡ uL) = f(uR) ¡ f(uL) (16)

   のように記される。(衝撃波等不連続上の点での考察という状況が分かりきっていれば、tや xを明示しなくとも問題が
ない。)

( 4)

C ( )

ϕj(x, t) = g

(
x;x1, x2,

C

j

)
· g

(
t; t1, t2,

C

j

)
(12)

{ϕj}j (8) ϕ = ϕj j −→ ∞
∫ x2

x1

{u(x, t1)− u(x, t2)}dx+

∫ t2

t1

{f(x1, t)− f(x2, t)}dt = 0

(11) ( 4 )

Rankine-Hugoniot ( )

5. −∞ < x < ∞, 0 < t < ∞

S : x = xS(t), T0 ≤ t ≤ T1 (13)

h > 0

D = {(x, t)|xS(t)− c < x < xS(t) + c, T0 < t < T1}

u = u(x, t) S

uL(t) = lim
x↑x0

u(x, t), uR(t) = lim
x↓x0

u(x, t) (14)

uL(t), uR(t)

(xS)
′(t)(uL(t)− uR(t)) = f(uL(t))− f(uR(t)) (15)

(15) Rankine-Hugoniot 11 (xS)
′(t)

T ∈ (T0, T1) a, b( xS(T ) − c < a < xS(T ) < b < xS(T ) + c ) T

(T − ϵ, T + ϵ) (a, b)× (T − ϵ, T + ϵ) ⊂ D t ∈ (T − ϵ, T + ϵ)

∫ b
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u(x, t)dx

∫ b

a

u(x, t)dx t

d
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u(ξ, t)

d

dt
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∂
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xS(t)

∂

∂t
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′(t) ·u+(xS(t), t).
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∫ xS(t)

a

∂

∂t
u−(x, t)dx = lim

h↓0

∫ xS(t)−h

a

∂

∂t
u(x, t)dx

= lim
h↓0

∫ xS(t)−h

a

{
− ∂

∂x
f(u(x, t))

}
dx

= f(u(a, t))− lim
h↓0

f(u(xS(t)− h, t))

= f(u(a, t))− f(uL(t)),

(19)

∫ b

xS(t)

∂

∂t
u+(x, t)dx = f(uR(t))− f(u(b, t)), (20)

u−(xS(t), t) = uL(t), u+(xS(t), t) = uR(t)

d

dt

∫ b

a

u(x, t)dx = f(u(a, t))− f(uL(t)) + f(uR(t))− f(u(b, t)) + (xS)
′(t)(uL(t)− uR(t)) (21)

(17)(21)

f(u(a, t))− f(uL(t)) + f(uR(t))− f(u(b, t)) + (xS)
′(t)(uL(t)− uR(t)) = f(u(a, t))− f(u(b, t))

a ↑ xS(t), b ↓ xS(t)

(xS)
′(t)(uL(t)− uR(t)) = f(uL(t))− f(uR(t)) (22)

( 5 )

Rankine-Hugoniot (1)

(P1) t = 0 t = 0 t

(P2) t 2 Rankine-Hugoniot

(P2)

1. (1) f(u) = 1
2u u0

u0(x) =

{
1, x ≤ 0

−1, x >≥ 0
(23)

(P1)(P2)

u(x, t) =

{
1, x < 0, t > 0

−1, x > 0, t > 0
(24)

c > 1

u(x, t) =




1,
x

t
<

1− c

2

−c,
1− c

2
<

x

t
< 0

c, 0 <
x

t
<

c− 1

2

−1,
c− 1

2
<

x

t

(25)
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x;x1, x2,

C

j

)
· g

(
t; t1, t2,

C

j

)
(12)

{ϕj}j (8) ϕ = ϕj j −→ ∞
∫ x2

x1

{u(x, t1)− u(x, t2)}dx+

∫ t2

t1

{f(x1, t)− f(x2, t)}dt = 0

(11) ( 4 )

Rankine-Hugoniot ( )

5. −∞ < x < ∞, 0 < t < ∞

S : x = xS(t), T0 ≤ t ≤ T1 (13)

h > 0

D = {(x, t)|xS(t)− c < x < xS(t) + c, T0 < t < T1}

u = u(x, t) S

uL(t) = lim
x↑x0

u(x, t), uR(t) = lim
x↓x0

u(x, t) (14)

uL(t), uR(t)

(xS)
′(t)(uL(t)− uR(t)) = f(uL(t))− f(uR(t)) (15)

(15) Rankine-Hugoniot 11 (xS)
′(t)

T ∈ (T0, T1) a, b( xS(T ) − c < a < xS(T ) < b < xS(T ) + c ) T

(T − ϵ, T + ϵ) (a, b)× (T − ϵ, T + ϵ) ⊂ D t ∈ (T − ϵ, T + ϵ)

∫ b

a

u(x, t)dx

∫ b

a

u(x, t)dx t

d

dt

∫ b

a

u(x, t)dx = f(u(a, t))− f(u(b, t)) (17)

∫ b

a

u(x, t)dx =

∫ xS(t)

a

u−(x, t)dx+

∫ b

xS(t)

u+(x, t)dx,

u−(x, t) = lim
ξ↑x

u(ξ, t), u+(x, t) = lim
ξ↓x

u(ξ, t)

d

dt

∫ b

a

u(x, t)dx =

∫ xS(t)

a

∂

∂t
u−(x, t)dx+(xS)

′(t) ·u−(xS(t), t)+

∫ b

xS(t)

∂

∂t
u+(x, t)dx−(xS)

′(t) ·u+(xS(t), t).

(18)

11 Rankine-Hugoniot s u
uL, uR

s(uR − uL) = f(uR)− f(uL) (16)

( t x )

6
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( )

1 (P1)(P2) (24) (25)

(P1)(P2) (P1)(P2)

1

2. (1) f(u) = 1
2u u0

u0(x) =

{
−1, x < 0

1, x > 0
(26)

x-
{
(x, t)

���−1 <
x

t
< 1, t > 0

}

(P1)(P2) (27) (31)

(1)

u(x, t) =




−1,
x

t
≤ −1

x

t
,−1 <

x

t
< 1

1, 1 ≤ x

t
.

(27)

u(x, t) =

{
−1, x < 0

1, x > 0.
(28)

u(x, t) =




−1,
x

t
≤ −1 + c

2

c,
−1 + c

2
<

x

t
<

c+ 1

2

1,
c+ 1

2
≤ x

t
,

c − 1 < c < 1 .

(29)

u(x, t) =




−1,
x

t
≤ −1 + c

2

c,
−1 + c

2
<

x

t
< c

x

t
, c <

x

t
<

c+ 1

2

1, c+1
2 ≤ x

t ,

c − 1 < c < 1 .

(30)

u(x, t) =




−1,
x

t
≤ −1 + c1

2

ci,
ci−1 + ci

2
<

x

t
<

ci + ci+1

2

1,
cm−1 + 1

2
≤ x

t
,

m 2 , c0 = −1, cm = 1,

c1, · · · , cm−1 − 1 < c1 < · · · < cm−1 < 1 .

(31)

(27) (31)

(P1)(P2)

(P1)(P2)

( )

(centered rarefaction wave, )

8

u2

¡1, ∙

c, < < c

c < <

1, c+1
2

c+1
2

¡1+ c
2

¡1+ c
2

∙ x
t

x
t

,

x
t

x
t

x
t

,
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6. (1) u = u(x, t) (x0, t0)

(1) x u(x, t0) x = x0 x = x0 x = x0

uL = lim
x↑x0

u(x, t0), uR = lim
x↓x0

u(x, t0)

uL < uR (32)

(2) M > t0
12 D =

{
(x, t)

����f ′(uL) <
x− x0

t− t0
< f ′(uR), t0 < t < M

}

f ′(uL) < v < f ′(uR) v
x− x0

t− t0
= f ′(v) (x, t) u(x, t) = v (33)

D (x0, t0)

2 (27) (0,0)

2

7. 2 U,F (U,F ) U,F

(E1) U a < b, 0 < θ < 1

U((1− θ)a+ θb) ≤ (1− θ)U(a) + θU(b)

(E2)

F ′(u) = f ′(u) · U ′(u). (34)

(1) u = u(x, t) U

U F

U F

(

)

8. (1) u = u(x, t)

U(u)t + F (u)x ≤ 0 (35)

(U,F ) (35)

(35) (8)

(35) 3 x 0

ϕ ∫ ∞

0

∫ ∞

−∞
{ϕtU(u) + ϕxF (u)}dxdt ≥ 0 (36)

9. (1)

12M = ∞ (27)

9 12 M = 1とできる場合もある。実際、解 (27) ではそのようになる。
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Ut + Fx = U ′(u)ut + F ′(u)ux = U ′(u)ut + f ′(u)U ′(u)ux = U ′(u) {ut + f ′(u)ux} = 0

(35) Rankin-Hugoniot

10. 5(Rankine-Hugoniot )
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 16 それらのノルムの中には、本質的には同じ (ノルムとして同値) なものもあるが、本質的に異なるものもあり、あるノル
ムで考えると収束していても、他のノルムではそうでないということも生じる。

 17 uh(x; t) = hのような定数関数列の h ¡! 0 での収束を考えると分かり易い。v(x; t) = 0 なる定数関数に収束するのが
当然のように思えるが、領域全体での juh(x; t) ¡ v(x; t)jの積分は h = 0 でない限り発散し定まらない。

 18 積分の極限を考える段階では積分領域である有界閉領域は固定されていることに注意。
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u = u∆(x, t),−∞ < x < ∞, 0 ≤ t < ∞

{un
i }i,n ,n≥0
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0 2

u v u−v (

) 16

Ω u

∥u∥ =

∫

Ω

|u|

L1- Ω {(x, t)| − ∞ < x < ∞, 0 ≤ t < ∞}

∥u∆ − u∥ =

∫ ∞

0

∫ ∞

−∞
|u∆(x, t)− u(x, t)|dxdt

17

Ω

0 18 u∆ −→ u

Ω u∆ −u Ω u∆ −u
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18. (1) (47) (68) ∆x,∆t −→ 0( λ =
∆t

∆x
) u∆

(47) ∆x,∆t −→ 0

(1) A B

A B
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∫ ∞
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ϕ(xi+ 1

2
, t)− ϕ(xi− 1

2
, t)

}
dt




+
∑

−∞<i<∞

∫ x
i− 1

2

x
i− 1

2

ϕ(x, 0)u0
i dx

“summation by parts”19

A =
∑

−∞<i<∞
0≤n<∞


(un

i − un
i+1)

∫ x
i+1

2

x
i− 1

2

ϕ(x, tn+1)dx+
{
f(un

i )− f(un
i+1)

}∫ tn+1

tn
ϕ(xi+ 1

2
, t)dt




=
∑

−∞<i<∞
0≤n<∞


λ

2

{(
f(un

i+1)− f(un
i−1)

)
− ani+ 1

2
(un

i+1 − un
i ) + ani− 1

2
(un

i − un
i−1)

}∫ x
i+1

2

x
i− 1

2

ϕ(x, tn+1)dx

+
{
f(un

i )− f(un
i+1)

}∫ tn+1

tn
ϕ(xi+ 1

2
, t)dt

]

=
∑

−∞<i<∞
0≤n<∞

[
λ

2

{(
f(un

i+1)− f(un
i )
)
+
(
f(un

i )− f(un
i−1)

)

−ani+ 1
2
(un

i+1 − un
i ) + ani− 1

2
(un

i − un
i−1)

}∫ x
i+1

2

x
i− 1

2

ϕ(x, tn+1)dx

+
{
f(un

i )− f(un
i+1)

}∫ tn+1

tn
ϕ(xi+ 1

2
, t)dt

]

=
∑

−∞<i<∞
0≤n<∞


λ

2

(
f(un

i+1)− f(un
i )
)


∫ x

i+3
2

x
i+1

2

ϕ(x, tn+1)dx+

∫ x
i+1

2

x
i− 1

2

ϕ(x, tn+1)dx




+
λ

2
ani+ 1

2
(un

i+1 − un
i )



∫ x

i+3
2

x
i+1

2

ϕ(x, tn+1)dx−
∫ x

i+1
2

x
i− 1

2

ϕ(x, tn+1)dx




+
{
f(un

i )− f(un
i+1)

}∫ tn+1

tn
ϕ(xi+ 1

2
, t)dt

]

=
∑

−∞<i<∞
0≤n<∞


λ

2
ani+ 1

2
(un

i+1 − un
i )



∫ x

i+3
2

x
i+1

2

ϕ(x, tn+1)dx−
∫ x

i+1
2

x
i− 1

2

ϕ(x, tn+1)dx




19

18 19 直訳では部分和分となる。
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+
{
f(un

i+1)− f(un
i )
}



λ

2

∫ x
i+3

2

x
i+1

2

ϕ(x, tn+1)dx+
λ

2

∫ x
i+1

2

x
i− 1

2

ϕ(x, tn+1)dx−
∫ tn+1

tn
ϕ(xi+ 1

2
, t)dt







ϕ

ϕ(x, t) = 0, |x|, t > M (71)

M

−∞ < i < ∞, 0 ≤ n < ∞

|i| ≤ [M/(∆x)] + 1, 0 ≤ n ≤ [M/(∆t)] + 1

( [α] Gauss α )

C(ϕ ∆x,∆t ) c = supi
��f ′(u0

i )
�� u0(x) V

A <
∑

|i|≤[M/(∆x)]+1
0≤n≤[M/(∆t)]+1

{
1

2

��un
i+1 − un

i

�� · C(∆x)2 + c
��un

i+1 − un
i

�� · C(∆x)2

= (c+ 1)C(∆x)2
∑

|i|≤[M/(∆x)]+1
0≤n≤[M/(∆t)]+1

��un
i+1 − un

i

��

= (c+ 1)CV (∆x)2
(

M

∆x
+ 2

)

(72)

∆x,∆t −→ 0

19. (1) (47) (68) ∆x,∆t −→ 0( λ =
∆t

∆x
) u∆ (1)

7

f un
i , u

n
i+1 f̄n

i+ 1
2

f̄n
i+ 1

2

TVD (68) TVD

aMR(un
i , u

n
i+1) ≤ ani+ 1

2
≤ aLF

f̄n
u+ 1

2

Lax-Friedrichs

f̄LF (un
i , u

n
i+1) =

1

2

{
f(un

i ) + f(un
i+1)

}
− 1

λ
(un

i+1 − un
i )

Murmann-Roe

f̄MR(un
i , u

n
i+1) =

{
min

{
f(un

i ), f(u
n
i+1)

}
, un

i < un
i+1

max
{
f(un

i ), f(u
n
i+1)

}
, un

i > un
i+1

g(s;un
i , u

n
i , f̄

n
i+ 1

2

) ( 6)

19
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6: gn
i+ 1

2

• un
i < un

i+1

g
(
s;un

i , u
n
i+1, f̄

n
i+ 1

2

)

=




f(s), s ≤ un
i

max

{
− 1

λ
(s− un

i ) + f(un
i ), f̄

n
i+ 1

2
,
1

λ
(s− un

i+1) + f(un
i+1)

}
, un

i < s < un
i+1

f(s), s ≥ un
i+1

(73)

• un
i > un

i+1

g
(
s;un

i , u
n
i , f̄

n
i+ 1

2

)

=




f(s), s ≤ un
i+1

min

{
1

λ
(s− un

i+1) + f(un
i+1), f̄

n
i+ 1

2
,− 1

λ
(s− un

i ) + f(un
i )

}
, un

i+1 < s < un
i

f(s), s ≥ un
i

(74)

g(s;un
i , u

n
i , f̄

n
i+ 1

2

) gn
i+ 1

2

(s)

20. f̄n
i+ 1

2

gn
i+ 1

2

= g(u;un
i , u

n
i , f̄

n
i+ 1

2

)

f̄n
i+ 1

2
=

1

2

{
gni+ 1

2
(un

i ) + gni+ 1
2
(un

i+1)
}
− 1

2

∫ un
i+1

un
i

����
(
gni+ 1

2

)′
(s)

���� ds (75)

un
i < un

i+1

∫ un
i+1

un
i

���(gni+ 1
2
)′(s)

��� ds =
{
f(un

i )− fn
i+ 1

2

}
+
{
f(un

i+1)− fn
i+ 1

2

}
= f(un

i ) + f(un
i+1)− 2fn

i+ 1
2

( 6 ) un
i < un

i+1 ( 20 )

20 TVD (68) Engquist-Osher

fn
i+ 1

2
=

(
gn
i+ 1

2

)EO

(un
i , u

n
i+1) (76)

Engquist-Osher ] {un
i }−∞<i<∞

0≤n<∞
(35)

U(un
i+1)− U(un

i ) +
λ

2

{
F (un

i+1)− F (un
i−1)

}
− λ

2

{
An

i+ 1
2
(un

i+1 − un
i )−An

i− 1
2
(un

i − un
i−1)

}
≤ 0,

−∞ < i < ∞, 0 ≤ n < ∞,

An
i+ 1

2

i, n .

(77)
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21. (47) an
i+ 1

2

aG(un
i , u

n
i+1) ≤ ani+ 1

2
≤ aLF (78)

(47) {un
i }−∞<i<∞

0≤n<∞
(U,F )

(77)

22. 21 gn
i+ 1

2

1) s un
i un

i+1 gn
i+ 1

2

(s) = f(s).

2) s un
i un

i+1

un
i < s < un

i+1 gn
i+ 1

2

(s) < f(s). un
i+1 < s < un

i gn
i+ 1

2

(s) > f(s).

3) {un
i }i,n

(
gni+ 1

2

)′
<

1

λ

{(U(∗; c), F (∗; c))}−∞<c<∞




U(s; c) = max(0, s− c)

F (s; c) =

{
0, s ≤ c

f(s)− f(c), s > c

(79)

χ+(s),−∞ < s < ∞

χ+(s) =

{
0, s ≤ 0

1, s > 0




U(s; c) = χ+(s− c) · (s− c) =

∫ s

c

χ+(s− c)ds

F (s; c) = χ+(s− c) · {f(s)− f(c)} =

∫ s

c

χ+ {f(s)− f(c)} ds
(80)

23. (U(∗; c), F (∗; c)) 78 (78)

(77)

gn
i+ 1

2

An
i+ 1

2

An
i+ 1

2
=

∫ 1

0

χ+((un
i+1 − un

i )θ + un
i − c)

���
(
(gni+ 1

2
)′((un

i+1 − un
i )θ + un

i )
)��� dθ (81)

An
i+ 1

2

(un
i+1 − un

i ) =

∫ un
i+1

un
i

χ+(s− c) |(g′(s))| ds =
∫ un

i+1

c

χ+(s− c) |(g′(s))| ds−
∫ un

i

c

χ+(s− c) |(g′(s))| ds

= χ+(un
i+1 − c)

∫ un
i+1

c

|(g′(s))| ds− χ+(un
i − c)

∫ un
i

c

|(g′(s))| ds

U(un
i ; c)−

λ

2

{
F (un

i+1; c)− F (un
i−1; c)

}
+

λ

2

{
An

i+ 1
2
(un

i+1 − un
i )−An

i− 1
2
(un

i − un
i−1)

}
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= χ+(un
i − c)

∫ un
i

c

ds+
λ

2
χ+(un

i−1 − c)

∫ un
i−1

c

f ′(s)ds− λ

2
χ+(un

i+1 − c)

∫ un
i+1

c

f ′(s)ds

+
λ

2
χ+(un

i−1 − c)

∫ un
i−1

c

����
(
gni− 1

2

)′
(s)

���� ds−
λ

2
χ+(un

i − c)

∫ un
i

c

{����
(
gni− 1

2

)′
(s)

����+
����
(
gni+ 1

2

)′
(s)

����
}
ds

+
λ

2
χ+(un

i+1 − c)

∫ un
i+1

c

����
(
gni+ 1

2

)′
(s)

���� ds

=
λ

2
χ+(un

i−1 − c)

∫ un
i−1

c

{����
(
gni− 1

2

)′
(s)

����+
(
gni− 1

2

)′
(s)

}
ds

+χ+(un
i − c)

∫ un
i

c

{
1− λ

2

����
(
gni− 1

2

)′
(s)

����−
λ

2

����
(
gni+ 1

2

)′
(s)

����
}

+
λ

2
χ+(un

i+1 − c)

∫ un
i+1

c

{����
(
gni+ 1

2

)′
(s)

����−
(
gni+ 1

2

)′
(s)

}
ds

+
λ

2
χ+(un

i−1 − c)

∫ un
i−1

c

{
f ′(s)−

(
gni− 1

2

)′
(s)

}
ds− λ

2
χ+(un

i+1 − c)

∫ un
i+1

c

{
f ′(s)−

(
gni+ 1

2

)′
(s)

}
ds

=
λ

2
χ+(un

i−1 − c)

∫ un
i−1

c

{����
(
gni− 1

2

)′
(s)

����+
(
gni− 1

2

)′
(s)

}
ds

+χ+(un
i − c)

∫ un
i

c

{
1− λ

2

����
(
gni− 1

2

)′
(s)

����−
λ

2

����
(
gni+ 1

2

)′
(s)

����
}

+
λ

2
χ+(un

i+1 − c)

∫ un
i+1

c

{����
(
gni+ 1

2

)′
(s)

����−
(
gni+ 1

2

)′
(s)

}
ds

+
λ

2
χ+(un

i−1 − c)
{
gni− 1

2
(c)− f(c)

}
− λ

2
χ+(un

i+1 − c)
{
gni+ 1

2
(c)− f(c)

}
. (82)

U(un+1
i ; c)

U(un+1
i ; c) = χ+(un+1

i − c) · (un+1
i − c)

un+1
i − c

un+1
i − c

= (un
i − c)− λ

{
f̄n
i+ 1

2
− f̄n

i− 1
2

}

= un
i − c− λ

2

{
gni+ 1

2
(un

i+1)− gni− 1
2
(un

i−1)
}
+

λ

2

{∫ un
i+1

un
i

����
(
gni+ 1

2

)′
(s)

���� ds−
∫ un

i

un
i−1

����
(
gni− 1

2

)′
(s)

���� ds
}

= un
i − c+

λ

2

{
gni− 1

2
(un

i−1)− gni− 1
2
(c)

}
− λ

2

{
gni+ 1

2
(un

i+1)− gni+ 1
2
(c)

}
+

λ

2

{
gni− 1

2
(c)− gni+ 1

2
(c)

}

+
λ

2

∫ un
i−1

c

����
(
gni− 1

2

)′
(s)

���� ds−
λ

2

∫ un
i

c

{����
(
gni− 1

2
(s)

)′
����+

����
(
gni+ 1

2
(s)

)′
����
}
ds+

λ

2

∫ un
i+1

c

����
(
gni+ 1

2

)′
(s)

���� ds

=
λ

2

∫ un
i−1

c

{����
(
gni− 1

2

)′
(s)

����+
(
gni− 1

2

)′
(s)

}
ds

+

∫ un
i

c

{
1− λ

2

����
(
gni− 1

2

)′
(s)

����−
λ

2

����
(
gni+ 1

2

)′
(s)

����
}
ds

+
λ

2

∫ un
i+1

c

{����
(
gni+ 1

2

)′
(s)

����−
(
gni+ 1

2

)′
(s)

}
ds

+
λ

2

{
gni− 1

2
(c)− f(c)

}
− λ

2

{
gni+ 1

2
(c)− f(c)

}
. (83)
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(82) (83)

U(un+1; c)− U(un
i ; c) +

λ

2

{
F (un

i+1; c)− F (un
i−1; c)

}
− λ

2

{
An

i+ 1
2
(un

i+1 − un
i )−An

i− 1
2
(un

i − un
i−1)

}

=
λ

2

{
χ+(un+1

i − c)− χ+(un
i−1 − c)

}∫ un
i−1

c

{����
(
gni− 1

2

)′
(s)

����+
(
gni− 1

2

)′
(s)

}
ds

+
{
χ+(un+1

i − c)− χ+(un
i − c)

}∫ un
i

c

{
1− λ

2

����
(
gni− 1

2

)′
(s)

����−
λ

2

����
(
gni+ 1

2

)′
(s)

����
}
ds

+
λ

2

{
χ+(un+1

i − c)− χ+(un
i+1 − c)

}∫ un
i+1

c

{����
(
gni+ 1

2

)′
(s)

����−
(
gni+ 1

2

)′
(s)

}
ds

+
λ

2

{
χ+(un+1

i − c)− χ+(un
i−1 − c)

}{
gni− 1

2
(c)− f(c)

}

−λ

2

{
χ+(un+1

i − c)− χ+(un
i+1 − c)

}{
gni+ 1

2
(c)− f(c)

}

(84)

22 (84) 3

{
(1 0)− χ+(α− c)

}∫ α

c

(s )ds

• α < c ( 0)× ( 0) 0

• α = c 0

• α > c ( 0)× ( 0) 0

0 4

• c un
i−1 un

i gn
i− 1

2

(c)− f(c) = 0 0

• un
i−1 < c < un

i ( 0)× ( 0) 0

• un
i < c < un

i−1 ( 0)× ( 0) 0

0 5 4 0

U(un+1; c)− U(un
i ; c) +

λ

2

{
F (un

i+1; c)− F (un
i−1; c)

}

−λ

2

{
An

i+ 1
2
(un

i+1 − un
i )−An

i− 1
2
(un

i − un
i−1)

}
≤ 0

(85)

( 23 )

21 (U,F ) {un
i }i,n m

M 23 An
i+ 1

2

c An
i+ 1

2

(c)

An
i+ 1

2
=

∫ M

m

An
i+ 1

2
(c)dU ′(c) + U ′(m+ 0)ani+ 1

2

Stieltjes 20 {an
i+ 1

2

}i,n

Û(s) =

∫ M

m

U(s; c)dU ′(c) + U ′(m+ 0)(s−m) + U(m)

F̂ (s) =

∫ M

m

F (s; c)dU ′(c) + U ′(m+ 0){f(s)− f(m)}+ F (m)

20U 2 An
i+ 1

2

=

∫ M

m
An

i+ 1
2

(c)U ′′(c)dc + U ′(m)an
i+ 1

2

, Û(s) =

∫ M

m
U(s; c)U ′′(c)dc + U ′(m)(s −

m) + U(m), F̂ (s) =

∫ M

m
F (s; c)U ′′(c)dc+ U ′(m){f(s)− f(m)}+ F (m),

23

(82) (83)

U(un+1; c)− U(un
i ; c) +

λ

2

{
F (un

i+1; c)− F (un
i−1; c)

}
− λ

2

{
An

i+ 1
2
(un

i+1 − un
i )−An

i− 1
2
(un

i − un
i−1)

}

=
λ

2

{
χ+(un+1

i − c)− χ+(un
i−1 − c)

}∫ un
i−1

c

{����
(
gni− 1

2

)′
(s)

����+
(
gni− 1

2

)′
(s)

}
ds

+
{
χ+(un+1

i − c)− χ+(un
i − c)

}∫ un
i

c

{
1− λ

2

����
(
gni− 1

2

)′
(s)

����−
λ

2

����
(
gni+ 1

2

)′
(s)

����
}
ds

+
λ

2

{
χ+(un+1

i − c)− χ+(un
i+1 − c)

}∫ un
i+1

c

{����
(
gni+ 1

2

)′
(s)

����−
(
gni+ 1

2

)′
(s)

}
ds

+
λ

2

{
χ+(un+1

i − c)− χ+(un
i−1 − c)

}{
gni− 1

2
(c)− f(c)

}

−λ

2

{
χ+(un+1

i − c)− χ+(un
i+1 − c)

}{
gni+ 1

2
(c)− f(c)

}

(84)

22 (84) 3

{
(1 0)− χ+(α− c)

}∫ α

c

(s )ds

• α < c ( 0)× ( 0) 0

• α = c 0

• α > c ( 0)× ( 0) 0

0 4

• c un
i−1 un

i gn
i− 1

2

(c)− f(c) = 0 0

• un
i−1 < c < un

i ( 0)× ( 0) 0

• un
i < c < un

i−1 ( 0)× ( 0) 0

0 5 4 0

U(un+1; c)− U(un
i ; c) +

λ

2

{
F (un

i+1; c)− F (un
i−1; c)

}

−λ

2

{
An

i+ 1
2
(un

i+1 − un
i )−An

i− 1
2
(un

i − un
i−1)

}
≤ 0

(85)

( 23 )

21 (U,F ) {un
i }i,n m

M 23 An
i+ 1

2

c An
i+ 1

2

(c)

An
i+ 1

2
=

∫ M

m

An
i+ 1

2
(c)dU ′(c) + U ′(m+ 0)ani+ 1

2

Stieltjes 20 {an
i+ 1

2

}i,n

Û(s) =

∫ M

m

U(s; c)dU ′(c) + U ′(m+ 0)(s−m) + U(m)

F̂ (s) =

∫ M

m

F (s; c)dU ′(c) + U ′(m+ 0){f(s)− f(m)}+ F (m)

20U 2 An
i+ 1

2
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