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Background (1/2) 2

Current trajectory design

Limited fuel > Equilibrium points and

Invariant manifolds are used

Equilibrium points = Invariant manifolds

Equilibrium points :

0.02

IEquiIiI'orium « The gravity and centrifugal force are
001 point | balanced in the rotational coordinate system
' * In CR3BP — Lagrangian points
= O Invariant manifolds :
: « Dynamical structure around unstable
-0.01} ! - equilibrium points
T~ Invariant « Transition trajectories using invariant
0.02 | | | manifolds manifolds do not require inputs
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Background (2/2) 3

15 T T T T T 33

Problem

« Lagrangian points are not always in the
best position for the mission.

* Invariant manifolds used as transport
structures are limited.

051

yl-]

-0.5F

Jacobi Constant

) 1
Previous Research )

Artificial equilibrium points with Low-thrust
continuous inputs

-1.5 -1 -0.5 0 0.5 1 1.5

Lagrangian points and
This research zero-velocity curve of CR3BP
« Artificial equilibrium points with continuous optimal control inputs
* Research including analysis of invariant manifolds around the artificial equilibrium point

1) Morimoto, M. Y., Yamakawa, H. and Uesugi, K.: Artificial equilibrium points in the low-thrust restricted three-body problem, Journal of
Guidance, Control, and Dynamics, 30(5) (2007), pp. 1563-1568. This docurent s provide by JAXA




Method : Optimal control problem (1/3) 4

Deal with continuous optimal control inputs

Optimal Control Problem[):
The problem of minimizing the cost function
5
] = L(x(t),u(t),t)dt

to

f(x) : natural dynamics

Subject to x = f(x) + Bu u . control inputs

2) Ohtsuka, T.: Introduction to Nonlinear Optimal Control, Corona Publishing, Tokyo, 2011 (in Japanese). Tris document s rovided by JAXA .



Method : Optimal control problem (2/3) 5

Cost function Ly _ ,
] = L(x(t),u(t),t) dt Subjectto x = f(x) + Bu
to

Hamilton function
H(x,p,u) = L(x,u) +p’ f(x)

N
: )
Euler LegiEnge equatlonT Regard as the equations of

- = (a_H) x(t) = x motion of a dynamical system

ap) ' 0 0 with optimal control input y
| oH\"
1 P~ \ox
0H
] au - Thi ment is provided by JAXA.




Method : Optimal control problem (3/3) 6

Euler Lagrange equation

' (fm(x, p))T '
x=f(x)+ Bu ¥ P |
(n —dim) | > [P] - B (aH(x, p))T (2n — dim)
i 0x |

» Can analyze the dynamical structure around the
equilibrium point with optimal control inputs using
conventional methods of trajectory design for systems
with no added inputs,

» Can explain optimal control in terms of dynamics

This document is provided by JAXA.



Research objective 7

Research objective

Investigate the equilibrium point with continuous optimal control inputs
and its dynamical structures

Research flow

1. Derive the equations of motion of a dynamical system with optimal control inputs
2. Derive the conditions for the equilibrium points
3. Analyze the stability of equilibrium points

4. Investigate the dynamical structure around the equilibrium points

This document is provided by JAXA.



Dynamical model 8

Hill three-body problem (Hill3BP) ~

Equations of motion of natural dynamics

¥ _
3', X
Z
U Y Satellite
T Ix y [ v ]
| = X = — X
H o U, +2f vl =)
— —2x
Oy
U
. Jdz
1 1
U=—+=(3x%—2z?
7] + 2( xX° —2z°)
0O 1 0
Ja=|-1 00 3) Scheeres, D. J.: Orbital motion in strongly perturbed environments:
0 0 0 applications to asteroid, comet and planetary satellite orbiters, Springet.20.16.



Dynamical model

Hill three-body problem (HillI3BP)

Equations of motion of natural dynamics

: 20
X ] I # natural equilibrium poiutl
y I
. B 15
s | E
X ’f‘ / :F = L,/ U
. aU . 20 — ] / 7 B
r 6_ + 2y v ; 10 3
c=lox =l syl =@ '
oUu . o5 10
— — 2X 5
dy 0
oU 0
FP ? 2 gl
0z J
1 1
U=—+=(3x%—-2%) . .
r| 2 There are two natural equilibrium points
0 1 0 on the x-axis.
]a — _1 O 0
0O 0 O



Optimal control problem 10

Deal with continuous optimal control inputs

Optimal Control Problem :
The problem of minimizing the cost function
5
J=1] L), u(t)t)dt

to

f(x) : natural dynamics

Subject to x = f(x) + Bu u . control inputs

In this study

Q(= 0) : weight on state
R(> 0) : weight on control inputs

This document is provided by JAXA.



Derivation of the equations of motion with optimal control inputs (1/2) 11

Q : weight on state

—x"0x +=u"Ru . .
R : weight on control inputs

2 2

Quadratic cost function ftf (1 ! >dt
t

0

Hamilton function H

1

H(x,p,u) = (—xTQx + 1uTRu> + pT (f(x) + Bu)
il 2 2

N

Euler Lagrange equation

i X = (a—H)T = f(x) + Bu , x(ty) = x,

op

4 . (oH\
P="\9x

— U = _R—lBTp
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Derivation of the equations of motion with optimal control inputs (1/2) 12

Q : weight on state

—x"0x +=u"Ru . .
R : weight on control inputs

2 2

Quadratic cost function ftf (1 ! >dt
t

0

Hamilton function H

1

H(x,p,u) = (—xTQx + 1uTRu> + pT (f(x) + Bu)
il 2 2

N

Euler Lagrange equation

i X = (a—H)T = f(x) + Bu , x(ty) = x,

op

4 . (oH\
P="\9x

— u = _R—lBTp
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Derivation of the equations of motion with optimal control inputs (2/2) 13

Euler Lagrange equation

_ (H@p)
x_( dp )

. (0H(xp)\
r=-(757)

x=[}]
@ p=[p.]

Equations of motion with optimal control inputs

i
v
Pr
129

D
_Zlav + Ur _ va]

_Ql:3x _ Urrpv ]
__Q4:6x — Pr + Zlapv

This document is provided by JAXA.



Conditions for equilibrium point 14

Conditions for equilibrium point

: : " ( Xog = [ ] prO
12-dim stationary conditions on
. _ Vo = 0
r| (4 |0 »
vl |2qv+U,.—Rpy,| |0 Pvo = R°U,

Ijr] _ [ —Q13x—Uppy | _ [0] [ —Q1.3x9 — UT,.R‘lUr =0
Pv 0

~Qu6X =P+ Haby. Pro = —QueXo + 2R
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Conditions for equilibrium point

: : " ( Xog = [ ] prO
12-dim stationary conditions on
. _ Vo = 0
r| (4 |0 »
vl |2qv+U,.—Rpy,| |0 Pvo = R°U,

Ijr] _ [ —Q13x—Uppy | _ [O] [ —Q1.3x9 — UTTR_lUT =0
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Conditions for equilibrium point

: : " ( Xog = [ ] prO
12-dim stationary conditions on
. _ Vo = 0
r| (4 |0 »
vl |2Jqv+ U, —Rp,| 0 Pvo = R U,

Ijr] _ [ —Q13x—Uppy | _ [O] [ —Q1.3x9 — UT,.R‘lUr =0
Pv 0

~QueX = Pr ¥ Haby. Pro = —Qus¥o + 2R~
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Equilibrium point with optimal control inputs 17

Equilibrium point on x-axis in Hill3BP

Vo = 0
Pvo = R_lUr
—Qq1:3 — UrrR_lur =0

Pro = —Qu¢ + ZlaR_lur

If @ and R are
diagonal matrices

—

1
6
- <_3R11 + \/81R112 + 8R11Q11>
Xog = T
° 2(Q11 +9Rq11)

1 0
Pvo = —2X, (|x0|3 — 3) —Rq3
0
1 Rq1
= — -3
_va xO <|x0|3 8

This document is provided by JAXA.



Equilibrium point with optimal control problem 18

Required optimal control inputs

150

100

50} i

O\J:k/.

4 3 2 -11 0 ‘1 2 3 4
o]

Natural equilibrium point

Juol[-]

Uy is only the function of position r

This document is provided by JAXA.



Linearization

Bl=l 1Dl

A; . eigenvalue
v; . eilgenvector

C; : constant

12

X

[p] =) Coviet
=1

stable

unstable

Re

19
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Linearization

Bl=l 1Dl

A; . eigenvalue
v; . eilgenvector

C; : constant

12

X

[p] =) Coviet
=1

20

3 .
O
2 L
1 B .. ..
O_
=] F .. eo®
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Types of invariant manifolds 21

0. i 52‘,1_9_5 | —

-8
77777777 l_XlO

0.71327547 1 St
L ® < - ol
0.71327546 | rd R
. 0.713275455 |
Dynamical 03y
y 0.71327545 |

structure o A
0.5043619 0.50436191  0.50436192  0.50436193

-1 -0.5 0 0.5 1

i z[-] %1078
Saddle
(stable & unstable Center manifold Complex saddle

Manifold)
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Types of invariant manifolds

Eigenvalue

Dynamical
Structure 071327sM | . . . . ! [ [ -1

-1 -0.5 0 0.5 1

i z[-] x10°¢
Saddle
(stable & unstable Center manifold Complex saddle
Manifold)

This documen
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Types of invariant manifolds

Dynamical
Structure 0713275445 | . . . . [ . I . -l_1 _0'5 0 0:5 ]
0.5043619  0.50436191 ([)A]50436192 0.50436193 z[] xl{)S
Saddle
(stable &. unstable Center manifold
Manifold)

Complex saddle
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Types of invariant manifolds

Dynamical
Structure 071327sM | . . . . ! [ [ -1

-1 -0.5 0 0.5 1

i z[-] x10°¢
Saddle
(stable & unstable Center manifold Complex saddle
Manifold)

Do not exist
In natural dynamics

This documen
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Equilibrium points in HIlI3SBP (Q =0, R = 1)

Artificial Equilibrium Point
for minimum energy problem in Hill3BP (AEP)

Natural

L AEP x x-axis 3
equilibrium i(l) ,0,0
points °

AEP z  z-axis 00,425 |

AEP xy  xy- 123 |22\
plane liv_?@ = §<§> -

AEP xz  xz- 1 5
plane S AREAL:

xy-plane (z = 0)

26

value of C

value of C
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Equilibrium points in Hill3BP (@ = 0, R = I) 27

Artificial Equilibrium Point

for minimum energy problem in Hill3BP (AEP)

Natural
equilibrium
points

AEP x x-axis

AEP z z-axis

AEP_xy  xy-
plane
AEP xz  xz-

plane

xy-plane (z = 0) I20

value of C

value of C
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Equilibrium points in HIlI3SBP (Q =0, R = 1)

Artificial Equilibrium Point
for minimum energy problem in Hill3BP (AEP)

Natural

. AEP_x  x-axis NE
eq_unlbrlum i(—) ,0,0
points i ’

New AEP_z  z-axis 0,0, 425 |
equilibrium AEP xy  xy- L : [2/2\3
point with | plane i\/_§(§> = §<§) -
optimal
control inputs| | AEFX2  xz- MR

I plane BRI

xy-plane (z = 0)

value of C

113.75

28

value of C



The stabllity of equilibrium points in HillI3BP 29

Equilibrium
point
Natural 1 2
AEP X 1(double) 2(double)
AEP z 1 1
AEP_xy 1 3
AEP_Xxz 0 2

-8
0.71327548 H *x10

0.71327547 |- St
13275465 |-
=, ot
0.71327546 |- pd R
0.713275455 |
o 051
Dynamical = oo

0.713275445 |+ -1 L ] }
StrUCtu re 0504;3619 . 0504‘36191 I 0504.36192 . 0.504.36193 . -1 0.5 ZO 0.5 —sl
L X

Saddle Center
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Equilibrium
point
Natural 1 2
AEP X 1(double) 2(double)
AEP z 1 1
AEP_xy 1 3
AEP_Xxz 0 2

-8
0.71327548 H *x10

0.71327547 |- St
13275465 |-
=, ot
0.71327546 |- pd R
0.713275455 |
o 051
Dynamical = oo

0.713275445 |+ -1 L ] }
StrUCtu re 0504;3619 . 0504‘36191 I 0504.36192 . 0.504.36193 . -1 0.5 ZO 0.5 —sl
L X

Saddle Center



Generalized eigenvector (GE)

X =Alyx, X
— x(t) = eAtx(0)

31
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Generalized eigenvector (GE)

X =Alyx, X
— x(t) = eAtx(0)

A=vJjv1 J : Jordan normal form

32

This document is provided by JAXA.



Generalized eigenvector (GE)

Diagonal matrix of eigenvalues

D =

A, 0 O]
0 A O
0 0 Ay

Jordan normal form

A, 1 0]
] — O /11 O
0 0 Ay

33
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Generalized eigenvector (GE)

Diagonal matrix of eigenvalues

A, 0 O]
D —_ 0 /11 0
0 0 Ay

Eigenvector

E=[v: Vi 7V,

Jordan normal form

i
J=|0
0

1
A 0
0 A

0

34

Generalized eigenvector (GE)

V= [V1

V1 GE

v,]

This document is provided by JAXA.



Generalized eigenvector (GE)

X =Alyx, X
— x(t) = eAtx(0)

A=VJv1

x(t) = eIV ' tx(0)

J=D+N

gm—

J : Jordan normal form

35

D= diag(/11,/12, "',/112) (A2i—1 = A21)

[0

0

0

0
0

1
0

0

0
0

This document is provided by JAXA.



Generalized eigenvector (GE)

X =Alyx, X
— x(t) = eAtx(0)

A=Vjy?!
x(t) = eV tx(0) _

x(t) = eV(D+N)V‘1tx(O)

_ eVDV—lteVNV—ltx(O)

J : Jordan normal form

36

D= diag(/11,/12, "',/112) (A2i—1 = A21)

[0

0

0

0
0

1
0

0

0
0

This document is provided by JAXA.



Generalized eigenvector (GE)
Because e4t =] + At +%A2t2 1.

{ VDVt — yelty-1
eVNV't — (I + NOV™L (- N2 = 0)

37
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Generalized eigenvector (GE)
Because edt =] + At + %Aztz 1.
{ VDVt — yelty-1

VNVt = V(I + NO)V~ (= N? = 0)

x(t) = eVDV-lteVNV-ltx(O)

=Vel'(I1 + Nt)V~1x(0)

38
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Generalized eigenvector (GE) 39
Because e4t =] + At +%A2t2 1.

{ VDVt — yelty-1
eVNV't — (I + Nt)V~1 (= N2 = 0)

x(t) = VPV VNV tx () Usual solution

= Vel (I + Nt)V~1x(0) x(t) = Ee""E~'x(0)
Y

This document is provided by JAXA.



Generalized eigenvector (GE) 40

Because edt = [ + At +%A2t2 4.

VDVt _ pyeDty-1 v2i-1 © €igenvector
v,; . general eigenvector

e
{ eVNV't — (I + Nt)V~1 (= N2 = 0)

x(t) = eVDV-lteVNV-ltx(O)
= Velt(I + Nt)V1x(0)

= [eMly, eMl(tv; +v,) eMltv, ..V 1x(0)
6
= Z{CZi—1e/12i‘1t”2i—1 + Cpie?2it (tvy_q + vy)} (ef2i1t = efail)
i=1 | ] | J
| |

natural manifold non-natural manifold

This document is provided by JAXA.



Generalized eigenvector (GE)

Difference of the solution using eigenvector and GE

Using Eigenvector (E) — x(t)

41

= EeP'E~1x(0)

Using GE (V) — x(t) = Ve (I + Nt)V~1x(0)

Equilibrium

point

. %enter manifold 1/ Stable manifold

Unstable manifold
Center

manifold 2

0.6933613
0.69336125

X 10'8

New stable manifold

Y
1< / New unstable

i

/ = manifold

4

0 0.6933613
0.69336125

y [ ] This documea;pjé\me] by JAXA.



Invariant manifold around the equilibrium point with no input (1/2) 42

12-dim invariant manifold around AEP_Xx using eigenvector

%107 o
xyz-space Equnll_arlum s
2. point 5.
_ pxpypz'space
— COe nter manifold 1 /Stable manifold
~ P T S = 0
7 / Unstable manifold *
B Center
manifold 2 5
2 ; \w
- O . ><1|[)'l5 0 5
%10 8 5 0.6933613 . ] o
] 0.69336125 sl
Y z|-]

-Invariant manifolds on p, p,p,-space stay at the origin

*Invariant manifolds with no control inputs
-Invariant manifolds have (x, y, py, p,) elements, or (z,p,) elements

This document is provided by JAXA.



Invariant manifold around the equilibrium point with no input (2/2)

12-dim invariant manifold around AEP_x using GE

X 10'8 X 10'8
Xyz-space PxPyPz-SPace
2, 2.
y —

0, Q.
o O ___{________-b“‘b——_——_-—% gi\: I /

5. / 5. ——

/]
_ 0
1078 0 , 0.6933613 <1078 5 : 0 2
) . 12 i - x 10
?JH 0.69336125 SUH py[ ] D, H

- There are invariant manifolds on p,p, p,-space

*Invariant manifolds with optimal control inputs
-Invariant manifolds have (x, y, py, p,) elements, or (z,p,) elements

This document is provid
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The stabllity of equilibrium points in HilI3BP 44

Equilibrium
point
Natural 1 2
AEP X 1(double) 2(double)
AEP z 1 1
AEP_xy 1 3
AEP_Xxz 0 2

-8
071327548 3 *x10

0.71327547 |- St
13275465 |-
=, ot
0.71327546 - pd R
0.713275455 -
. 0.5}
Dynamical s

0.713275445 |+ -1 L ] }
StrUCtu re 0504;3619 . 0504‘36191 I 0504.36192 . 0.504.36193 . -1 0.5 ZO 0.5 —sl
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Invariant manifold around an equilibrium point with optimal control inputs 45

12-dim invariant manifold around AEP_z

xyz-space

1.25992107
1.25992106

T 1.25992105 «
N

1.25992104 .
1.25992103 |

1.25992102 «

o Moon

e cquilibrium point

center

stable saddle

unstable saddle

stable complex saddle 1
unstable complex saddle 1
stable complex saddle 2
unstable complex saddle 2

X l(Jl'8

pxpypz'space

*Invariant manifolds have (x, y, py, p,) elements, or (z,p,) elements
- Invariant manifolds with optimal control inputs

This document is provided by JAXA.



Relationship with stabilization by LOR optimal control

Riccati equation :
PA+ ATP—-PBR 'BTP+Q =0

Q = constant * I

Q = 0 — cannot stabilize
LOR optimal control
Q > 0 — can stabilize

46
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Relationship with stabilization by LOQR optimal control

LQR optimal control

2

3

e cquilibrium point
center

unstable

stable

center jor
unstable jor

stable jor
solution of LQR

0.69336128

z[-]

0.69336126

Initial : arbitrary point on the xy-plane

Q > 0 — can stablilize
Manifold around AEP_x (Q = 107°I)

%1078

2

Q = 0 — cannot stablilize

& —

47

® cquilibrium point
center

unstable

stable

center_jor
unstable jor

stable jor
solution of LQR

2
%107

1 0 -1
yl-]

ﬂﬂ’//:;;§336128

22 0.69336126

z[-]

initial : arbitrary point on the xyz-space ..




Relationship with stabilization by LOR optimal control 48

Q = 0 — cannot stabilize
LOQR optimal control
Q > 0 — can stablilize

Manifold around equilibrium point when Q =1

, x10° X107
L equilibrium point e cquilibrium point

unstable unstable

| stable 2 4 stable
* stabl 1
unstable complex :E:biz ch?;:ﬁziCX
stable COIIlplCX Solution of LQR

=1 wion of LQR | T2 0 e
. 0 Solution of LQR 5 0 ==
-1 BN
0.6851988  0.68519882 3 0 - 0.6851988
z[] <107 y[-] z[-

initial ; arbitrary point on the xy-plane initial : arbitrary point on the xyz-space



Relationship with stabilization by LQR optimal control 49

P1, P2

X1X,-plane
X2
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Relationship with stabilization by LOR optimal control 50

P1, P2

\ X1 X-plane

x Vg2

X1 v, : stable eigenvector

ddddddddddddddddddddddddddd



Relationship with stabilization by LOR optimal control 51

RleS't”Ct'0>” LQR optimal control p = Xx

Optimal control trajectory
P1, P2

12-dim dynamical system
Trajectory on stable manifold

\\xle'pIane

' \\ xz
g Vg2

v, . stable eigenvector

ddddddddddddddddddddddddddd
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RleS't”Ct'0>” LQR optimal control p = Xx

Optimal control trajectory

12-dim dynamical system
Trajectory on stable manifold

P1, P2




What Is center manifold in optimal control theory? 53

Q = 0 — cannot stabilize
LOQR optimal control
Q > 0 — can stabilize

There exists a stabilizing solution of Riccati equation. (Q > 0)

“ There are 6 stable eigenvectors, we can always find a
corresponding 12-dim trajectory on stable manifold.

There is no stabilizing solution (Q = 0)

“ There are 6-n stable eigenvectors, the trajectory
converges to the n-dim center manifold.

This document is provided by JAXA.



Relationship with stabilization by LQR optimal control

The number of stable manifolds when Q@ =0

Stable Unstable Center
2 (xy-plane) 2 (xy-plane) 4 (xy-plane)
AR () O (z-direction) O (z-direction) 4 (z-direction)
AEP 7 3 (xy-plane) 3 (xy-plane) 2 (xy-plane)
- 2 (z-direction) 2 (z-direction) O (z-direction)
AEP x 3 (xy-plane) 3 (xy-plane) 2 (xy-plane)
Y O (z-direction) O (z-direction) 4 (z-direction)
AEP xz 4 (xyz-space) 4 (xyz-space) 4 (xyz-space)

The number of eigenvectors required to stabilize

xy-plane — 4

z-direction — 2 ]‘ xyz-space — 6

This document is provided by JAXA.



Relationship with stabilization by LOR optimal control

The number of stable manifolds when Q@ =0

Stable Unstable Center
2 (xy-plane) 2 (xy-plane) 4 (xy-plane)
ASE X (e O (z-direction) O (z-direction) 4 (z-direction)
AEP 7 3 (xy-plane) 3 (xy-plane) 2 (xy-plane)
— 2 (z-direction) 2 (z-direction) O (z-direction)
AEP x 3 (xy-plane) 3 (xy-plane) 2 (xy-plane)
Y O (z-direction) O (z-direction) 4 (z-direction)
AEP xz 4 (xyz-space) 4 (xyz-space) 4 (xyz-space)

The number of eigenvectors required to stabilize

xy-plane — 4

z-direction — 2 ]‘ xyz-space — 6
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Relationship to stabilization by LOQR optimal control 56

For Q > 0, we can confirm the 12-dim dynamical system has 6-dim stable manifold
from the root locus.

3 Q=0 5
N = = I
"’4:_—_:::! Q}‘\

1 -
) o
S 07 0=0 =125

= =
S le=0 Q=0
2 ‘-%_ = _ -~
— \4'?
3 | | 0
-3 2 1 0 1 2 3
real -]

The change of the eigenvalue at the equilibrium point on the x-axis when Q changed..



Conclusion 57

Conclusion

Investigated the equilibrium point with continuous optimal control inputs
and its dynamical structures

v Equations of motion for the dynamical system with optimal control inputs that minimize the

guadratic cost function are derived.
v'Conditions for equilibrium points in Hill3BP were derived.

v’ The stability of certain unstable equilibrium points in Hill3BP were investigated and the

dynamical structures around them were investigated.

v'Compare the solution of LOR and dynamical structure with optimal control inputs
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