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In-orbit Control Experiment on ETS-VIII Spacecraft
ETS-VIII In-orbit Attitude Control Experiment Team∗,∗∗

∗: Japan Aerospace Exploration Agency (JAXA)
∗∗: University of Electro-Communicatios

Abstract: This paper describes an in-orbit attitude control experiment carried out on ETS (Engineering Test
Satellite)-VIII in June 2009 and March 2010. This experiment aims to develop a technical basis for the attitude
control of a class of future large flexible spacecraft. Four novel robust control laws were developed and tested
through the experiment; DVDFB (Direct Velocity and Displacement FeedBack) control law, DDFB (Dynamic
Displacement FeedBack) control law, µ-synthesis based control law, and linearly interpolated gain scheduling
law. Experimental results of each control law are presented to show its high control performance compared with
a conventional control law.

1 Introduction

This report describes the results of the project on
in-orbit advanced robust attitude control experiment
using Engineering Test Satellite VIII (ETS-VIII) car-
ried out by Japan Aerospace Exploration Agency
(JAXA) during 2009 and 2010. It gives a full de-
tail of the spacecraft system configuration, modeling,
robust control laws, pre-launch evaluation, in-orbit
experiment and post-flight evaluation results.

In the recent space program, there is a trend that
spacecraft is equipped with large flexible solar pad-
dles and antenna reflectors. Controlling such flexi-
ble spacecraft with high accuracy requires control of
structural vibrations as well as attitude. The crit-
ical issue of vibration control is the spillover phe-
nomenon caused by coupling between the control sys-
tem and higher frequency vibration modes [1]. In
face of this, many control laws have been studied up
to now. Their common research objective is to guar-
antee robust stability against the higher vibration
modes and modal parameter uncertainties based on
the advanced control theories. On the other hand,
industry engineers still continue to devote their ef-
forts to designing classical controllers even for flex-
ible spacecraft in spite of their apparent limitation.
This fact implies that there is a certain gap between
practitioners and researchers.

In view of this, some in-orbit robust control ex-
periments have been performed and reported [2, 3].
Their final goal is to demonstrate the ability of ad-
vanced robust control laws in the same environment
as the classical control technology and to certify the
role of the theoretical achievement in space program.

With the same goal, an in-orbit attitude control ex-
periment using Engineering Test Satellite VI (ETS-
VI) was carried out by National Space Development
Agency (NASDA) and National Aerospace Labora-
tory (NAL) in 1994 [4, 5]. In the project, several
types of a class of single input single output (SISO)
H∞ dynamic output feedback controllers were de-
signed and their effectiveness has been confirmed.
Although the experiment was successful, some re-
search issues have remained. One of them is the de-
sign of multi input multi output (MIMO) controllers
for linear parameter varying (LPV) spacecraft sys-
tems.

Based on the experience, we have planned and
carried out another robust control in-orbit experi-
ment on ETS-VIII from 2009 to 2010. ETS-VIII was
launched into Geo-synchronous orbit by JAXA in
2006 using H-IIA launch vehicle which is the largest
spacecraft that Japan has developed to date. Since
the spacecraft has two large deployable reflectors and
two solar paddles that rotate around the pitch axis,
the dynamics has coupling between three axes, and
the system parameters drastically change according
to the paddle rotation. Therefore the control prob-
lem is to design robust controllers for MIMO LPV
flexible spacecraft.

For the problem, we have prepared three classes
of controllers after trade-off study. They are µ-synthesis
based controller, robust gain scheduling controller
and robust symmetric output feedback controller [6,
7, 8]. The µ-synthesis based on the structured sin-
gular value gives the linear time invariant controller
which ensures the robust stability for all paddle an-
gles [6]. For the gain scheduled controller, we have
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proposed the linearly interpolated gain scheduling
according to the paddle rotation angle [7]. The final
symmetric output feedback controller has a salient
robust stability under the input output collocation
condition [8]. Besides robust stability, every con-
troller is designed so as to satisfy excellent control
performances on disturbance rejection and step com-
mand response by taking into account of the imple-
mentation constraints such as the actuator torque
maximum level, the onboard computer memory ca-
pacity and computation ability.

After the pre-launch evaluation using the full soft-
ware simulator of Attitude and Orbit Control Sub-
system (AOCS) and the Static Closed-Loop Test
(SCLT), the control algorithm has been installed into
the onboard computer. Then the in-orbit experiment
has been carried out during two weeks, in Summer
2009 and Winter 2010. The telemetry data has been
successfully obtained and analyzed.

This report is organized as follows. The ETS-
VIII spacecraft system configuration concerned with
in-orbit experiment is outlined in Section 2. Section
3 describes spacecraft dynamical equation used in
control law design. The baseline PD control law is
described in Section 4, followed by the algorithms of
proposed robust control laws in Section 5, 6 and 7.
The in-orbit experiment results of these control laws
are shown and compared with each other in Section
8. Section 9 concludes the overall results and dis-
cusses our scope.

2 Spacecraft System Configura-
tion and In-orbit Control Ex-
periment

2.1 ETS-VIII Spacecraft

The large flexible spacecraft ETS-VIII was launched
in 2006 by Japan’s H-IIA launch vehicle No. 11. ETS-
VIII was developed primarily to establish and vali-
date the world’s largest geostationary satellite bus
technology aimed at mainly at handling the increas-
ing demand for digital communications from mobile
devices. This spacecraft, with a gross weight of around
three tonnes and a diameter of 40 meters, has two
large deployable antenna reflectors (LDRs) and two
solar array paddles which are deployed in the pitch

Roll
Pitch Yaw

Large Deployable
Reflector (A)

θ

θ

South Paddle

North Paddle

Large Deployable
Reflector (B)

Figure 1: ETS-VIII and its rigid body coordinate
system.
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Figure 2: ETS-VIII attitude control system.

direction and rotate 360 degrees each day so that
each wing constantly faces the sun (Fig. 1).

2.2 Attitude Control System

The attitude control system used in the experiment
is shown in Fig. 2.

Sensors The spacecraft’s attitude is monitored by
an earth sensor assembly (ESA), a fine sun sensor
(FSS) and an rate integrating gyro assembly (RIGA).
Attitude angles and rates for each axis are estimated
from the sensor outputs by an attitude determination
filter.

Controllers The spacecraft is equipped with an
experimental controller in addition to a regular (bus)
controller. Control outputs are torque commands for
the roll, pitch and yaw axes. The experimental con-
troller can utilize not only attitude angle and rate in-
formation but also paddle rotation angle. For safety,
the spacecraft’s attitude is continuously monitored
by a fault detection and isolation system, which in
the event of an emergency automatically discontin-
ues the experiment and switches control to a safety
control mode.

JAXA Research and Development Report  JAXA-RR-12-002E2
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In-orbit Control Experiment on ETS-VIII Spacecraft 3

The following control laws can be installed in the
experimental controller:

• PD+LPF (Low Pass Filter) control law

• DVDFB (Direct Velocity and Displacement Feed-
Back) control law

• DDFB (Dynamic Displacement FeedBack) con-
trol law

• µ-synthesis based control law

• Linearly interpolated gain scheduling control
law

The PD+LPF control law is described in Section 4,
which is almost the same as the bus control law and
serves as a baseline. Both DVDFB and DDFB con-
trol laws take advantage of symmetric structure of
the spacecraft in order to guarantee robust stability
against the paddle rotation. They also utilize the
paddle rotation angle for improving tracking perfor-
mance by feedforward control laws. Their full details
are given together in Section 5. Although the µ-
synthesis based control law is rather conservative, it
is an authentic robust control law and easily designed
by commonly used controller design procedure. This
is precisely expressed in Section 6. Finally, the lin-
early interpolated gain scheduling control law, which
is depicted in Section 7, changes feedback gains lin-
early on the paddle rotatin angle in order to guaran-
tee robust stability against the paddle rotation.

Actuators Four reaction wheels (RWs) with a
0.04Nm maximum torque are installed in a skewed
arrangement. Torque commands from the control
law are converted into wheel commands by a distri-
bution law. A wheel speed loop is also provided to
control the reaction wheels according to the wheel
commands.

In addition to the reaction wheels, the spacecraft
has also eight attitude control thrusters and four
station-keeping thrusters. In the control experiment,
these are used not for attitude control system but as
a disturbance generator.

2.3 Overview of the Experiment

The in-orbit experiment was conducted in two pe-
riods, during June 2009 and March 2010. The five

control laws described in Section 4-7 were tested and
the following responses were obtained for each con-
trol law. These results are summarized in Appendix
E.

• Step command response
Since the main mission of ETS-VIII is an in-
orbit experiment on direct communication with
handheld terminals, highly accurate attitude
control is required. In this experiment, the
accuracy of attitude control was validated by
analysing responses to ±0.05 deg step com-
mands (Fig. 3).

• Impulse disturbance response
Station-keeping maneuvers required for ETS-
VIII to maintain its orbit cause torque distur-
bances to the attitude control system. The
spacecraft is required to maintain its attitude
error against these torque disturbances to within
0.05 deg. To validate disturbance attenuation
performance, this experiment simulated the east-
west station-keeping maneuver by firing the station-
keeping thrusters.

• Rectangular disturbance response
This experiment aimed to validate disturbance
attenuation performance for each axis individ-
ually by applying a rectangular torque input of
0.04Nm for 30 seconds around axis using the
reaction wheels.

• Large disturbance response
This aimed to determine how the control sys-
tem reacts to large disturbances with smaller
torque control inputs. The attitude control
thrusters applied disturbance torques of 35.5,
65.5, 20.4 Nm of 62.5 msec duration around the
roll, pitch, yaw axes individually.

• Random disturbance response (A)
This was carried out primarily to obtain in-
orbit data for system identification. The reac-
tion wheels were driven by m-sequences with a
0.5Hz oscillation band and a maximum ampli-
tude of 0.04 Nm. The disturbance was created
for 1800 seconds simultaneously in each axis.

• Random disturbance response (B)
The reaction wheels were driven by m-sequences

3In-orbit Control Experiment on ETS-VIII Spacecraft
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Figure 4: Coordinate systems of the rigid body ({b})
and each appendage ({ai}).

with a 0.5 Hz oscillation band and a maximum
amplitude of 0.04 Nm. Unlike disturbance re-
sponse (A), the disturbance was created indi-
vidually in each axis.

3 Spacecraft Model

3.1 Mathematical Model of the Space-
craft

This section illustrates the mathematical model of
ETS-VIII spacecraft. This is described as a rigid
body with four flexible appendages labeled as

i = 1 : large deployable reflector A (LDR-A)
i = 2 : large deployable reflector B (LDR-B)
i = 3 : north solar paddle
i = 4 : south solar paddle

The coordinate systems of the rigid body and each
appendage are shown in Fig. 4. The following pa-
rameters are defined:

mb : mass of the rigid body
mai : mass of the i-th appendage
Jb : moment of inertia tensor

of the rigid body
Jai : moment of inertia tensor

of the i-th appendage
rb : position vector of the center of mass

of the rigid body
rai : position vector of the center of mass

of the i-th appendage
Rai : interface point of the i-th appendage
Ci : DCM (Direction Cosine Matrix)

of the i-th appendage coordinate system
from the rigid body coordinate system

d0
ai : coupling matrix between the i-th

appendage and the linear motion.
d1

ai : coupling matrix between the i-th
appendage and the rotation.

The paddle rotation angle is denoted by δ ∈ R and
defined as δ := 0 when each solar cell faces the −xb

direction. Then the DCMs are described as the fol-
lowing matrix functions of δ:

C1 = C2 =




1 0 0
0 1 0
0 0 1




C3(δ) =




− sin δ 0 − cos δ
0 −1 0

− cos δ 0 sin δ




C4(δ) =




sin δ 0 cos δ
0 1 0

− cos δ 0 sin δ


 (1)

The paddle rotation speed is assumed sufficiently
slow (4.17 × 10−3 deg/sec (= 360 deg/day)) to al-
low the following relatively simple formulations for
the rigid-body equations of motion and flexible com-
ponent vibration [9]:

Mr̈ + ΥT θ̈ +
4∑

i=1

Γiη̈i = f (2)

Υr̈ + Jθ̈ +
4∑

i=1

Piη̈i = t (3)

ΓT
i r̈ + PT

i θ̈ + η̈i + 2ZiΩiη̇i + Ω2
i ηi = 0 (4)

(for i = 1, . . . , 4),

where r = [rx, ry, rz]T is the position vector of the
center of mass of the whole system, θ = [θroll, θpitch,

θyaw] is the attitude angle vector, ηi ∈ Rni is the
modal coordinate of the i-th appendage. Thirty vi-
bration modes are identified for all appendages by
finite element analysis (n1 = n2 = 8, n3 = n4 =

JAXA Research and Development Report  JAXA-RR-12-002E4
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7). Zi = diag[ζai,1, . . . , ζai,ni ] ∈ Rni×ni and Ωi =
diag[ωai,1, . . . , ωai,ni ] ∈ Rni×ni are damping ratio
and modal frequency matrix corresponding to ηi re-
spectively, f ∈ R3 is the force input and t ∈ R3 is
the torque input. M, J,Υ, Γi and Pi are defined as:

M := mb +
4∑

i=1

mai

J := Jb − mbr̃br̃b +
4∑

i=1

CT
i JaiCi −

4∑
i=1

mair̃air̃ai

Υ := mbr̃b +
4∑

i=1

mair̃ai

Γi := CT
i d0

ai

Pi := R̃aiC
T
i d0

ai + CT
i d1

ai,

where r̃∗ is a skew-symmetric matrix of r∗.

3.2 Spacecraft Model for Attitude Con-
troller Design

Some versions of the spacecraft model were obtained
during the development phase. Basically the PSR
model, which was constructed for PSR (Pre-Shipment
Review), was used in controller design. The PSR
model parameters vary according to the model ver-
sion:

PSR-BOL This model is based on the assumption
that the spacecraft is in BOL (Beginning Of
Life) phase. This is used for both controller
design and simulation.

PSR-EOL This model is derived assuming that the
spacecraft is in EOL (End Of Life) phase. This
is used for simulation in order to assure that de-
signed controllers are robust against fuel con-
sumption.

PSR-ID This is based on the results of preliminary
identification experiments carried out during
the in-orbit checkout phase, where modal pa-
rameters of flexible appendages were identified.
This is used for simulation.

The parameter values defined in Section 3.1 are de-
scribed for each version in Appendix A.

Since the experiment deals with only attitude
control, the force input f is rather small during the

experiment and the effect of linear motion on vibra-
tion can also be ignored. Linear motions are there-
fore omitted from the spacecraft dynamics and fol-
lowing hybrid equations are used in controller design:

J(δ)θ̈ +
4∑

i=1

Pi(δ)η̈i = t (5)

PT
i (δ)θ̈ + η̈i + Λiη̇i + Ω2

i ηi = 0 (6)

(for i = 1, . . . , 4),

where Λi = 2ZiΩi. Matrices J and Pi are now
replaced by J(δ) and Pi(δ) in order to clarify δ-
dependence of these terms. The torque input t in-
cludes the three-axis torque control input generated
by reaction wheels and disturbance input.

For the measurement outputs, estimates of the
attitude angles and their rates are available from at-
titude determination logic based on the ESA, FSSA
and RIGA sensors:

y =
[

y1

y2

]
=

[
θ

θ̇

]
(7)

The dependency of the spacecraft model on paddle
rotation angle δ is also evaluated by singular value
plots of the open-loop plant from the control torque
input t to the attitude angles y1 for paddle angles of
δ = 0, 45 and 90 deg (Fig. 5). It can be seen that
there is variation of the mode frequencies and that
many vibration modes exist in the lower frequency
range.

Equations (5), (6) and (7) are compactly described
in the following “constrained mode model” [10] of the
spacecraft with attached components:

M(δ)q̈ + Dq̇ + Kq = Lu + Lw, (8)

y =
[

y1

y2

]
=

[
LT 0
0 LT

] [
q
q̇

]
,

where

M(δ) =




J(δ) P1(δ) P2(δ) P3(δ) P4(δ)
PT

1 (δ) In1 0 0 0
PT

2 (δ) 0 In2 0 0
PT

3 (δ) 0 0 In3 0
PT

4 (δ) 0 0 0 In4




,

=
[

J(δ) P (δ)
PT (δ) IΣini

]

5In-orbit Control Experiment on ETS-VIII Spacecraft
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Figure 5: Singular value plots of the spacecraft model
(PSR-BOL) for δ = 0 (top), 45 (middle) and 90 (bot-
tom).

D =




03×3 0Λ1

Λ2

Λ30 Λ4




=
[

03×3 03×Σini

0Σini×3 Λ

]
,

K =




03×3 0Ω2
1

Ω2
2

Ω2
30 Ω2

4




=
[

03×3 03×Σini

0Σini×3 Ω2

]
,

L =
[

I3

0Σjnj×3

]
,

q =
[

θT η1
T η2

T η3
T η4

T
]T ∈ R(3+Σjnj)×1.

Here u ∈ R3 and w ∈ R3 are the three-axis torque
control input and disturbance input (t = u + w).
The output equations y1 = LT q and y2 = LT q̇ hold
since sensors and actuators are co-located on the
rigid spacecraft body.

This constrained mode model is used for control
law design in the following sections; DVDFB and

DDFB control laws are designed using the model di-
rectly, µ-synthesis based design is achieved by de-
scribing the model as a descriptor form, and the gain
scheduling control law is designed using the “uncon-
strained mode model” that is derived from (8).

4 Baseline PD Control Law

In this section, we describe a design scheme for a
baseline PD control law which is used in the in-orbit
experiment for comparison with our proposed con-
trol laws. This control law is designed by applying
standard design scheme of flexible spacecraft’s lin-
ear time invariant (LTI) SISO model. The following
requirements must be satisfied in the experiment.

1. The torque control input does not oscillate the
vibration modes of the flexible appendages.

2. The torque control input does not saturate at
the all response cases except the large distur-
bance response case caused by the attitude thruster
firing.

Additionally, it is desirable that the control law keeps
same control performance irrespective of the paddle
angle. In order to satisfy these requirements, we de-
sign the control law by using the following proce-
dure5.

First, a frequency shaping filter is designed for
cutting off the control input on the high frequency
range. For the purpose, four types of filters, which
are a first order lead-lag, a second order lead-lag, a
first order low-pass and a second order low-pass, are
evaluated. Fig. 6 shows bode diagrams of these fil-
ters. The cut off frequencies of the filters have been
decided to be lower than the all vibration mode fre-
quencies of ETS-VIII. The performance is estimated
by the frequency property of the open-loop system
which consists of the filter, a suitable PD gain and
the spacecraft dynamics model (4) - (6) of each atti-
tude axis. The extracted bode diagrams of the open-
loop systems are shown in Figs. 7 - 9. In view of
the facts that the phase margin is sufficient and that
there does not exist the direct feedthrough term, we

5It is known that a control law using MDM / MDP tech-
nique is effective for LPV systems[11]. However, we design a
simple standard PD control law in order to estimate control
performances of general case.
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Figure 6: Bode diagram of each filter.

have decided to use the first order low-pass filter so
as to have

Fi(s) =
ω

s + ω
, ω = 0.1, i = roll, pitch, yaw (9)

as its diagonal elements.
Next, the gain values of PD control law are de-

cided through trial and error. By applying several
sets of P and D gain values with the above low-pass
filter to the plant, we have calculated the step re-
sponses. The extracted results are shown in Figs.
10, 11. From each performance of the settling time,
the maximum amplitude and the torque control in-
put level in the results, the gain value matrices have
been decided as

Kp = diag[ 20 20 20 ]

Kd = diag[ 1100 1100 1100 ].
(10)

The block diagram of the closed-loop system is
shown in Fig. 12. The open-loop bode diagrams
using the control gain values with the low-pass filter
are shown in Figs. 13 - 15. From these figures, it
is apparent that the phase margin is secure at each
paddle angle.
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Figure 7: Bode diagram of open-loop system with
paddle angle 45 deg : roll axis.

    



















    
























Figure 8: Bode diagram of open-loop system with
paddle angle 45 deg : pitch axis.
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Figure 9: Bode diagram of open-loop system with
paddle angle 45 deg : yaw axis.
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Figure 10: Time history of attitude angle on step
response : Initial paddle angle 0 deg.
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Figure 11: Time history of control input on step re-
spons : Initial paddle angle 0 deg.
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Figure 12: Block diagram of the closed-loop system
using the baseline PD control law.
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Figure 13: Bode diagram of open-loop system with
paddle angle 0 deg.
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Figure 14: Bode diagram of open-loop system with
paddle angle 45 deg.
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Figure 15: Bode diagram of open-loop system with
paddle angle 90 deg.
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5 Two Degrees-of-freedom Con-
trol Based on Symmetric Feed-
back Control Law

Our design objective here is to obtain a reduced order
control law that robustly stabilizes the LPV MIMO
spacecraft against the unstructured uncertainties of
higher vibration modes and the structured uncertain-
ties caused by the inaccuracy of modal identifica-
tion before launch. Additionally, it must satisfy the
trade-off control specifications of the disturbance at-
tenuation and attitude tracking capabilities. In order
to satisfy these requirements, we apply a two degrees-
of-freedom control system which consists of a feed-
back control part for the stabilization and a feedfor-
ward control part for the reference tracking. A block
diagram of proposed control system is shown in Fig.
16. This consists of a feedback control part Cfb and
a feedforward part comprising stable transfer func-
tions K1(δ, s) and K2(δ, s) 6. The input-output rela-
tion from attitude reference signal r and disturbance
w to measurement output is:

yp = Gyr(δ, s)r + Gyw(δ, s)w,

where

Gyw(δ, s) = (I + P (δ, s)Cfb)−1P (δ, s) ,

Gyr(δ, s) = Gyw(δ, s)(K2(δ, s) + CfbK1(δ, s))

and P (δ, s) is the plant transfer function. Then,
we have proposed two optimal design methods for
the feedback control law which preserves symmet-
ric properties [8, 12]. Each symmetric control law
guarantees the internal stability of the closed-loop
system and the robustness against the model errors
based only on the non-parametric structure condi-
tion [13, 14, 15]. By using the design methods, two
types of symmetric control laws can be obtained;
one is the static output feedback Cst using the mea-
sured outputs y1 and y2, the other is the dynamic
output feedback Cdy(s) using the measured outputs
y1. In addition, the combination of two feedforward
control laws K1(δ, s) and K2(δ, s) is designed as a
gain scheduling control law [16] by applying a model
matching method to the LPV system [8]. It is noted
that the closed-loop system is composed of the plant,

6In this section, the symbols P (δ, s), Kx(δ, s) and Gx(δ, s)
denote parameter dependent transfer functions.

P (δ,s)

K2 (δ,s)

K1 (δ,s)
r

v2

v1

w

u
+ + +

+ +– or + Cfb 

Cfb := Cst or Cdy (s) yp 
:= y or y

Figure 16: Block diagram of two degrees-of-freedom
control system.

the feedforward control laws and either of the feed-
back control laws.

5.1 Description of the Spacecraft Model

It is noted that (8) has two features: firstly

M(δ) > 0, D ≥ 0, K ≥ 0, ∀δ ∈ R (11)

holds from the modal identity [17] and secondly, the
system (8) is stabilizable and detectable since the
rank conditions

rank[K, L] = rank[D, L] = n

are satisfied for all δ [18].
In order to optimize each control law for all δ, we

utilize the fact that M(δ) is bounded for all δ and
gives its convex decomposition as [16]

M(δ) =
σ∑

i=1

aiMi, Mi > 0, ai ≥ 0,
σ∑

i=1

ai = 1,

where σ denotes the number of the convex hull vertex
point which is given through parametrization to the
elements of M(δ). By applying the decomposition,
M(δ) can be described by the constant matrices Mi

and the varying coefficients ai depends on δ.

5.2 Static Output Feedback Control
law

First, let us consider a static output feedback control
law

u = −Csty = −Cdy1 − Cvy2 (12)

where

Cd = CT
d > 0, Cv = CT

v > 0. (13)

9In-orbit Control Experiment on ETS-VIII Spacecraft
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By applying the control law to the plant (8), the
closed-loop system can be described as

M(δ)p̈ + D∗ṗ + K∗p = Lw (14)

where

K∗ = K + LCdL
T > 0, D∗ = D + LCvLT > 0. (15)

In order to examine the stability of (14), the follow-
ing lemma is used.

Lemma 1 [18] The coefficient matrices of (14) sat-
isfy

D∗ > 0, K∗ > 0,

if the system (8) is stabilizable and detectable.

Then, the following stability condition can be stated.

Theorem 1 System (14) is asymptotically stable for
all δ ∈ R if M(δ) > 0 and K∗, D∗ > 0 when distur-
bance input w = 0.

Proof See Appendix B.

Note that stability is ensured only by the qualita-
tive properties of sign definiteness (11) and (13) and
is independent of the parameters and dimensions of
the plant and controller. In this sense, the closed-
loop system is robustly stable. This is called direct
displacement and velocity feedback (DVDFB) con-
trol. For the design, we consider to optimize the dis-
turbance attenuation capabilities for the controlled
output zdv = y1 = LT p in the framework of H∞

control law synthesis as follows.

||Gyw(δ, s)||∞
= ||LT (s2M(δ) + sD∗ + K∗)L||∞ < γdv, ∀δ

(16)

where γdv > 0 is the H∞ norm 7 of the closed-loop
system. To this end, let us rewrite (14) in the state
space,

ẋdv = Adv(δ)xdv + Bdv(δ)w ,
zdv = Cdvxdv

(17)

7In the strict sense of definition, it should be stated that
the system has L2 gain less than γdv > 0, ∀δ ∈ R. However,
for brevity the term H∞ norm is used throughout this section.

where xdv = [ pT ṗT ]T ,

Adv(δ) =
[

0 I
−M−1(δ)K∗ −M−1(δ)D∗

]
,

Bdv(δ) =
[

0
M−1(δ)L

]
, Cdv =

[
LT 0

] (18)

Then from the bounded real lemma (BRL), the con-
dition (16) is satisfied if and only if there exists a
symmetric matrixXdv = XT

dv > 0 such that




Sdv(δ) + Sdv(δ)T sym sym
Bdv(δ)T Xdv −γdvI sym

Cdv 0 −γdvI


 < 0 (19)

where Sdv(δ) = XdvAdv(δ), “ sym ” denotes the sym-
metric element in the matrix. It is known that stan-
dard H∞ control law design problem is feasible if
the system is stabilizable and detectable [19]. How-
ever, since this problem imposes the positive definite-
ness constraints (13) upon (19), it must be examined
whether such a controller can exist. Then, the fol-
lowing theorem can be derived.

Theorem 2 There always exists a controller (12)
such that the closed-loop system (17) has an H∞

norm less than γ > 0 for all δ.

Proof See Appendix C.

The design condition (19) for the static output
feedback H∞ control law is given by a bilinear matrix
inequality, that is not efficiently solved. To cope with
this difficulty, we have proposed the design method
by giving the following structure to the solution of
the BRL:

Xdv =
[

K∗ αM(δ)
αM(δ) M(δ)

]
> 0

where α is the design parameter with sufficiently
small. Then, the design condition becomes simul-
taneous linear matrix inequalities (LMIs)

−Qdvi +
1

γdv
NdvNT

dv < 0, i = 1, · · · , σ

Cd > 0, Cv > 0, γdv > 0

where

Qdvi =
[
2αK∗ αD∗

αD∗ 2D∗ − 2αMi

]
,

Ndv =
[
αL L
L 0

]
.
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Therefore, by applying the convex optimization al-
gorithm for minimizing the common γdv, the control
law (12) can be obtained.

5.3 Dynamic Output Feedback Con-
trol law

Next, consider a dynamic output feedback control
law

Cdy(s) :=

{
ẋc = Acxc + Bcy1

u = Ccxc + Dcy1

where

[
Ac Bc

Cc Dc

]
= H = HT < 0. (20)

Then, it is also known that the closed-loop system

M(δ)p̈ + Dṗ + (K − LDcL
T )p − LCcxc = Lw

ẋc − Acxc − BcL
T p = 0

(21)

is always internally stable irrespective of the control
law dimensions when the disturbance w = 0. This is
called dynamic displacement feedback (DDFB) con-
trol. The stability is guaranteed based only on the
non-parametric structure conditions (11) and (20).
Therefore, this control law is also effective for our
purpose. In the experiment, the control law is de-
signed as xc ∈ R3. For the control law, we have
proposed a design method to optimize the distur-
bance attenuation capability for the controlled out-
put zdd = y1 = LT p of the LPV system by extend-
ing general framework of H∞ control law synthesis.
Then, the control performance is optimized by min-
imizing the H∞ norm γdd based on similar condition
to (16). It consists of two steps of the H∞ norm min-
imization and the control law calculation as follows.

Step 1: The solutions Pdd = PT
dd > 0, Qdd =

QT
dd > 0 and γdd are obtained by solving the convex

optimization problem of γdd under the simultaneous
LMI conditions

N⊥
ddR




Sddpi + ST
ddpi sym sym

BT
dd1E

−1
ddiPdd −γddI sym

Cdd1 0 −γddI


N⊥T

ddR < 0

N⊥
ddL




Sddqi + ST
ddqi sym sym

Cdd1QddEddi −γddI sym
BT

dd1 0 −γddI


N⊥T

ddL < 0

[
Pdd I
I Qdd

]
> 0, i = 1, · · · , σ

(22)

where Sdvpi = PddE
−1
ddiAdd, Sddqi = AddQddEddi,

the matrices N⊥
ddR and N⊥

ddL are the bases of the
null spaces of NddR = [ Cdd2 0 0 ]T and NddL =
[ BT

dd2 0 0 ]T , and

Eddi =
[
I 0
0 Mi

]
, Add =

[
0 I

−K −D

]

Bdd1 = Bdd2 =
[
0
L

]
, Cdd1 = Cdd2 =

[
LT 0

]
.

Note that the solutions Pdd and Qdd always guaran-
tee the existence of control law satisfying (20) based
on the collocated controlled output condition zdd =
y1 = LT p to the disturbance [18], although Ac, Bc, Cc

and Dc do not appear in (22).
Step 2: The controller Ac, Bc, Cc, Dc is obtained

by solving the convex feasibility problem under the
simultaneous LMI conditions




Sddcli + ST
ddcli sym sym

CddclXddEddcli −γddI sym
BT

ddcl 0 −γddI


 < 0 ,

[
Ac Bc

Cc Dc

]
< 0, γdd > 0, i = 1, · · · , σ

where Sddcli = AddclXddEddcli and

Xdd =
[
Qdd Wdd

WT
dd Tdd

] [
Pdd Vdd

V T
dd Udd

]−1

,

Eddcli =
[
Eddi 0

0 I

]
,

Addcl =
[
Add + Bdd2DcCdd2 Bdd2Cc

BcCdd2 Ac

]
,

Bddcl =
[
Bdd1

0

]
, Cddcl =

[
Cdd1 0

]
.

Note that matrices Tdd and Udd are derived from the
singular value decomposition of I − PddQdd.
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P (δ,s)

K2 (δ,s)

K1 (δ,s)
r

v2

v1 u
+ + +

+– or + Cfb 

Cfb := Cst or Cdy (s) yp 
:= y or y

Gr (s)

Gyr (δ,s)

– zg 

Figure 17: Block diagram of two degrees-of-freedom
control system for feedforward control law synthesis.

5.4 Feedforward Control Law

Finally, In order to improve attitude maneuver per-
formance to the reference signal r ∈ R3, feedforward
control laws K1(δ, s) and K2(δ, s) are designed by the
model matching method. It is given by minimizing
γg > 0 such that

||Gr(s) − Gyr(δ, s)||∞ < γg, ∀δ

where zr = Gr(s)r denotes a given LTI transfer func-
tion matrix of the reference model, zg = Gyr(δ, s)r
is the closed-loop system which consists of the plant,
the feedforward control laws and one of the above
feedback control laws, and zg = y1 (Fig. 17). When
the plant is LTI, it is a standard H∞ model matching
problem to obtain v = [ vT

1 vT
2 ]T = [ K1(s)T K2(s)T ]T r

for the generalized plant

zg = Gr(s)r − Gyw(s)[ Cfb I ]v

yg = r
(23)

However, in the LPV problem, feedforward control
laws K1(δ, s) and K2(δ, s) must be scheduled accord-
ing to the change of δ. To this end, we consider the
gain scheduling H∞ model matching problem.

Let the state equation of the feedforward control
law be expressed as

ẋk = Ak(δ)xk + Bk(δ)r
v = Ck(δ)xk + Dk(δ)r

(24)

and that of the reference model as

ẋr = Arxr + Brr

zr = Crxr

where Ar is a constant stable matrix. The closed-
loop system (8) or (21) driven by feedforward control

inputs v1, v2 when w = 0 is written in the following
descriptor form:

Ep(δ)ẋp = Apxp + Bpv

y = Cpxp

where

xp = [ pT ṗT ]T

Ep(δ) =
[
I 0
0 M(δ)

]
, Ap =

[
0 I

−K∗ −D∗

]

Bp =
[

0 0
LCst L

]
, Cp =

[
LT 0
0 LT

]

as the static output feedback control case, on the
other hand,

xp = [ pT ṗT xT
c ]T ,

Ep(δ) =




I 0 0
0 M(δ) 0
0 0 I


 ,

Ap =




0 I 0
−K + LDcL

T −D LCc

BcL
T 0 Ac


 ,

Bp =




0 0
LDc L

0 0


 , Cp =

[
LT 0 0
0 LT 0

]

as the dynamic output feedback control case. Then,
the LPV counterpart of the generalized plant used
for scheduled control law design that corresponds to
the LTI generalized plant (23) is

Eg(δ)ẋ = Agxg + Bg1r + Bg2v

zg = Cg1xg

yg = r

(25)

where xg = [ xT
r xT

p ]T and

Eg(δ) =
[
I 0
0 Ep(δ)

]
, Ag =

[
Ar 0
0 Ap

]

Bg1 =
[
Br

0

]
, Bg2 =

[
0

Bp

]

Cg1 =
[
Cr −Cp

]
.

There are two reasons for using descriptor equations
instead of state equations: one is to localize the pa-
rameter varying elements only to the mass matrix,
and the other is to avoid constraints encountered in
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solving LMIs where the matrix Bg2 is independent
of the parameter δ. It is noted here that this gen-
eralized plant is not required to be stabilizable and
detectable because the feedforward control law is de-
signed for the already stabilized closed-loop system.

The closed-loop system of the generalized plant
(25) with the control law (24) is given as

Ecℓ(δ)ẋcℓ = Acℓ(δ)xcℓ + Bcℓ(δ)r

zg = Ccℓxcℓ

where xcℓ = [ xT
g xT

k ]T and

Ecℓ(δ) =
[
Eg(δ) 0

0 I

]
,

Acℓ(δ) =
[
Ag Bg2Ck(δ)
0 Ak(δ)

]
,

Bcℓ(δ) =
[
Bg1 + Bg2Dk(δ)

Bk(δ)

]
, Ccℓ =

[
Cg1 0

]

From the BRL, the optimal model matching control
law (24) is designed by minimizing γg > 0 for all δ

under the condition




Sg + ST
g sym sym

CcℓXgEcℓ(δ)T −γgI sym
Bcℓ(δ)T 0 −γgI


 < 0 (26)

where Xg = XT
g > 0 and Sg = Acℓ(δ)XgEcℓ(δ)T .

The gain scheduling control law is derived by slightly
extending the standard algorithm for state equation
[16]. First, let the following parameter-dependent
matrices be convex combinations of constant matri-
ces

Ecℓ(δ) =
σ∑

i=1

aiEcℓi, Acℓ(δ) =
σ∑

i=1

aiAcℓi,

Bcℓ(δ) =
σ∑

i=1

aiBcℓi.

(27)

Substituting (27) into (26) yields

σ∑
i=1

a2
i Φi +

σ∑
i=1

aiaj (Ψij + Ψji) < 0

where j = i + 1, · · · , σ,

Φi =




Yi + Y T
i EcℓiXgC

T
cℓ Bcℓi

CcℓXgE
T
cℓi −γgI 0

BT
cℓi 0 −γgI




Ψij =




Zij + ZT
ji EcℓjXgC

T
cℓ Bcℓi

CcℓXgE
T
cℓj −γgI 0

BT
cℓi 0 −γgI




and Yi = AcℓiXgE
T
cℓi, Zij = AcℓiXgEcℓj . Therefore,

if the following inequalities can be solved simultane-
ously at each vertex of convex decomposition

Φi < 0, Ψij + Ψji < 0,
i = 1, · · · , σ

j = i + 1, · · · , σ
(28)

for vertex control laws Aki, Bki, Cki, Dki and Xg > 0
so as to minimize γg > 0, then the gain scheduled
feedforward control law is constructed as

Ak(δ) =
σ∑

i=1

aiAki, Bk(δ) =
σ∑

i=1

aiBki

Ck(δ) =
σ∑

i=1

aiCki, Dk(δ) =
σ∑

i=1

aiDki

Since inequalities (28) are reduced to LMIs by elim-
inating matrix variables using Parrot and Finsler’s
lemma [19], the problem is again solved using con-
vex optimization tools.

5.5 Simulation Results

In order to verify the capability of the proposed con-
trol laws, we performed numerical simulations which
applied the discrete control system with a sampling
period of 62.5 msec to a continuous full-order ETS-
VIII model. In the simulations, white noise of stan-
dard deviation 1.11 × 10−4 deg/sec was used as an
angular velocity observation noise 8. Further, the
paddles rotated around the pitch axis at a rate of
360/24 deg/hour, and the initial paddle angle was
varied from 0 deg to 360 deg in 1 deg increments.
This paper shows typical simulation results at initial
angles of 0, 45 and 90 deg.

First, the feedback control laws are designed so
that the closed-loop system has a high disturbance
suppression ability, using the model with three rigid
modes and two elastic modes (n = 5) for four ver-
texes (σ = 4). In the convex optimization for the

8In order to attenuate this noise, 1st-order low-pass filter
is added to the angular velocity measurement y2 for only the
static output feedback control case.
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Figure 18: Singular values of feedback closed-loop
systems using static output feedback control law.
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Figure 19: Singular values of feedback closed-loop
systems using dynamic output feedback control law.

control law design, we used the MATLAB “mincx”
command which utilizes the projective method for
the interior point polynomial [20, 21, 22].

At the design phase of the static output feed-
back case, the achieved minimal value was γdv = 6.79
which is the disturbance attenuation ratio. However,
a value of γ = 0.024 was calculated from (19) sub-
stituted with the obtained control law for δ = 45
deg. The difference arises due to the conservative-
ness brought in solving LMIs. On the other hand,
values of γdd in the static and dynamic output feed-
back case were 0.004 and 0.032 respectively. Figs. 18
and 19 show the singular values in each case.

The responses to impulse disturbance caused by
the east-west station-keeping thruster firing are shown
in Figs. 20 - 25. In these figures, dashed-and-dotted
lines denote the results of the static output feedback

control, broken lines are the dynamic output feed-
back control, and solid lines are the baseline PD
control. The spacecraft attitudes are observed to
stay between +0.002 deg and −0.002 deg, which is
sufficiently smaller than the specification, and the
required control inputs are smaller than the max-
imum output of the reaction wheel. Moreover, it
is apparent that the proposed feedback control laws
are effective in reducing the influence of disturbances
compared with the PD control, as well as they are ro-
bustly stable against the paddle rotation. The max-
imum attitude angle amplitude using the static type
has been smaller than the dynamic type. This is be-
cause the optimization of control performance using
the LMI has functioned more effectively in the static
type, and the static type has wide frequency range.

Next, in order to obtain feedforward control laws
K1(δ, s) and K2(δ, s), we sets the reference transfer
function matrix Gr(s) so as to have

ω2
r

s2 + 2ζrωrs + ω2
r

(29)

as its diagonal elements, where ω2
r = 5.0×10−4, ζr =

0.7. The responses of this reference model (29) to
step command is shown in Fig. 26.

By solving LMIs (28), the gain scheduling model
matching control laws are obtained for n = 5 and
σ = 4. In the design, γg = 0.45 with the static
output feedback control law and γg = 0.63 with
the dynamic output feedback control law have been
achieved. Figs. 27 and 28 show the singular values of
the reference model and the two degrees-of-freedom
control system. From these figures, it is confirmed
that the singular values are almost the same in the
lower frequency ranges.

Simulation results of attitude maneuvering using
the two degrees-of-freedom control system are shown
in Figs. 29 - 34. Each response is seen to follow the
reference model well for all paddle angles, and the
required control inputs are smaller than the reaction
wheel output limitation.

The proposed control laws have achieved shorter
settling time than the PD control law, and both
static and dynamic feedback control laws achieve the
similar good performance. These facts show that the
model-matching design method in the two-degrees-of
freedom control system works well. Since the results
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Figure 20: Time history of roll, pitch, yaw attitude
angles in response to east-west station-keeping thruster
firing for initial paddle angles δ = 0 deg.
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Figure 21: Time history of roll, pitch, yaw attitude
angles in response to east-west station-keeping thruster
firing for initial paddle angles δ = 45 deg.
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Figure 22: Time history of roll, pitch, yaw attitude
angles in response to east-west station-keeping thruster
firing for initial paddle angles δ = 90 deg.
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Figure 23: Time history of roll, pitch, yaw control in-
puts in response to east-west station-keeping thruster
firing for initial paddle angles δ = 0 deg.

0 300 600 900 1200
−5

−2.5

0

2.5

5
x 10

−3
R

ol
l [

N
m

]

 

 
PD
Static
Dynamic

0 300 600 900 1200
−5

−2.5

0

2.5

5
x 10

−3

P
itc

h 
[N

m
]

0 300 600 900 1200
−5

−2.5

0

2.5

5
x 10

−3

Y
aw

 [N
m

]

Time [sec]

Figure 24: Time history of roll, pitch, yaw control in-
puts in response to east-west station-keeping thruster
firing for initial paddle angles δ = 45 deg.

0 300 600 900 1200
−5

−2.5

0

2.5

5
x 10

−3

R
ol

l [
N

m
]

 

 
PD
Static
Dynamic

0 300 600 900 1200
−5

−2.5

0

2.5

5
x 10

−3

P
itc

h 
[N

m
]

0 300 600 900 1200
−5

−2.5

0

2.5

5
x 10

−3

Y
aw

 [N
m

]

Time [sec]

Figure 25: Time history of roll, pitch, yaw control in-
puts in response to east-west station-keeping thruster
firing for initial paddle angles δ = 90 deg.
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Figure 26: Singular values of feedback closed-loop
systems using dynamic output feedback control law.
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Figure 27: Singular values of two degrees-of-freedom
control system with static output feedback control
law and reference model.
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Figure 28: Singular values of two degrees-of-freedom
control system with dynamic output feedback control
law and reference model.
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Figure 29: Time history of roll, pitch, yaw attitude an-
gle responses to step command for initial paddle angles
δ = 0 deg.
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Figure 30: Time history of roll, pitch, yaw attitude an-
gle responses to step command for initial paddle angles
δ = 45 deg.
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Figure 31: Time history of roll, pitch, yaw attitude an-
gle responses to step command for initial paddle angles
δ = 90 deg.
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Figure 32: Time history of roll, pitch, yaw control in-
puts in response to step command for initial paddle
angles δ = 0 deg.
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Figure 33: Time history of roll, pitch, yaw control in-
puts in response to step command for initial paddle
angles δ = 45 deg.
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Figure 34: Time history of roll, pitch, yaw control in-
puts in response to step command for initial paddle
angles δ = 90 deg.

of different initial paddle angle using the proposed
control system are also the same, it is confirmed that
the gain scheduling function of the feedforward con-
trol law is effective to the LPV system caused by the
paddle rotation.
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6 µ-synthesis Based Control Law

In this section, an LTI µ-synthesis based control law
is presented; it is designed parametrically by decom-
posing the spacecraft model into control modes and
residual modes. In the µ-synthesis, the varying pa-
rameters are treated as structured uncertainty that
is stabilized robustly along with unstructured uncer-
tainty by setting the µ-value to less than one. The
final LTI control law is designed through D-K itera-
tion.

6.1 Model and Perturbation

To begin with, we present the spacecraft model and
description of the handling of the perturbation, which
is an important point in our study of µ-synthesis
application. In the constrained mode model of (8),
the coefficient matrix that varies depending on the
paddle angle is only M(δ); its influence is localized.
Then, in order to take advantage of this feature in
robust control system design, we use the descriptor
form in µ-synthesis.

Reduced order model First, we reduce the order
of the model (8) in order to design the reduced-order
controller that guarantees robust stability against
higher vibration mode that is represented as unstruc-
tured uncertainty. We change the order of the ele-
ments in η ∈ RΣjnj and divide the flexible vibration
mode as η = [ηT

c ηT
r ]T (ηc ∈ Rg). Then coefficient

matrices in (8) are also divided into corresponding
submatrices:

P (δ) =
[

Pc(δ) Pr(δ)
]

Λ = diag[Λc, Λr]

Ω2 = diag[Ω2
c , Ω2

r]

We express qc = [θT ηT
c ]T as the control mode

and qr = ηr as the residual mode. Then (5) and (6)
can be described in the frequency domain as:

ŷ(s) = G(s)û(s) = (Gc(s) + Gr(s))−1û(s) (30)

The transfer function G(s) can be rewritten using
G−1

c (s) and an additive perturbation:

G(s) = G−1
c (s) + G∆(s)

Here, we design the weighting function W (s) that is
stable and proper for the additive model error margin

G∆(s) as follows.

G∆(s) = ∆w(s)W (s), ∥∆w∥∞ < 1

Furthermore, we describe the influence of unstruc-
tured uncertainty ∆w(s) as

ww = ∆w(s)zw, ww, zw ∈ R6

where ws and zw are fictitious disturbance input and
controlled output of the plant. Consequently, we can
treat the influence of the residual mode in the high
frequency domain as a virtual disturbance.

Here, for making the generalized plant, we de-
scribe the state space realization of this weight func-
tion W (s) as

ẋw = Awxw + Bwu,

zw = Cwxw + Dwu.

Descriptor form Next, to treat the parameter change
of the control mode as structured uncertainty, we de-
scribe G−1

c (s) using the descriptor form as

Ec(δ)ẋ = (Ec + E∆(δ))ẋ

= Acx + Bcu, (31)

y = Ccx.

In those equations, x = [qT
c q̇T

c ]T ∈ R2n are descrip-
tor variables, where n = 3 + g. The matrix Ec(δ)
is divided into the nominal model Ec and the addi-
tive model error margin E∆(δ) in the specific angle.
They are given as

Ec = diag[In, Mc],

E∆(δ) = diag[0n×n, M∆(δ)],

where

Mc =
[

J Pc

PT
c Ig

]
, M∆(δ) =

[
J∆(δ) Pc∆(δ)
PT

c∆(δ) 0g×g

]

The matrices Ac, Bc and Cc are given as:

Ac =
[

0n×n In

−Kc −Dc

]
, Bc =

[
0n×3

Lc

]
,

Cc =
[

LT
c 03×n

03×n LT
c

]
,

where

Dc = diag[03×3, Λc],

Kc = diag[03×3, Ω2
c ],

LT
c = [I3 03×g].
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Then, we describe E∆(δ) using the following equa-
tion with scalar parameter αi depending on δ

E∆(δ) =
k∑

i=1

αi(δ)Ei,

where |αi(δ)| < 1 for all δ. Noting that Ec is a non-
singular matrix, the following equation is obtained
using full rank decomposition:

E−1
c E∆ = diag[0, M−1

c M∆(δ)]

= FL∆EFR, ∥∆E∥ < 1,

where

∆E = diag[α1Ih1 , . . . , αkIhk
]

FL = [FL1 . . . FLk
], FLi ∈ R2n×hi

FR = [FT
R1

. . . FT
Rk

]T , FRi ∈ Rhi×2n.

Matrices FL and FR are used for defining the struc-
tured uncertainty ∆E . Note that (31) is equivalent
to

ẋ = E−1
c Acx + E−1

c Bcu − E−1
c E∆(δ)ẋ.

Then, by describing the input and output of struc-
tured uncertainty ∆E as

wE = ∆EzE = −∆EFRẋ,

we can express the extended system incorporating
the influence of parameter variation as follows.

ẋ = E−1
c Acx + E−1

c Bcu + FLwE ,

y = Ccx

zE = −FRE−1
c Acx − FRE−1

c Bcu − FRFLwE .

Generalized plant Then, to reduce sensitivity and
achieve robust performance, we define controlled out-
put zλ ∈ R6 as

zλ =
[

λ(s) 0
0 λD

]
e,

wλ = ∆λzλ, wλ ∈ R6, ∥∆λ∥∞ < 1

where e is defined as

e =
[

ed

ev

]

=
[

dd

0

]
−

[
y1

y2

]

= d − y

Figure 35: Singular value plot of full order plant.

Figure 36: Singular value plot of control mode.

and λ(s)is a design parameter for the trade-off be-
tween the control and the robust performances. Here
dd acts as target value for the attitude angle.

We express these perturbations described sepa-
rately above as follows

∆ = diag [∆E , ∆w(s), ∆λ] .

It should be noted that ∆ is the structured uncer-
tainty composed of unstructured uncertainty ∆w(s)
and structured uncertainties ∆E and ∆λ.

Singular value plots of ETS-VIII spacecraft model
are shown below; full order plant in Fig. 35, control
mode in Fig. 36, and residual mode with weight-
ing functions in Figs. 37 and 38 every 5 deg from
δ = 0 to 90 deg. The number of control modes is
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This document is provided by JAXA



20 JAXA Research Report

Figure 37: Singular value plot of residual mode and
the weighting function for attitude angle.

Figure 38: Singular value plot of residual mode and
the weighting function for attitude rate.

four (three rigid modes and one elastic mode); that
is, n = 4. The weighting functions are selected to
satisfy robust stability for all δ.

6.2 Control System Design

During the control system design process, the space-
craft model at δ = 45 acts as a nominal model, and
we treat only δ ∈ [0, 90] as a range of the paddle rota-
tion angle in consideration of symmetry of spacecraft
structure. There are symmetric vibration modes in
the body frame that are uncontrollable by attitude
control systems, because these vibration modes affect
only transitional motion of spacecraft [17]. In order
to exclude these uncontrollable modes, we take twice
of the coupling matrix Pc(δ) and describe the cen-
tral rigid-body rotation equation and the vibration
equation of flexible components using the south pad-
dle coordinate system, as shown below in (32). We
perform coordinate transformation using the DCM
C4(δ), which expresses the relationship between the
central rigid-body frame and the south paddle frame
(see (1) in Section 3.1):

θ̄ = C4(δ)θ =




sin δ 0 cos δ
0 1 0

− cos δ 0 sin δ


 θ,

where θ̄ is the estimated attitude angle. Then the
equation of the control mode can be described as
follows:

C4(δ)J(δ)CT
4 (δ)¨̄θ + 2C4(δ)Pc(δ)η̈s

c = C4(δ)u
PT

c (δ)CT
4 (δ)¨̄θ + η̈s

c + Λcη̇
s
c + Ω2

cη
s
c = 0,

(32)

y = ȳ =
[

CT
4 (δ)θ̄

CT
4 (δ) ˙̄θ

]
=

[
θ

θ̇

]
. (33)

The generalized plant discussed in Section 6.1 is
described with (32) and (33), and then µ-synthesis
is performed by D-K iteration. The state space ex-
pression of the generalized plant G is given as (34)
and (35), where

Ac =
[

04×4 I4

−M−1
c Kc −M−1

c Dc

]
, Bc =

[
04×3

M−1
c Hc

]
,

Cc1 =
[

HT
c 03×4

]
, Cc2 =

[
03×4 HT

c

]
,

Mc =
[

C4(δ)J(δ)CT
4 (δ) 2C4(δ)Pc(δ)

PT
c (δ)CT

4 (δ) I1

]
,

HT
c =

[
CT

4 (δ) 03×1

]
.
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Figure 39: µ-synthesis.
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Figure 40: µ-analysis.
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Figure 41: µ upper and lower bounds.

If the control algorithm û = K(s)ŷ is derived
that satisfies the following inequality of structured
singular value µ,

sup
ω

µ∆(Fl(G(jω), K(jω))) < 1,

then the algorithm guarantees robust stability for all
perturbations. However, it is known that in general
the µ-synthesis designs a control law with conserva-
tive control performance. Therefore, we also apply
the µ-analysis after the µ-synthesis as shown in Figs.
39 and 40. Here, λD is the weighting function to re-
duce sensitivity for the error margin of attitude rates,
and f is the weighting function for control inputs.

In this scheme, the weighting functions λD and
f are modified according to the result of µ-analysis.
The designed final control law in this study is se-
lected so as to achieve the best control performance
among the control laws whose µ-values obtained by
µ-analysis are less than one. The obtained structured
singular value is depicted in Fig. 41.

6.3 Robust Stability on All Mission
Life

In general, the model parameters of spacecraft rep-
resenting mass properties vary according to the de-
crease of fuel used for orbit control. In this study, our
control law is designed using the PSR-BOL model.
Moreover, we obtain the PSR-EOL model simultane-
ously, so we verified the varying width of PSR-EOL
and PSR-BOL model (Fig. 42). Parameters’ width
change of each model is calculated from the nominal
values at 45 deg model.

It is revealed that the difference between PSR-
BOL and PSR-EOL models is small, but the varying
width of PSR-EOL model is not fully included in
that of PSR-BOL. For this reason, we redesigned the
control law adding a 3% error margin to the varying
width of the PSR-BOL model to include the error
margin of the PSR-EOL model into that of PSR-
BOL model. Consequently, we can guarantee robust
stability for the spacecraft’s entire mission life.

6.4 Simulation Results

We now apply the designed LTI µ-synthesis based
control law to the attitude control problem of ETS-
VIII. For this study, we use two simulation cases that

21In-orbit Control Experiment on ETS-VIII Spacecraft
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[
ẋ
ẋw

]
=

[
Ac 08×6

06×8 Aw

] [
x
xw

]
+

[
08×3 Bc FL 08×6 Bc

06×3 Bw 06×4 06×6 Bw

]



d
u

wE

ww

wλ




, (34)




ė
e
zλ

zE

zw




=




−Cc2 03×6

−Cc1 03×6

−λCc1 03×6

−FRAc 04×6

06×8 Cw




[
x
xw

]

+




03×3 03×3 03×4 [03×3 − I3] 03×3

I3 03×3 03×4 [−I3 03×3] 03×3

λI3 03×3 03×4 λ[−I3 03×3] 03×3

04×3 −FRBc −FRFL 04×6 −FRBc

06×3 Dw 06×4 06×6 Dw







d
u

wE

ww

wλ




. (35)
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Figure 42: Varying width M∆(δ) from nominal Mc of Mc(δ) (Blue: PSR-BOL, Red: PSR-EOL).
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Figure 43: Step responses and corresponding input signals. Solid lines: µ-synthesis based control law. Broken
lines: PD control law.
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Figure 44: Impulse responses to disturbance input and corresponding input signals. Solid lines: µ-synthesis
based control law. Broken lines: PD control law.

are set according to actual in-orbit experiment se-
quences. The first case is the bias response by the
step reference attitude angle added to each axis for
600 sec, and the second case is the impulse distur-
bance response by reaction wheels. The disturbance
causes 0.04 Nm torque during 30 sec added to each
axis for 600 sec. The initial paddle angle is set to
45 deg; a conventional PD control law is also used in
each case for comparison. These simulation results
are presented in Figs. 43 and 44.

Results show that the closed-loop systems are sta-
ble and that our proposed LTI control law using µ-
synthesis achieved better control performance than
the conventional PD control law. The control input

signals remain within the limitation (|u| ≤ 0.04 Nm)
in each case.
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7 Linearly Interpolated Gain
Scheduling Control Law

This section presents the design procedure of the gain
scheduling control law used in the experiment. The
control law is scheduled in accordance with solar pad-
dle rotation angle, which provides good control per-
formance at all paddle angles. Since the scheduling
law has only two grid points and is calculated simply
by linear interpolation, it has low memory require-
ments and short processing time, which are desirable
characteristics from the standpoint of implementabil-
ity.

7.1 LPV Description of the Spacecraft
Model

In the control law design, the so-called “unconstrained
mode model” is employed in order to derive the re-
duced order model, by which high order control laws
can be avoided. The model is then approximated us-
ing piecewise-linear functions of the parameter δ so
as to apply the proposed synthesis condition.

Unconstrained mode model To start with, the
constrained mode model (8) is modified in the fol-
lowing form:

M(δ)q̈ + Kq = Lu + Lw. (36)

Since the damping term Dq̇ is relatively small, it is
ignored here. This makes the corresponding eigen-
value problem feasible, which shall be mentioned be-
low. The damping term is to be added again after
coordinate transformation.

Define a new modal coordinate µ ∈ R(3+Σjnj)×1

as

q := ϕ(δ)µ, ϕ(δ) :=
[
ϕ1(δ), ϕ2(δ), . . . , ϕ3+Σjnj (δ)

]
.

ϕ(δ) is a transformation matrix obtained by solving
generalized eigenvalue problems related to the con-
straint modal equations (8):

Kϕi(δ) = σ2
i (δ)M(δ)ϕi(δ), (i = 1, ..., 3 + Σjnj),

(37)
(σ2

1(0) ≤ σ2
2(0) ≤ · · · ≤ σ2

3+Σjnj
(0)).

Since K and M(δ) are symmetric and M(δ) is positive-
definite, the eigenvalues here are all non-negative
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Figure 45: Paddle angle dependence of Σ2(δ).

(σ2
i ≥ 0) and the eigenvectors satisfy

ϕT (δ)M(δ)ϕ(δ) = I3+Σjnj ,

ϕT (δ)Kϕ(δ) = diag{σ2
i (δ)} := Σ2(δ).

σi(δ) is called the i-th modal frequency. Note that
σ1(δ) = σ2(δ) = σ3(δ) = 0 since these correspond to
three rigid modes of the spacecraft. Fig. 45 shows
paddle angle dependence of σ2

i (δ) (i = 4, 5, 6, 7, 8).
Among these elements, σ2

5 and σ2
8 affect rotational

dynamics of the spacecraft, whereas σ2
4 , σ2

6 and σ2
7

affect almost only translational dynamics.
Since δ is slowly varying, an “unconstrained” modal

equation is yielded by transforming q to µ and adding
the modal damping term ∆(δ)µ̇ as follows:

Π(δ) :




µ̈ + ∆(δ)µ̇ + Σ2(δ)µ = Φ(δ)u,

y =
[

ΦT (δ) 0
0 ΦT (δ)

] [
µ
µ̇

]
,

(38)

where Φ(δ) := ϕT (δ)L,

∆(δ) := diag{2ζiσi(δ)}.

The disturbance input w is omitted here for sim-
plicity. Each element of the modal damping matrix
∆(δ) is supposed to be proportional to the modal
frequency σi(δ) with constant of proportionality 2ζi.
Note that eigenvalue problems (37) should be solved
at each parameter value δ. As a result, parameter de-
pendencies of matrices ∆(δ), Σ(δ) and Φ(δ) cannot
be defined by mathematical expressions of δ.

Reduced order model Fig. 45 shows that Σ2(δ)
has reflectional symmetry in δ = 0 and 180. In addi-
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tion, each element σi(δ) which affects the rotational
dynamics has a partner element σj(δ) that satisfies

σi(δ) = σj(180 − δ), for δ ∈ [0, 90].

Fig. 45 shows the case of (i, j) = (5, 8). At the same
time, the following holds for the pair (i, j):

Φ(i,k)(δ) =
{

−Φ(j,k)(180 − δ), for i, j ≥ 4, k = 1,
Φ(j,k)(180 − δ), otherwise

Consequently, the singular values of Π(δ) have reflec-
tional symmetry in δ = 90, that is,

|Π(δ)| = |Π(180 − δ)|, for δ ∈ [0, 90].

The transfer functions of Π(δ) and Π(180 − δ) are
almost the same, except for the signs of the elements
from roll to yaw and from yaw to roll. Moreover,
especially in the case of ETS-VIII, the gains of those
elements are relatively small and so negligible. Con-
sequently, noting that µi and µj do not affect each
other in (38) and are therefore interchangeable, the
spacecraft model can be regarded almost symmetric
in δ = 90 and the range of the paddle rotation angle
can be restricted to δ ∈ [0, 90] =: Θval in the subse-
quent discussion. Although the nominal paddle rota-
tion speed δ̇ is 4.17× 10−3 deg/sec (= 360 deg/day),
its range is set to δ̇ ∈ [−4.17× 10−3, 4.17× 10−3] =:
Ωval in consideration of reflectional symmetry.

Since the matrices Σ(δ) and ∆(δ) are diagonal, by
changing the order of the elements in µ it is easy to
divide the full order model (38) into a reduced order
model, which is composed of low frequency modes,
and residual modes, which are composed of higher
frequency modes (see Fig. 46 (left)). The total num-
ber of vibration modes of ETS-VIII in equation (38)
is 30 (i.e.

∑
j nv(j) = 30). In this research the re-

duced order model comprises the three rigid modes,
µ1, µ2, and µ3, and the lowest frequency mode among
the vibration modes that affect rotational dynamics,
µ5 (recall that µ4 affects only translational dynam-
ics). This vibration mode is chosen because its fre-
quency is lower than 0.1 Hz and it may affect attitude
control system.

[
µ̈rom

µ̈res

]
+

[
∆rom(δ) 0

0 ∆res(δ)

] [
µ̇rom

µ̇res

]

+
[

Σ2
rom(δ) 0

0 Σ2
res(δ)

] [
µrom

µres

]
=

[
Φrom(δ)
Φres(δ)

]
u,

rom

res

romyu

res

yu

∆A84

δ

δ

δ

δ

Figure 46: Left: The spacecraft model is divided
into a reduced order model Πrom and residual modes
Πres. Right: The reduced order model is described
using the approximate system Π̄rom and the norm-
bounded perturbation ∆A84 .

where (∗)rom denotes the reduced order model and
(∗)res denotes the residual modes (µrom = [µ1, µ2, µ3,

µ5]T ). Then the residual modes are clearly stable
since they are second order systems with ∆res(δ) > 0
and Σ2

res(δ) > 0. The followings are the state-space
representations of the reduced order model and the
residual modes:

Πrom(δ) :
{

ẋrom = Arom(δ)xrom + Brom(δ)u,
yrom = Crom(δ)xrom,

(39)

Πres(δ) :
{

ẋres = Ares(δ)xres + Bres(δ)u,
yres = Cres(δ)xres,

y = yrom + yres,

where

xrom = [µT
rom, µ̇T

rom]T ∈ R8×1,

xres = [µT
res, µ̇

T
res]

T ∈ R62×1,

A∗(δ) =
[

0 I
−Σ2

∗(δ) −∆∗(δ)

]
, B∗ = [0,Φ∗(δ)T ]T ,

C∗ =
[

ΦT
∗ (δ) 0
0 ΦT

∗ (δ)

]
, ∗ = {rom, res}.

A low order control law can be obtained using
only the reduced order model. However, if the higher
order model composed of residual modes is ignored,
spillover may occur and the system might become
unstable. Therefore the residual modes should be
taken into account in the controller design as an ad-
ditive perturbation to the control system so that the
closed-loop system possesses robust stability against
residual modes. The residual modes, together with
the approximation error described in the following
section, are dealt with as uncertain blocks.
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Piecewise-linear approximation The reduced or-
der model (39) is an LPV system with paddle rota-
tion angle δ as its parameter. Since eigenvalue prob-
lems (37) should be solved for each δ in order to ob-
tain the unconstrained mode model (38), parameter-
dependent matrices in (39) cannot be described us-
ing mathematical expressions of δ. In order to design
a gain scheduling control law in conventional ways,
parameter dependence of the LPV system should be
reformulated in a polytopic [16] or linear fractional
transformation (LFT) representation [23]. Here, so
as to apply the synthesis condition described in Sec-
tion 7.2, this system is approximated using piecewise-
linear functions of δ, where corresponding approxi-
mation errors are modeled as a norm-bounded per-
turbation. It is apparent that a larger number of
grid points leads to smaller approximation errors and
consequently to less conservative results.

Here the nine grid points for the interval δ ∈ Θval
are set as

DΠ := {0, 11.25, 22.5, 33.75, 45, 56.25, 67.5, 78.75, 90}

= {δΠ
0 , δΠ

1 , δΠ
2 , δΠ

3 , δΠ
4 , δΠ

5 , δΠ
6 , δΠ

7 , δΠ
8 }. (40)

Then the three matrices in (39) are approximated us-
ing piecewise-linear functions with DΠ. For example,
the approximate matrix of Arom(δ) is as follows:

Ārom(δ) = Arom(i)

+
δ − δΠ

i

δΠ
i+1 − δΠ

i

(Arom(i+1) − Arom(i)),

δ ∈ [δΠ
i , δΠ

i+1], i = 0, 1, . . . , 7. (41)

As for ETS-VIII model, the approximation error
of only {Arom(δ)}(8,4) is taken into account. This is
because {Arom(δ)}(8,4) corresponds to σ5, the lowest
modal frequency, and accordingly its error greatly
affects the vibration dynamics of the reduced order
model, while errors of other matrix elements have
little effect on the vibration dynamics. Let

e(8,4) max = max
δ∈Θval

��{Arom(δ)}(8,4) − {Ārom(δ)}(8,4)

�� .

Then, Arom(δ) is included in a certain set defined by
a norm-bounded perturbation ∆A84 :

Arom(δ) ∈ Ārom(δ) + Ea∆A84Fa, |∆A84 | ≤ 1,

(42)
Ea := [01×7, e(8,4) max]T , Fa := [01×3, 1,01×4].

0 10 20 30 40

-0.3

-0.29

-0.28

-0.27

δ [deg]

A
(8

,4
)

Figure 47: The (8,4)’th element of Arom(δ) (solid
line) and its approximate matrix Ārom(δ) (broken
line). The solid line lies between two dotted lines
which represent the (8, 4)’th element of the right side
of (42) at ∆A84 = ±1.

This means that the use of the piecewise-linear model
with (42) can be justified by standard robust control
methods against norm-bounded perturbations. Fig.
47 shows {Arom(δ)}(8,4) (solid line) and {Ārom(δ)}(8,4)

(broken line) of δ ∈ [0, 45]. The dotted lines repre-
sent the (8, 4)’th element of the right side of (42) at
∆A84 = ±1. Obviously {Arom(δ)}(8,4) is within the
region bounded by the two dotted lines.

Using these matrices, the approximate reduced
order model is described by

Π̄rom(δ)




˙̄xrom = Ārom(δ)x̄rom + B̄rom(δ)u + Eaw1

y = C̄rom(δ)x̄rom

z1 = Fax̄rom

(43)
where B̄rom(δ) and C̄rom(δ) are piecewise-linear ap-
proximate matrices of Brom(δ) and Crom(δ). As is
shown in Fig. 46 (right), the reduced order model is
described by Π̄rom(δ) with

w1 = ∆A84z1, |∆A84 | ≤ 1. (44)

Since (42) holds, the stability and performance of
the reduced order system Πrom(δ) are guaranteed by
a control law which guarantees the robust stability
and performance of the system Π̄rom(δ) against the
perturbation ∆A84 . Such a control law is designed in
the following section.
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7.2 Control Law Design

This section describes the proposed design method
for a linearly interpolated gain scheduling control
law. The following control law Γ(δ) is to be designed:

Γ(δ) :
{

ẋc = Ac(δ)xc + Bcy,
u = Cc(δ)xc,

(45)

where Ac(δ) and Cc(δ) are piecewise-linear matrix
functions of δ:

Ac(δ) = Ac1 · δ
90 + Ac0 · (1 − δ

90 ),
Cc(δ) = Cc1 · δ

90 + Cc0 · (1 − δ
90 )

(46)

for δ ∈ [0, 90](= Θval). The scheduling law (46)
has only two grid points and therefore consists of
only two pairs of matrices (Ac0, Cc0) and (Ac1, Cc1).
This structure is chosen to minimize the onboard
memory requirement. Moreover, these matrices are
piecewise-linear on the parameter δ and are easily
scheduled, which is also desirable for spacecraft con-
trol systems.

It should be noted that the control law (45) is re-
stricted to strictly proper and that Bc is assumed to
be given a priori and to be independent of δ. This
comes from the limitation of the synthesis condition
mentioned below. In spite of the limitation, how-
ever, the control law gives better performance than
the baseline PD control law regardless of the paddle
rotation, as shown in Section 7.3.

The control requirements here are as follows:

• Robustness against the residual modes,

• Robustness against the perturbation δA84 (ap-
proximation error),

• Control input limitation (|u| ≤ 0.04 Nm), and

• Attitude tracking following a step command to
an accuracy of ±0.05 deg with a settling time
of 300 sec.

The control law is designed so as to satisfy these
requirements for all paddle angles by the following
procedure.

Generalized plant A generalized plant M(δ) cor-
responding to the control requirements is defined us-
ing the LPV system Π̄rom(δ) as shown in Fig. 48,
where Π̄rom(δ) is the approximate system of the re-
duced order model, Γ(δ) is a control law to be de-
signed and W is a weighting function corresponding

W

w2

w3

z4

y

u

z3

z2 w1 z1

rom δ

δ

Μ(δ)

Figure 48: Generalized plant M(δ) (within the bro-
ken lines).

to the residual modes. The other blocks, Λ and
η, are constant and diagonal matrices used as design
parameters. Roughly speaking, Tz1w1 , the transfer
function from w1 to z1, and Tz2w2 are related to ro-
bustness against approximation error and the resid-
ual modes respectively, Tz3w3 and η are concerned
with the magnitudes of the torque inputs, and Tz4w3

and Λ are concerned with angle command tracking
performance. Fig. 49 shows the gain of the weight-
ing function and singular values of the residual modes
at all δ ∈ Θval. The weighting function W (s) is se-
lected so that its gain is always larger than the sin-
gular values of the residual modes. Here W (s) is a
sixth order system: a second order system for each
axis. Consequently the generalized plant M(δ) has
14 states and is represented by the following form:

M(δ) :




ẋ = A(δ)x + B1(δ)w + B2(δ)u,
z = C1(δ)x + D11(δ)w + D12(δ)u,
y = C2(δ)x + D21(δ)w.

(47)

These state-space matrices have piecewise-linear pa-
rameter dependency with DΠ of (40) since these are
defined using Ārom(δ), B̄rom(δ) and C̄rom(δ). From
the main loop theorem [24], the control requirements
are satisfied if

||Tzw||L2 < 1, for all δ ∈ Θval, (48)

where w = [w1, w2, w3], z = [z1, z2, z3, z4] and Tzw

is the transfer function from w to z. As is men-
tioned above, only some parts of the transfer function
Tzw should be considered (that is, Tz1w1 , Tz2w2 , Tz3w3

and Tz4w3). Thus scaling matrices with an adequate
structure are used in the control law design.
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Figure 49: Weighting function and singular values of
the residual modes.

Synthesis condition Assuming that the controller
matrix Bc is given beforehand, the next theorem
gives a sufficient condition for a gain scheduling con-
trol law Γ(δ) of (45) that satisfies the control require-
ments. The order of the designed control law is the
same as that of the generalized plant M(δ), that is,
14. Some of the matrix variables in the theorem are
labelled with a superscript Γ (GΓ for example) to
indicate that those matrices are used to derive the
control law Γ(δ) in (45).

Theorem 3 9 There exist matrices Ac(δ) and Cc(δ)
of (45) which satisfy (48) for any (δ, δ̇) ∈ (Θval ×
Ωval), if there exist a positive constant ϵ, a posi-
tive constant γ < 1, symmetric matrices Yk, Sk(k =
{0, 1, . . . , 8}), matrices GΓ, V Γ

0 , V Γ
1 , WΓ

0 and WΓ
1 which

satisfy (49)–(52) for ω = ±4.17 × 10−3 (recall that
Ωval := [−4.17 × 10−3, 4.17 × 10−3]),where

9This is a special case of Theorem 1 in [25]. See the refer-
ence for details of the generalized theorem.

Vk := (1 − δΠ
k

90
)V Γ

0 +
δΠ
k

90
V Γ

1

Wk := (1 − δΠ
k

90
)WΓ

0 +
δΠ
k

90
WΓ

1

Q11
cl(k) := AkYk + YkAT

k + B2(k)Wk + WT
k BT

2(k)

− ω

∆δΠ
k

∆Yk,

Q
11(−)
cl(k) := AkYk + YkAT

k + B2(k)Wk + WT
k BT

2(k)

− ω

∆δΠ
k−1

∆Yk−1,

Q12
cl(k) := AkSk + YkCT

2(k)B
T
c + B2(k)Wk + V T

k

− ω

∆δΠ
k

∆Sk,

Q
12(−)
cl(k) := AkSk + YkCT

2(k)B
T
c + B2(k)Wk + V T

k

− ω

∆δΠ
k−1

∆Sk−1,

Q22
cl(k) := BcC2(k)Sk + SkCT

2(k)B
T
c + Vk + V T

k

− ω

∆δΠ
k

∆Sk,

Q
22(−)
cl(k) := BcC2(k)Sk + SkCT

2(k)B
T
c + Vk + V T

k

− ω

∆δΠ
k−1

∆Sk−1,

R1
k := GΓT − Sk − ϵB2(k)Wk,

R2
k := GΓT − Sk − ϵVk,

U1
k := C1(k)Yk + D12(k)Wk,

U2
k := C1(k)Sk + D12(k)Wk,

L11
cl(k) := (∆AkYk + Ak∆Yk)

+(∆B2(k)Wk + B2(k)∆Wk),

L12
cl(k) := (∆AkSk + Ak∆Sk)

+(∆B2(k)Wk + B2(k)∆Wk),

L21
cl(k) := Bc(∆C2(k)Yk + C2(k)∆Yk) + ∆Vk,

L22
cl(k) := Bc(∆C2(k)Sk + C2(k)∆Sk) + ∆Vk,

L15
cl(k) := −∆Sk − ϵ(∆B2(k)Wk + B2(k)∆Wk),

L16
cl(k) := −ϵ(∆B2(k)Wk + B2(k)∆Wk),

L26
cl(k) := −∆Sk − ϵ∆Vk,

L31
cl(k) := (∆C1(k)Yk + C1(k)∆Yk)

+(∆D12(k)Wk + D12(k)∆Wk),

L32
cl(k) := (∆C1(k)Sk + C1(k)∆Sk)

+(∆D12(k)Wk + D12(k)∆Wk),

L35
cl(k) = L36

cl(k) := −ϵ(∆D12(k)Wk + D12(k)∆Wk),

∆{∗} := {∗}k+1 − {∗}k,

(∆Yk := Yk+1 − Yk, for example)
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[
Yk Sk

Sk Sk

]
> 0, k = 0, 1, . . . , 8, (49)




Q11
cl(k) Q12

cl(k) U1
k

T
B1(k) R1

k −ϵB2(k)Wk

Q12
cl(k)

T
Q22

cl(k) U2
k

T
BcD21(k) −ϵVk R2

k

U1
k U2

k −γI D11(k) −ϵD12(k)Wk −ϵD12(k)Wk

BT
1(k) DT

21(k)B
T
c DT

11(k) −γI 0 0

R1
k

T −ϵV T
k −ϵWT

k DT
12(k) 0 −ϵ(GΓ + GΓT ) 0

−ϵWT
k BT

2(k) R2
k

T −ϵWT
k DT

12(k) 0 0 −ϵ(GΓ + GΓT )




=: Jcl(k) < 0, k = 0, 1, . . . , 7, (50)




Q
11(−)
cl(k) Q

12(−)
cl(k) U1

k
T

B1(k) R1
k −ϵB2(k)Wk

Q
12(−)
cl(k)

T
Q

22(−)
cl(k) U2

k
T

BcD21(k) −ϵVk R2
k

U1
k U2

k −γI D11(k) −ϵD12(k)Wk −ϵD12(k)Wk

BT
1(k) DT

21(k)B
T
c DT

11(k) −γI 0 0

R1
k

T −ϵV T
k −ϵWT

k DT
12(k) 0 −ϵ(GΓ + GΓT ) 0

−ϵWT
k BT

2(k) R2
k

T −ϵWT
k DT

12(k) 0 0 −ϵ(GΓ + GΓT )




< 0,

k = 1, 2, . . . , 8, (51)

Jcl(k) +
1
2
(Lcl(k) + LT

cl(k)) < 0, k = 0, 1, . . . , 7, (52)

Lcl(k) :=




L11
cl(k) L12

cl(k) 0 ∆B1(k) L15
cl(k) L16

cl(k)

L21
cl(k) L22

cl(k) 0 Bc∆D21(k) −ϵ∆Vk L26
cl(k)

L31
cl(k) L32

cl(k) 0 ∆D11(k) L35
cl(k) L36

cl(k)

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




and Ak := A(δΠ
k ). Other system matrices, such as

B1(k) and B2(k), are defined in the same way.
One of the solutions Ac(δ) and Cc(δ) is given as:

Ac(δ) = V Γ
S (δ)GΓ−1

,

Cc(δ) = WΓ
S (δ)GΓ−1

,

where

V Γ
S (δ) = V Γ

1 · δ

90
+ V Γ

0 · (1 − δ

90
),

WΓ
S (δ) = WΓ

1 · δ

90
+ WΓ

0 · (1 − δ

90
).

The corresponding Lyapunov function is xT Ycl(δ)x,
where

Ycl(δ) =
[

Y (δ) S(δ)
S(δ) S(δ)

]
,

Y (δ) =
1
l

∫ δ+ l
2

δ− l
2

YS(h)dh,

S(δ) =
1
l

∫ δ+ l
2

δ− l
2

SS(h)dh,

and l is some small positive constant such that the
interval [δΠ

k − l
2 , δΠ

k + l
2 ] contains at most one grid

point,

YS(δ) = Yk +
δ − δΠ

k

δΠ
k+1 − δΠ

k

(Yk+1 − Yk),

SS(δ) = Sk +
δ − δΠ

k

δΠ
k+1 − δΠ

k

(Sk+1 − Sk),

for δ ∈ [δΠ
k , δΠ

k+1].

Proof See Appendix D.

In the synthesis condition, ω corresponds to δ̇, the
time derivative of δ. The condition is derived by
letting ω be a parameter which is independent of δ

but which lies within the region of Ωval as shown in
[26] and [27].

Although inequalities (49)–(52) may appear rather
complicated compared to synthesis conditions in other
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papers [28, 23, 27, 29, 30], they can be solved using
standard LMI solvers by letting ϵ be a line-search
parameter [31, 32]. The important point of the
theorem is that the derived control law guarantees
stability and performance for all parameter values
despite the fact that the control law itself has only
two grid points, which are the boundary points of the
parameter range. In addition, the Lyapunov function
has more grid points than the control law since Ycl(δ)
has nine grid points of DΠ. This implies that even
though the derived control law has a simple struc-
ture, the class of Lyapunov functions can be wider,
and this is another reason why the proposed method
is less conservative than existing methods. These fea-
tures make this method totally different from other
gridding methods such as [27]. How the stability
and performance are guaranteed is shown through
the proof in Appendix D.

Synthesis result A gain scheduling control law
was designed for the PSR-BOL model of ETS-VIII
using the generalized plant (47) and the proposed
synthesis condition. Firstly, a standard H∞ control
problem of (48) at δ = 0 was solved, and Bc of the de-
rived H∞ control law was chosen for the given matrix
in (49)–(52)10. Then the matrix inequalities (49)–
(52) were feasible and the matrices GΓ, V Γ

0 , V Γ
1 ,WΓ

0

and WΓ
1 were obtained. The matrices in the schedul-

ing laws (46) were given as

Ac0 = V Γ
0 GΓ−1

, Ac1 = V Γ
1 GΓ−1

,

Cc0 = WΓ
0 GΓ−1

, Cc1 = WΓ
1 GΓ−1

.

The controller matrices Ac0, Ac1, Bc, Cc0 and Cc1 are
shown in Appendix C. Singular values of the derived
control law are shown in Fig. 50. It can be seen that
singular values around the frequency corresponding
to the lowest vibration mode vary with paddle angle
δ.

Although the derived control law (45) is defined
for δ ∈ [0, 90] = Θval, it is used for δ ∈ [0, 360] in
practice. Because of the symmetry of the spacecraft
model, as is shown in Fig. 45, Π(180) = Π(0) and
Π(270) = Π(90) hold, and so this piecewise-linear
scheduling law can be applied to δ ∈ [0, 360] by let-
ting Γ(180) = Γ(0) and Γ(270) = Γ(90) and linearly

10This Bc was selected from three Bc matrices that were
obtained at δ = 0, 45 and 90 as the one that gave the best
performance.
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Figure 50: Singular values of the derived control law
Γ(δ).
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Figure 51: Some elements of the extended controller
matrix Cc(δ).

interpolating them. As is mentioned in Section 7.1,
the symmetry of the model in δ = 90 is given by
an approximation. The condition (48) was therefore
checked with the extended scheduling law for the in-
terval δ ∈ [90, 180] and, as a result, the use of the ex-
tended law was justified. This extended law is used
in the following simulations. Some elements of the
extended controller matrix Cc(δ) are shown in Fig.
51.

Computational burden The designed gain schedul-
ing control law is compared from the viewpoint of
computational burden with three other proposed con-
trol laws. Table 1 shows the controller order, the
processing time of one control cycle and the mem-
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Table 1: Processing time and memory requirement
of each control law.

processing required
order time memory

[msec] [byte]
Gain scheduling 14 1.40 4 140
µ-synthesis 36 2.28 7 948
DDFB 22 4.26 14220
DVDFB 22 4.77 14780
PD 3 0.22 668

ory required by each control law. These were esti-
mated using an ETS-VIII SCLT facility. Because of
its higher order structure, the µ-synthesis-based con-
trol law’s processing time is about 1.6 times longer
than that of the gain scheduling control law. Al-
though the DVDFB law itself has a simple structure,
its processing time is about 3.4 times longer due to
the complexity of its added feedforward structure.
Regarding memory size, the gain scheduling law re-
quires less memory than three other control laws.
Consequently, the computational burden of the gain
scheduling law is the least among these experimental
control laws.

7.3 Simulation Results

To evaluate the proposed synthesis and the designed
control law, simulations were conducted using the
control law (45) and the continuous full order ETS-
VIII PSR-ID model. In these simulations, the full
order ETS-VIII model is time-varying since the pad-
dles rotate at a rate of 360 deg/day. The results
are compared with those obtained using a baseline
PD control law. White noises of standard deviation
1.11 × 10−4 are introduced as angular velocity ob-
servation noises. The noise characteristics were esti-
mated from orbital flight data obtained during sev-
eral years of the spacecraft’s in-orbit operation.

Step response Fig. 52 shows responses to ±0.05
deg step commands injected into the roll and pitch
axes for 600 seconds with initial paddle angle δ0 = 0.
Corresponding input signals are also shown in the
figure. Figs. 53 and 54 show the responses and in-
put signals for δ0 = 45 and δ0 = 90 respectively. The
attitude angles follow the step command signals well
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Figure 52: Step responses of δ0=0 and corresponding
input signals. Solid lines: gain scheduling control
law. Broken lines: baseline PD control law.
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Figure 53: Step responses of δ0=45 and correspond-
ing input signals.
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Figure 54: Step responses of δ0=90 and correspond-
ing input signals.
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Figure 55: Impulse responses of δ0=0. Solid lines:
gain scheduling control law. Broken lines: baseline
PD control law.
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Figure 56: Impulse responses of δ0=45.
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Figure 57: Impulse responses of δ0=90.

and the input signals are always within the limita-
tions (|u| ≤ 0.04) in each case. Compared to the
baseline PD control law (broken lines), the derived
control law (solid lines) achieves about a 40% faster
settling time in each case.

Impulse response The east-west station-keeping
maneuver is also simulated by adding impulsive torque
disturbances to the control system. Figs. 55–57
show attitude angles for each initial paddle angle
δ0 = 0, 45, and 90. Solid lines show simulation re-
sults using the designed gain scheduling control law
and broken lines show results using a baseline PD
control law. In each case, attitude angle variation
remains within ±0.003 deg for each axis and satisfy
the requirement in spite of the rotation of the solar
paddles. Furthermore, the derived control law sup-
presses attitude angle change better than the base-
line control law.

8 In-orbit Experiment Results

The in-orbit experiment has been carried out during
two periods: June 21-29 in 2009, and February 28
- March 7 in 2010. The data of each response ex-
plained in Section 2.3 have been obtained twice so
that the paddle angles have different initial values to
verify the control performance as the LPV system.
The extracted experiment results are shown in Figs.
58 - 65. All experiment results are summarized in
Appendix E.

Fig. 58 shows the attitude angles of the first step
response, Fig. 59 is the enlargement of the pitch
axis result in this case. Additionally, Fig. 60 is the
results of the second step response, and Fig. 61 is the
enlargement of the roll axis. On the other hand, Figs.
62 and 64 show the results of the first and second
rectangular disturbance responses caused by the RW
respectively. Figs. 63 and 65 are the enlargements of
the roll and the pitch axes respectively. The features
of the experiment results are summarized below.

Step response In this response case, the reference
attitude angle commands are given as ±0.05 deg for
the roll and pitch axes individually. The proposed
control laws have achieved shorter settling time than
the PD control law. Since the results of first and
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Figure 58: Time history of roll, pitch, yaw attitude
angle responses to the first step command.
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Figure 59: Time history of pitch attitude angle re-
sponses to the first step command.

second responses are also the same, it is confirmed
that the proposed control laws are effective to the
LPV system caused by the paddle rotation. Both of
the DVDFB and DDFB control laws have achieved
same results on all axes in the first and second re-
sponses. This is because the model-matching design
method works well. The gain scheduling control law
has achieved the same performance to the parame-
ter change by the paddle rotation, while the results of
rise time, settling time and overshoot are different in
each axis. It depends on the modal vibration direc-
tion which is included in the reduced order plant for
the controller design. In almost all response cases,
µ-synthesis has achieved shortest rise time in the pro-
posed control laws although the settling time is the
longest. The reason is supposed to be that the order
of the control law is higher than others.
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Figure 60: Time history of roll, pitch, yaw attitude
angle responses to the second step command.
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Figure 61: Time history of roll angle responses to the
second step command.

Rectangular disturbance response In this re-
sponse case, the disturbances caused by the RW are
added as the rectangular torque 0.04 Nm for 30 sec
to each axis individually. From the results, it is ap-
parent that the proposed control laws are effective in
reducing the influence of disturbances compared with
the PD control law, as well as they are robustly sta-
ble against the paddle rotation. The performances of
the maximum amplitude and the settling time using
each control law are shown to have the same ten-
dency as those shown in the step response case.

Finally, the average of the settling time of step re-
sponses and the maximum amplitude ratio of all dis-
turbance responses is shown in Table 2. The DVDFB
control law has achieved the best performance in
both capabilities. This is because the optimization
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Figure 62: Time history of roll, pitch, yaw angles in
response to the first rectangular disturbance.
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Figure 63: Time history of roll angles in response to
the first rectangular disturbance.

of control performance using the LMI has functioned
more effectively compared with the other control law
optimization, and the DVDFB has the wide band-
width. On the other hand, the gain scheduling con-
trol law has also achieved good performances under
the lowest required memory size and the shortest pro-
cessing time among the proposed control laws as in
Table 1. The µ-synthesis based control law works
sufficiently well as an LTI controller for LPV MIMO
system.

9 Conclusion

This report gave an overview of the in-orbit robust
control experiment using ETS-VIII and described
full results of the experiment obtained by four novel
robust control laws along with the conventional PD
control law. Since each proposed control law does
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Figure 64: Time history of roll, pitch, yaw attitude an-
gles in response to the second rectangular disturbance.

1800 1900 2000 2100 2200 2300 2400 2500
-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

Time [sec]

Y
aw

 [
d

eg
]

GS

PD

µ synthesis
DDFB

DVDFB

Figure 65: Time history of yaw angles in response to
the second rectangular disturbance.

not impose heavy computational burden, it can be
applied even to the current spacecraft onboard com-
puters with little memory capacity and low compu-
tational power. The proposed control laws showed
the ability to control MIMO LPV flexible spacecraft
well. It was also shown that all proposed control
laws can achieve better performance than PD con-
trol law that is generally used as a bus controller
for many Japanese spacecrafts. The results demon-
strated some characteristics of each control law: DVDFB
and DDFB control laws achieve the shortest settling
time with non-parametric robust stability, the µ-synthesis
based control law can be designed by well known and
commonly used controller design procedure, the gain
scheduling law gives moderate performance despite
of its simple structure.

It should be noted that this is the world’s first
in-orbit experiment in that an LPV flexible space-
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Table 2: Average data of performance
Settling Maximum

time [sec] amplitude [%]
PD 250 100.0

DVDFB 126 51.4
DDFB 130 67.5

µ-synthesis 153 85.0
Gain scheduling 144 82.5

craft is controlled by MIMO control laws. The ob-
tained results will provide a basis for controller de-
sign methodologies for large flexible spacecrafts. It
is expected that robust control laws, including pro-
posed control laws in this report, become general al-
gorithms as not experimental but bus control system
for future spacecrafts.
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A Quantitive Details of Model
Parameters

This section presents parameter values for PSR-BOL,
PSR-EOL and PSR-ID model described in Section
3.2. As for the inertia of each component, Jb (rigid
body), Ja1 (LDR-A) and Ja2 (LDR-B) could not be
parameterized individually in this study. However,
we have parameterized Jab := Jb +Ja1 +Ja2 instead.
Then, since C1 = C2 = I3, J is redefined as:

J := Jab − mbr̃br̃b +
4∑

i=3

CT
i JaiCi −

4∑
i=1

mair̃air̃ai

(recall Section 3.1).

A.1 PSR-BOL

Mass and inertia

mb 2911.1
ma1 259.48
ma2 259.47
ma3 122.70
ma4 122.70

Jab




25959 −128.85 −975.68
−128.85 69334 114.21
−975.68 114.21 54802




Ja3




3337.4 0.30000 −0.050000
0.30000 52.600 2.6422

−0.050000 2.6422 3400.0




Ja4




3568.1 4.5600 −0.050000
4.5600 52.600 37.300

−0.050000 37.300 3400.5




Position vector

rb [0.050718 − 0.0047709 1.3838]T

ra1 [−7.2649 − 14.300 − 2.7020]T

ra2 [7.6531 − 13.400 − 2.6810]T

ra3 [−0.00064313 − 10.670 1.5087]T

ra4 [−0.00064313 10.670 1.5087]T

Ra1 [−0.84000 0.0 0.25000]T

Ra2 [0.84000 0.0 0.25000]T

Ra3 [0.0 − 1.2000 1.5000]T

Ra4 [0.0 1.2000 1.5000]T

Modal parameter: LDR-A

d0
a1




0.20121 −10.101 −0.68559
0.38043 −0.68517 10.683

−0.23620 6.1884 0.32110
−13.646 −0.48521 4.4258
0.15832 −9.3110 −0.41159
4.8917 0.065401 1.7667

0.042880 −2.8251 −0.093706
−0.11945 −0.22451 3.8676




T

d1
a1




−6.6112 −9.9476 144.72
−3.2422 143.10 9.5742

71.741 2.5921 −23.630
−1.6547 58.849 2.7306
−26.501 −1.2207 20.020
0.32223 −7.1875 −0.28798
−4.4653 −0.25159 5.3411

−0.18186 4.3574 0.20221




T

j ωa1,j [unit: Hz] ζa1,j

1 0.10450 0.005
2 0.17820 0.005
3 0.51510 0.005
4 0.70880 0.005
5 1.2980 0.005
6 2.1414 0.005
7 3.3301 0.005
8 4.1516 0.005

Modal parameter: LDR-B

d0
a2




0.16286 10.007 0.69381
−0.82700 −0.68721 10.643

0.22674 6.2748 0.34809
13.107 −0.49215 5.3197

−0.12437 −9.2367 −0.42749
4.7880 −0.081699 −1.0556

0.033440 2.7394 0.098686
0.83810 0.25767 −4.6301




T

d1
a2




−1.4203 −10.117 146.53
−2.6859 −145.63 −9.9278

69.930 −2.7402 29.691
−1.5271 −58.469 −2.8910
−24.438 1.2927 −23.748

−0.29826 −7.1043 −0.33810
3.9039 −0.26735 6.1092

0.18720 4.7794 0.27080




T

j ωa2,j [unit: Hz] ζa2,j

1 0.10530 0.005
2 0.17850 0.005
3 0.50710 0.005
4 0.70490 0.005
5 1.2892 0.005
6 2.1931 0.005
7 3.3380 0.005
8 4.0706 0.005
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Modal parameter: North paddle

d0
a3




0.0 0.0 8.6000
9.3000 0.0 0.0

0.0 0.0 4.9000
0.0 0.0 0.0
0.0 0.0 −2.3000
0.0 0.10000 −1.5000

4.6000 0.0 0.0




T

d1
a3




116.30 0.0 0.0
0.0 0.10000 −118.30

19.400 0.0 0.0
0.0 7.4000 0.10000

−4.5000 0.0 0.0
−1.7000 0.0 0.0

0.0 0.0 −1.8000




T

j ωa3,j [unit: Hz] ζa3,j

1 0.060000 0.005
2 0.13000 0.005
3 0.31500 0.005
4 0.45500 0.005
5 0.90900 0.005
6 1.8470 0.005
7 2.7890 0.005

Modal parameter: South paddle

d0
a4




0.0 0.0 −8.6000
−9.3000 0.0 0.0

0.0 0.0 −4.9000
0.0 0.0 0.0
0.0 0.0 2.3000
0.0 0.10000 −1.5000

4.6000 0.0 0.0




T

d1
a4




−116.30 0.0 0.0
0.0 −0.10000 118.30

−19.400 0.0 0.0
0.0 −7.4000 −0.10000

4.4000 0.0 0.0
−1.8000 0.0 0.0

0.0 0.0 −1.8000




T

j ωa4,j [unit: Hz] ζa4,j

1 .061000 0.005
2 0.13000 0.005
3 0.31500 0.005
4 0.45500 0.005
5 0.91500 0.005
6 1.8540 0.005
7 2.7910 0.005

A.2 PSR-EOL

The major difference between PSR-BOL and PSR-
EOL is the amount of remaining fuel. Thus some
parameters concerning mass and inertia differ from

those of PSR-BOL, whereas other modal parameters
are the same.

Mass and inertia

mb 2673.2
ma1 259.48
ma2 259.47
ma3 122.70
ma4 122.70

Jab




25619 −129.05 −976.35
−129.05 69043 114.60
−976.35 114.60 54702




Ja3




3337.4 0.30000 −0.050000
0.30000 52.600 2.6422

−0.050000 2.6422 3400.0




Ja4




3568.1 4.5600 −0.050000
4.5600 52.600 37.300

−0.050000 37.300 3400.5




Position vector

rb [0.055218 − 0.0051315 1.3775]T

ra1 [−7.2649 − 14.300 − 2.7020]T

ra2 [7.6531 − 13.400 − 2.6810]T

ra3 [−0.00011893 − 10.670 1.5089]T

ra4 [−0.00011893 10.670 1.5089]T

Ra1 [−0.84000 0.0 0.25000]T

Ra2 [0.84000 0.0 0.25000]T

Ra3 [0.0 − 1.2000 1.5000]T

Ra4 [0.0 1.2000 1.5000]T

Modal parameter All modal parameters of the
flexible components are the same as in Appendix A.1.

A.3 PSR-ID

Since PSR-ID model is based on the spacecraft data
in the checkout phase, the mass and inertia parame-
ters are the same as those of PSR-BOL. Some modal
parameters are different from PSR-BOL.

Mass and inertia All parameters are the same as
in Appendix A.1.

Position vector All parameters are the same as
in Appendix A.1.
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Modal parameter: LDR-A d0
a1 and d1

a1 are the
same as in Appendix A.1.

j ωa1,j [unit: Hz] ζa1,j

1 0.10200 0.0059
2 0.18100 0.0233
3 0.50700 0.0085
4 0.70880 0.005
5 1.2980 0.005
6 2.1414 0.005
7 3.3301 0.005
8 4.1516 0.005

Modal parameter: LDR-B d0
a2 and d1

a2 are the
same as in Appendix A.1.

j ωa2,j [unit: Hz] ζa2,j

1 0.10200 0.0059
2 0.18100 0.0233
3 0.50700 0.0085
4 0.70490 0.005
5 1.2892 0.005
6 2.1931 0.005
7 3.3380 0.005
8 4.0706 0.005

Modal parameter: North paddle d0
a3 and d1

a3

are the same as in Appendix A.1.

j ωa3,j [unit: Hz] ζa3,j

1 0.064000 0.0072
2 0.16700 0.0179
3 0.35300 0.0056
4 0.46400 0.005
5 0.90900 0.005
6 1.8470 0.005
7 2.7890 0.005

Modal parameter: South paddle d0
a4 and d1

a4

are the same as in Appendix A.1.

j ωa4,j [unit: Hz] ζa4,j

1 0.064000 0.0072
2 0.16700 0.0179
3 0.35300 0.0056
4 0.46400 0.005
5 0.91500 0.005
6 1.8540 0.005
7 2.7910 0.005

B Proof of Theorem 1

The asymptotic stability of (14) is equivalent to

A(δ) =
[

0 I
−M−1(δ)K∗ −M−1(δ)D∗

]

being stable. Matrix A(δ) is stable if and only if
there exists a matrix X > 0 such that

XA(δ) + A(δ)T X < 0 (53)

The Lyapunov inequality obviously has a solution

Xe(δ) =
[

K∗ αM(δ)
αM(δ) M(δ)

]
> 0 (54)

because

Xe(δ)A(δ) + A(δ)T Xe(δ) = −Q(δ) (55)

where

Q(δ) =
[
2αK∗ αD∗

αD∗ 2D∗ − 2αM(δ)

]
> 0

form Lemma 1 and the Schur complement.

C Proof of Theorem 2

From the Schur complement, (19) is equivalent to
(53) and

XA(δ) + A(δ)T X +
1
γ

[
XB(δ) CT

] [
B(δ)T X

C

]
< 0

(56)

As stated in Theorem 1, Xe(δ) > 0 given in (54) is a
solution of (53). And from (55), (56) is

1
γ

NNT − Q(δ) < 0 (57)

where Q(δ) > 0 and from (54), (18)

N =
[
αL L
L 0

]
.

Inequality (57) holds for sufficiently large γ > γmin

for all δ. Indeed, the lower bound of γ can be ob-
tained as

γmin = max
δ∈R

λmax

(
Q(δ)−1/2NNT Q(δ)−1/2

)

by eigenvalue analysis of (57).

D Proof of Theorem 3

D.1 Basic concept

Gain scheduling control laws for LPV systems have
been parameterized with parameter-dependent Lya-
punov functions in some references [33, 34]. How-
ever, these parameterizations include time deriva-
tives (δ̇), matrix multiplications of system matrices
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and parameter-dependent LMI solutions, and matrix
inversions of parameter-dependent solutions, which
render the controller matrices too complex for imple-
mentation in resource-limited onboard computers.

The following are used to avoid these issues and
to derive a synthesis condition for piecewise-linear
scheduling laws:

• Restriction of the class of parameter-dependent
solutions: this eliminates time derivative pa-
rameters from the controller matrices.

• Assumptions about the controller input ma-
trix Bc: the synthesis condition is reduced to
parameter-dependent LMIs without introduc-
ing matrix products of system matrices and
parameter-dependent solutions.

• Extension (or dilation) of LMI [35, 36]: parameter-
dependent solutions in controller matrices are
replaced by another matrix variable.

• Spline-type solutions to parameter-dependent
LMIs [37]: the condition is reduced to finite
number of LMIs by restricting Bc to be a parameter-
independent matrix.

These are shown in the following two Lemmas.

D.2 L2 gain performance

The lemma below gives a sufficient condition for the
L2 gain performance of a closed loop system. In
this lemma, parameter-dependent matrices are ex-
pressed by calligraphic characters and the argument
(δ) is omitted for simplicity (for example, A repre-
sents A(δ)).

Lemma 2 Consider the following LPV plant

ẋ = Ax + B1w + B2u

z = C1x + D11w + D12u

y = C2x + D21w,

and the gain scheduling control law

ẋc = Acxc + Bcy

u = Ccxc,

with δ(t) ∈ Θval := [δ, δ] and δ̇(t) ∈ Ωval := [ω, ω].
Then, the L2 gain of the above closed loop system is

less than γ if there exist symmetric matrices Y and
S, a square matrix G, and a positive constant ϵ that
satisfy the parameter-dependent differential matrix
inequalities (58)11 and (59) for any (δ, ω) ∈ (Θval ×
Ωval), where (*)T is a transpose of the precedent
term.

Proof By multiplying




B2CcG B2CcG
AcG AcG

D12CcG D12CcG
0 0
G 0
0 G




⊥

=




I 0 0 0 −B2Cc −B2Cc

0 I 0 0 −Ac −Ac

0 0 I 0 −D12Cc −D12Cc

0 0 0 I 0 0




and its transpose from the left and right sides respec-
tively, the inequality (59) leads to:



AclYcl + YclAT
cl − ω ∂Ycl

∂δ YclCT
cl Bcl

CclYcl −γI Dcl

BT
cl DT

cl −γI


 ≪ 0,

(60)
where

Acl =
[

A B2Cc

BcC2 Ac

]
,Bcl =

[
B1

BcD21

]
,

Ccl =
[
C1 D12Cc

]
,Dcl = D11.

Since (60) holds for any (δ, ω) ∈ (Θval × Ωval), this
is a sufficient condition for the stability and L2 gain
performance of the LPV system [26, 27]. It is con-
cluded that the L2 gain of the closed loop system is
less than γ.

The condition (59) is simpler than other existing
conditions in the sense that it does not include any
matrix products of a solution and its time derivative,
such as YẎ. This is because the solution of the L2

gain condition (60) is restricted to the form in (58).

Although the controller matrices are all assumed
to be given in Lemma 1, readers may notice that
the lemma can be reduced to parameter-dependent
LMIs (with a line search parameter ϵ) and used for
synthesis by letting AcG = V and CcG = W and
assuming that Bc is given. Then, controller matrices

11Inequality Ycl ≫ 0 (Ycl ≪ 0) means that Ycl ≥ αI (Ycl ≤
−αI) holds for some positive number α and any δ ∈ Θval.
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Ycl :=
[

Y S
S S

]
≫ 0, (58)




AY + YAT − ω ∂Y
∂δ AS + YCT

2 BT
c − ω ∂S

∂δ YCT
1 B1 −S 0

SAT + BcC2Y − ω ∂S
∂δ BcC2S + SCT

2 BT
c − ω ∂S

∂δ SCT
1 BcD21 0 −S

C1Y C1S −γI D11 0 0
BT

1 DT
21BT

c DT
11 −γI 0 0

−S 0 0 0 0 0
0 −S 0 0 0 0




+




B2CcG B2CcG
AcG AcG

D12CcG D12CcG
0 0
G 0
0 G




[
I 0 0 0 −ϵI 0
0 I 0 0 0 −ϵI

]
+

(

*
)T

≪ 0, (59)

Ac and Cc are obtained using solutions of parameter-
dependent LMIs V,W and G. Since solutions Y and
S, which are related to the Lyapunov function, are
not involved in deriving these controller matrices, it
is possible to obtain piecewise-linear matrices Ac and
Cc with fewer grid points even if the Lyapunov func-
tion has more grid points. This is due to the ex-
tension of LMIs from (60) to (59), and makes the
proposed method different from that in [34].

D.3 Derivation of finite number of LMIs

The next lemma was proved in [37], which gives finite
number of LMIs equivalent to a class of parameter-
dependent differential inequalities.

Lemma 3 Suppose the matrix A(δ) is a piecewise
linear function of δ with grid points DΠ = {δΠ

0 , δΠ
1 , . . . ,

δΠ
NΠ+1}.

A(δ) = Ai +
δ − δΠ

i

δΠ
i+1 − δΠ

i

(Ai+1 − Ai),

δ ∈ [δΠ
i , δΠ

i+1], i = 0, 1, . . . , NΠ.

The following statements (I) and (II) are equivalent:
(I) There exists a continuously differentiable sym-
metric parameter-dependent matrix P (δ) that satis-
fies the following inequalities:

P (δ) ≫ 0, ω
∂P (δ)

∂δ
+ AT (δ)P (δ) + P (δ)A(δ) ≪ 0

(61)
for any (δ, ω) ∈ (Θval × Ωval).
(II) There exist a subdivision D of DΠ (D = {δ0, δ1, . . . ,

δN}) and symmetric matrices P0, P1, . . . , PN+1 that

satisfy the following LMIs for ω = ω, ω:

Pk > 0, k = 0, 1, . . . , N + 1, (62)

ω

∆δk
∆Pk + AT

k Pk + PkAk < 0, k = 0, 1, . . . , N,

(63)
ω

∆δk−1
∆Pk+AT

k Pk+PkAk < 0, k = 1, 2, . . . , N+1,

(64)
ω

∆δk
∆Pk + AT

k Pk + PkAk +
1
2
(L̂k + L̂T

k ) < 0,

k = 0, 1, . . . , N, (65)

where Ak = A(δk), ∆Ak = Ak+1 −Ak, ∆δk = δk+1 −
δk, ∆Pk = Pk+1 −Pk, and L̂k := AT

k ∆Pk + ∆AT
k Pk.

If (II) holds, one of the solutions P (δ) is given as:

P (δ) =
1
l

∫ δ+ l
2

δ− l
2

PS(h)dh, (66)

PS(δ) = Pk +
δ − δk

δk+1 − δk
(Pk+1 − Pk),

δ ∈ [δk, δk+1], k = 0, 1, . . . , N,

with some positive constant l small enough.

Proof See the references: [37] and [38].

The major difference between other gridding meth-
ods and this lemma is that, if there exist a subdivi-
sion D and matrices Pi(i = 0, . . . , N + 1) that sat-
isfy the LMIs in the statement (II), the parameter-
dependent inequalities in (I) automatically hold not
only at δ ∈ DΠ but also for all parameter values of
δ ∈ Θval. A similar idea can be seen in [34], which
differs from the lemma in how to deal with time-
derivatives of Lyapunov functions. The lemma uses
smoothed functions in the form of (66) for solutions
P (δ) in order to make them differentiable.
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[
Y (δ) S(δ)
S(δ) S(δ)

]
≫ 0,




Q11(δ) Q12(δ) Y (δ)CT
1 (δ) B1(δ) −S(δ) 0

QT
12(δ) Q22(δ) S(δ)CT

1 (δ) BcD21(δ) 0 −S(δ)
C1(δ)Y (δ) C1(δ)S(δ) −γI D11(δ) 0 0

BT
1 (δ) DT

21(δ)B
T
c DT

11(δ) −γI 0 0
−S(δ) 0 0 0 0 0

0 −S(δ) 0 0 0 0




+




B2(δ)WΓ
S (δ) B2(δ)WΓ

S (δ)
V Γ

S (δ) V Γ
S (δ)

D12(δ)WΓ
S (δ) D12(δ)WΓ

S (δ)
0 0

GΓ 0
0 GΓ




[
I 0 0 0 −ϵI 0
0 I 0 0 0 −ϵI

]
+

(

*
)T

≪ 0 (67)

D.4 Proof of the Theorem

Proof Since the controller matrix Bc(δ) is parameter-
independent (Bc(δ) = Bc), Lemma 2 can be applied
to inequalities (49)–(52), which correspond to inequal-
ities (62)–(65) respectively with D = DΠ. Then
the following parameter-dependent matrix inequali-
ties are obtained for any (δ, ω) ∈ (Θval×Ωval), where




Q11 := A(δ)Y (δ) + Y (δ)AT (δ) − ω ∂Y (δ)
∂δ ,

Q12 := A(δ)S(δ) + Y (δ)CT
2 (δ)BT

c − ω ∂S(δ)
∂δ

Q22 := BcC2(δ)S(δ) + S(δ)CT
2 (δ)BT

c − ω ∂S(δ)
∂δ .

Define Ac(δ) := V Γ
S (δ)GΓ−1 and Cc(δ) := WΓ

S (δ)GΓ−1,
then the inequality (67) leads to (60) with G = GΓ

of Lemma 2. This concludes the proof.

E Time Histories of the In-orbit
Experiment

All time histories of the in-orbit experiment are sum-
marized here. The housekeeping (HK) data, that
were downlinked every 4 sec from the spacecraft, are
used to draw time histories. Each command/disturbance
response, except for random disturbance (B), began
at the same paddle rotation angle for all control laws.
For example, the 1st step command response started
at the paddle rotation angle δ = 45 (see Table 3).

As for the 2nd random disturbance response (B),
the large disturbance was found in yaw axis during
the experiment of the PD control law (see Fig. 77),
which was caused by the Sun being visible from FSS.
Thus, in order to avoid the disturbance, the starting
time of the 2nd random disturbance response (B) for

other control laws was delayed for 40 minutes and
consequently the starting angle of PD control law
became different from those of other control laws.

E.1 PD control law

Step command and impulse/large disturbance responses
were obtained on 21 and 22 June 2009, and rectan-
gular/random disturbance responses were obtained
on 28 February and 1 March 2010.

• Step command responses: Fig. 66 (1st) and
Fig. 67 (2nd)

• Impulse disturbance responses: Fig. 68 (1st)
and Fig. 69 (2nd)

• Large disturbance responses: Fig. 70 (1st) and
Fig. 71 (2nd)

• Rectangular disturbance responses: Fig. 72
(1st) and Fig. 73 (2nd)

• Random disturbance responses (A): Fig. 74
(1st) and Fig. 75 (2nd)

• Random disturbance responses (B): Fig. 76
(1st) and Fig. 77 (2nd)

E.2 µ-synthesis based control law

Step command and impulse/large disturbance responses
were obtained on 22 and 23 June 2009, and rectan-
gular/random disturbance responses were obtained
on 1 and 2 March 2010.

• Step command responses: Fig. 78 (1st) and
Fig. 79 (2nd)
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Table 3: Starting angle of paddle rotation for each
response (unit: deg).

1st 2nd
Step command 45 86
Impulse disturbance 75 135
Large disturbance 120 150
Rectangular disturbance 45 137.5
Random disturbance (A) 60 153.75
Random disturbance (B) 117.5 170(PD)

180(other)

• Impulse disturbance responses: Fig. 80 (1st)
and Fig. 81 (2nd)

• Large disturbance responses: Fig. 82 (1st) and
Fig. 83 (2nd)

• Rectangular disturbance responses: Fig. 84
(1st) and Fig. 85 (2nd)

• Random disturbance responses (A): Fig. 86
(1st) and Fig. 87 (2nd)

• Random disturbance responses (B): Fig. 88
(1st) and Fig. 89 (2nd)

E.3 DDFB control law

Step command and impulse/large disturbance responses
were obtained on 23 and 24 June 2009, and rectan-
gular/random disturbance responses were obtained
on 6 and 7 March 2010.

• Step command responses: Fig. 90 (1st) and
Fig. 91 (2nd)

• Impulse disturbance responses: Fig. 92 (1st)
and Fig. 93 (2nd)

• Large disturbance responses: Fig. 94 (1st) and
Fig. 95 (2nd)

• Rectangular disturbance responses: Fig. 96
(1st) and Fig. 97 (2nd)

• Random disturbance responses (A): Fig. 98
(1st) and Fig. 99 (2nd)

• Random disturbance responses (B): Fig. 100
(1st) and Fig. 101 (2nd)

E.4 Gain scheduling control law

Step command and impulse/large disturbance responses
were obtained on 25 and 26 June 2009, and rectan-
gular/random disturbance responses were obtained
on 2 and 3 March 2010.

• Step command responses: Fig. 102 (1st) and
Fig. 103 (2nd)

• Impulse disturbance responses: Fig. 104 (1st)
and Fig. 105 (2nd)

• Large disturbance responses: Fig. 106 (1st)
and Fig. 107 (2nd)

• Rectangular disturbance responses: Fig. 108
(1st) and Fig. 109 (2nd)

• Random disturbance responses (A): Fig. 110
(1st) and Fig. 111 (2nd)

• Random disturbance responses (B): Fig. 112
(1st) and Fig. 113 (2nd)

E.5 DVDFB control law

Step command and impulse/large disturbance responses
were obtained on 26 and 29 June 2009, and rectan-
gular/random disturbance responses were obtained
on 7 and 8 March 2010.

• Step command responses: Fig. 114 (1st) and
Fig. 115 (2nd)

• Impulse disturbance responses: Fig. 116 (1st)
and Fig. 117 (2nd)

• Large disturbance responses: Fig. 118 (1st)
and Fig. 119 (2nd)

• Rectangular disturbance responses: Fig. 120
(1st) and Fig. 121 (2nd)

• Random disturbance responses (A): Fig. 122
(1st) and Fig. 123 (2nd)

• Random disturbance responses (B): Fig. 124
(1st) and Fig. 125 (2nd)
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See also: Fig. 59

Figure 66: Step command response using the PD control law. The paddle rotation angle δ = 45 at t = 0.
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See also: Fig. 61

Figure 67: Step command response using the PD control law. The paddle rotation angle δ = 86 at t = 0.
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Figure 68: Impulse disturbance response using the PD control law. The paddle rotation angle δ = 75 at t = 0.
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Figure 69: Impulse disturbance response using the PD control law. The paddle rotation angle δ = 135 at t = 0.
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Figure 70: Large disturbance response using the PD control law. The paddle rotation angle δ = 120 at t = 0.
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Figure 71: Large disturbance response using the PD control law. The paddle rotation angle δ = 150 at t = 0.
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See also: Fig. 63

Figure 72: Rectangular disturbance response using the PD control law. The paddle rotation angle δ = 45 at
t = 0.
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See also: Fig. 65

Figure 73: Rectangular disturbance response using the PD control law. The paddle rotation angle δ = 137.5 at
t = 0.
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Figure 74: Random disturbance response (A) using the PD control law. The paddle rotation angle δ = 60 at
t = 0.
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Figure 75: Random disturbance response (A) using the PD control law. The paddle rotation angle δ = 153.75
at t = 0.
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Figure 76: Random disturbance response (B) using the PD control law. The paddle rotation angle δ = 117.5
at t = 0.
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Figure 77: Random disturbance response (B) using the PD control law. The paddle rotation angle δ = 170 at
t = 0.
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See also: Fig. 59

Figure 78: Step command response using the µ-synthesis based control law. The paddle rotation angle δ = 45
at t = 0.
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See also: Fig. 61

Figure 79: Step command response using the µ-synthesis based control law. The paddle rotation angle δ = 86
at t = 0.
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Figure 80: Impulse disturbance response using the µ-synthesis based control law. The paddle rotation angle
δ = 75 at t = 0.
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Figure 81: Impulse disturbance response using the µ-synthesis based control law. The paddle rotation angle
δ = 135 at t = 0.
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Figure 82: Large disturbance response using the µ-synthesis based control law. The paddle rotation angle
δ = 120 at t = 0.
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Figure 83: Large disturbance response using the µ-synthesis based control law. The paddle rotation angle
δ = 150 at t = 0.
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See also: Fig. 63

Figure 84: Rectangular disturbance response using the µ-synthesis based control law. The paddle rotation angle
δ = 45 at t = 0.
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See also: Fig. 65

Figure 85: Rectangular disturbance response using the µ-synthesis based control law. The paddle rotation angle
δ = 137.5 at t = 0.
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Figure 86: Random disturbance response (A) using the µ-synthesis based control law. The paddle rotation
angle δ = 60 at t = 0.
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Figure 87: Random disturbance response (A) using the µ-synthesis based control law. The paddle rotation
angle δ = 153.75 at t = 0.

JAXA Research and Development Report  JAXA-RR-12-002E66

This document is provided by JAXA



In-orbit Control Experiment on ETS-VIII Spacecraft 67

0 600 1200 1800 2400 3000

-0.01
-0.005

0
0.005

0.01

R
o
ll

 [
d
eg

]

0 600 1200 1800 2400 3000

-0.01
-0.005

0
0.005

0.01

P
it

ch
 [

d
eg

]

0 600 1200 1800 2400 3000

-0.01
-0.005

0
0.005

0.01

Y
aw

 [
d
eg

]

0 600 1200 1800 2400 3000
-0.04

-0.02

0

0.02

0.04

R
o
ll

 I
n
p
u
t 

[N
m

]

0 600 1200 1800 2400 3000
-0.04

-0.02

0

0.02

0.04

P
it

ch
 I

n
p
u
t 

[N
m

]

0 600 1200 1800 2400 3000
-0.04

-0.02

0

0.02

0.04

Time [sec]

Y
aw

 I
n
p
u
t 

[N
m

]

Figure 88: Random disturbance response (B) using the µ-synthesis based control law. The paddle rotation
angle δ = 117.5 at t = 0.
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Figure 89: Random disturbance response (B) using the µ-synthesis based control law. The paddle rotation
angle δ = 180 at t = 0.
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See also: Fig. 59

Figure 90: Step command response using the DDFB control law. The paddle rotation angle δ = 45 at t = 0.
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See also: Fig. 61

Figure 91: Step command response using the DDFB control law. The paddle rotation angle δ = 86 at t = 0.
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Figure 92: Impulse disturbance response using the DDFB control law. The paddle rotation angle δ = 75 at
t = 0.
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Figure 93: Impulse disturbance response using the DDFB control law. The paddle rotation angle δ = 135 at
t = 0.
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Figure 94: Large disturbance response using the DDFB control law. The paddle rotation angle δ = 120 at
t = 0.
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Figure 95: Large disturbance response using the DDFB control law. The paddle rotation angle δ = 150 at
t = 0.
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See also: Fig. 63

Figure 96: Rectangular disturbance response using the DDFB control law. The paddle rotation angle δ = 45
at t = 0.
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See also: Fig. 65

Figure 97: Rectangular disturbance response using the DDFB control law. The paddle rotation angle δ = 137.5
at t = 0.
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Figure 98: Random disturbance response (A) using the DDFB control law. The paddle rotation angle δ = 60
at t = 0.
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Figure 99: Random disturbance response (A) using the DDFB control law. The paddle rotation angle δ = 153.75
at t = 0.
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Figure 100: Random disturbance response (B) using the DDFB control law. The paddle rotation angle δ = 117.5
at t = 0.
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Figure 101: Random disturbance response (B) using the DDFB control law. The paddle rotation angle δ = 180
at t = 0.
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See also: Fig. 59

Figure 102: Step command response using the gain scheduling control law. The paddle rotation angle δ = 45
at t = 0.
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See also: Fig. 61

Figure 103: Step command response using the gain scheduling control law. The paddle rotation angle δ = 86
at t = 0.
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Figure 104: Impulse disturbance response using the gain scheduling control law. The paddle rotation angle
δ = 75 at t = 0.
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Figure 105: Impulse disturbance response using the gain scheduling control law. The paddle rotation angle
δ = 135 at t = 0.
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Figure 106: Large disturbance response using the gain scheduling control law. The paddle rotation angle δ = 120
at t = 0.
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Figure 107: Large disturbance response using the gain scheduling control law. The paddle rotation angle δ = 150
at t = 0.
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See also: Fig. 63

Figure 108: Rectangular disturbance response using the gain scheduling control law. The paddle rotation angle
δ = 45 at t = 0.
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See also: Fig. 65

Figure 109: Rectangular disturbance response using the gain scheduling control law. The paddle rotation angle
δ = 137.5 at t = 0.
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Figure 110: Random disturbance response (A) using the gain scheduling control law. The paddle rotation angle
δ = 60 at t = 0.
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Figure 111: Random disturbance response (A) using the gain scheduling control law. The paddle rotation angle
δ = 153.75 at t = 0.
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Figure 112: Random disturbance response (B) using the gain scheduling control law. The paddle rotation angle
δ = 117.5 at t = 0.
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Figure 113: Random disturbance response (B) using the gain scheduling control law. The paddle rotation angle
δ = 180 at t = 0.
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See also: Fig. 59

Figure 114: Step command response using the DVDFB control law. The paddle rotation angle δ = 45 at t = 0.
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See also: Fig. 61

Figure 115: Step command response using the DVDFB control law. The paddle rotation angle δ = 86 at t = 0.
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Figure 116: Impulse disturbance response using the DVDFB control law. The paddle rotation angle δ = 75 at
t = 0.
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Figure 117: Impulse disturbance response using the DVDFB control law. The paddle rotation angle δ = 135 at
t = 0.
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Figure 118: Large disturbance response using the DVDFB control law. The paddle rotation angle δ = 120 at
t = 0.
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Figure 119: Large disturbance response using the DVDFB control law. The paddle rotation angle δ = 150 at
t = 0.
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See also: Fig. 63

Figure 120: Rectangular disturbance response using the DVDFB control law. The paddle rotation angle δ = 45
at t = 0.
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See also: Fig. 65

Figure 121: Rectangular disturbance response using the DVDFB control law. The paddle rotation angle δ =
137.5 at t = 0.
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Figure 122: Random disturbance response (A) using the DVDFB control law. The paddle rotation angle δ = 60
at t = 0.
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Figure 123: Random disturbance response (A) using the DVDFB control law. The paddle rotation angle
δ = 153.75 at t = 0.
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Figure 124: Random disturbance response (B) using the DVDFB control law. The paddle rotation angle
δ = 117.5 at t = 0.
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Figure 125: Random disturbance response (B) using the DVDFB control law. The paddle rotation angle δ = 180
at t = 0.
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