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Application of  the Wake Integral Method to CFD 
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Makoto Ueno* and Junichi Akatsuka*

Abstract
The wake integral method, a method that analyzes aerodynamic forces by integral in the wake of a 

model, was applied to three-dimensional CFD data and a quantitative assessment of aerodynamic 
forces produced by airplane elements was performed. The method allows the drag force exerted on a 
body to be decomposed into profile and induced drag components, and provides their distributions. By 
using this method, a designer can expect to obtain insight into aerodynamic drag production factors 
from CFD data and wind tunnel wake traverse data. In this study, CFD spatial data of a rectangular 
NACA0012 section wing and the DLR F6 wing-body model were analyzed and the insights gained into 
the aerodynamic force distributions and drag were examined. 
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Nomenclature 

CD  drag coefficient 
CDi  induced drag coefficient 
CDp  profile drag coefficient 
CL  lift coefficient 
Cdi  sectional induced drag coefficient 
Cdp  sectional profile drag coefficient 
Cl  sectional lift coefficient 
D  drag force 
L  lift force 
M  freestream Mach number 

P , P  local and freestream pressures 

tP , tP  local and freestream total pressures 

R  gas constant 
S  control volume surface area 
U  freestream velocity 

AW  integral area over the model wake region 
l  sectional lift force 
n  surface outward unit normal vector, 

zyx nnn ,,
s , s  local and purturbation entropy 

u  velocity vector, wvu ,,
x , y , z  coordinate in freestream, sidewise, and 

transverse directions 

cx  coordinate-x based on chord length 

)(y  circulation distribution 
 ratio of  specific heats 

l , t  dynamic and eddy viscosity  

,  local and freestream density 
 x-component of  vorticity vector 
 two-dimensional stream function in 

Trefftz plane 

1 Introduction 

In general, the aerodynamic forces exerted 
on a wind tunnel test model are obtained using 
an aerodynamic force balance, which measures 
the integrals of pressure and friction on the 
model’s surface and gives a near-field 
representation of the aerodynamic forces. 
Conventional methods of extracting 
aerodynamic force coefficients from CFD results 
are also based on this near-field representation. 
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There is also an alternative representation called 
the far-field representation, in which the 
aerodynamic forces are expressed as the balance 
of momentum over a control volume around the 
model. Although the classical far-field method 
requires the integral of physical properties over 
the entire surface of the control volume, Betz2)

succeeded in confining the integral to the inside 
the model’s wake for two-dimensional wind 
tunnel drag measurement, and the theory was 
extended to three-dimensional wind tunnel 
testing by Maskell3). Maskell’s method was 
epoch-making as it required planar traversing 
measurement only within the wake of a wind 
tunnel model to acquire aerodynamic drag and 
lift forces (Fig. 1). Maskell’s method was 
subsequently improved by Cummings4). On the 
other hand, the classical far-field method was 
extended to compressible flow5) and used to 
avoid CFD drag error due to conventional 
surface integral.

Fig. 1 Image of  wake integral control 
volume. 

Recently, Kusunose6) and Méheut and 
Bailly7) have independently integrated these 
methods. Although wake integral had not 
previously been popular in wind tunnel testing 
except for two-dimensional wing section drag 
measurement, it became practical after their 
studies because their methods cover a wide 
enough range of wind tunnel conditions to be 
applicable to conventional transport airplanes, 
and laborious quantitative flow surveys are 
confined only to inside the wake. 

This method, which is called the wake 
integral method (WIM), is an attractive tool both 
for wind tunnel testing and CFD analysis, mainly 
because it can render the spanwise distribution of 
drag and lift visible quantitatively, and this 
knowledge of the aerodynamic force distribution 
is useful for drag source identification. 
Additionally, it can decompose drag into induced 
drag and profile drag components. Drag 
decomposition gives insight into the flow 
physics necessary for design improvement. 

Although commercial and cost pressures 
have been driving a reduction in airplane 
development time, wind tunnel test time has 
been growing due to the increasing complexity 
and expanding performance envelopes of aircraft 
(Fig. 2). Although the conventional wind tunnel 
force balance is a vital tool for measuring 
aerodynamic force, the balance outputs are only 
the integrals of the aerodynamic forces exerted 
on the model’s surface and additional flow 
visualization studies are required to explore the 
physical phenomena around the model. 
Moreover, these visualization methods generally 
provide only qualitative information, and 
nothing provides information about the impact of 
the phenomena on aerodynamic drag. On the 
other hand, while CFD can provide quantitative 
surface force distributions, the results still need 
to be validated by wind tunnel data, and it is 
difficult for wind tunnel tests to provide 
completely correspondent information to the 
CFD data on the model’s surface. 

Fig. 2 Total wind tunnel test hours for 
development of  various aircraft1).

The WIM can be applied equivalently to 
both wind tunnel and CFD data, and its output 
directly expresses the aerodynamic forces shed 
from each component of the aircraft. One of the 
authors made an effort to apply the method to 
low speed wind tunnel tests8)9). Then, 
corresponding to recent airplane development 
activities in Japan, the authors are now 
developing a sophisticated wake integral system 
involving wind tunnel testing and CFD. In this 
study, wake integral computer software was 
developed based on Kusunose’s method6) and 
verified by application to CFD data. Analyses 
were performed of the spatial data of a simple 
rectangular NACA0012 section wing and the 
transonic DLR-F6. Insight into aerodynamic 
forces directly related to aerodynamic 
phenomena was thereby acquired, and it was 
demonstrated that the WIM representation is an 
effective interpretation of CFD data. 
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2 Wake Integral Method 

2.1 Momentum Balance 

The WIM method is described by 
Kusunose6) in detail and it is introduced briefly 
in this section. The aerodynamic forces exerted 
on the body of a model are interpreted as 
momentum balance over a control volume that 
includes the aerodynamic body immersed in the 
fluid. The drag and lift forces acting on the body 
are written as

S x

S

dydznPP

dydznuuD

and

S z

S

dydznPP

dydznuwL
,

respectively. The integral area S is the surface of 
a control volume which contains the body. 

When the small perturbation assumption is 
applied to the velocity, pressure, and density of 
the fluid, the aerodynamic drag and lift exerted 
on the body can be expressed in integral forms 
only in the wake area, WA, as the following 
equations6). In these equations, the installed 
power effect (thrust) is omitted. 
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In the drag expression, the first term 
corresponds to the profile drag and the second 
term is the induced drag. The third term is a 
second-order correction term of the profile drag. 

2.2 Force Distribution 

The drag and lift distributions can be 
acquired as the integrands of the wake integral 
representation of drag and lift forces. When the 
integrands are plotted, the distribution of 
aerodynamic force "fragments" can be shown as 
in an example of Fig. 3. When they are 
integrated toward the vertical direction, span-
wise distributions are acquired6).

However, the integrand of the first term of 
the lift equation is an exception and it does not 
correspond to lift distribution, but just the total 
of it. Even if it is integrated to the vertical 
direction, span-wise distribution of the lift can 
not be plotted because the lift at a wing section 
have to be computed based on the planar wake 
approximation (Fig. 4), and it requires integral of 
the vorticity over the entire area of one side of 
the wake plane cut by the plane crossing the 
wing section. 

Fig. 3 Z-directional integration of  force 
fragment and acquired span-wise distribution. 

z-directional integration 

Drag at a wing section 
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Fig. 4 Planar wake and circulation around a 
wing6).

To acquire an integrand which can be 
integrated with the same manner as the other 
aerodynamic force components, lift equation 
should be transformed. Then, the first term of the 
lift equation was transformed as follows by using 
integration by parts. This representation of lift 
realizes lift fragment, l, which can be integrated 
simply as same as the rest of force components.
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3 NACA0012 Rectangular Wing at 
Low-Speed

3.1 Model Description 

As a first attempt to validate our WIM 
software, a semi-span wing with a NACA0012 
section and a semi-span aspect ratio of 2.5 was 
selected as a simple rectangular wing model. The 
chord length was 600 mm, and the wing tip was 
cut straight. The data were reflected against the 
symmetric plane to form a symmetric data set 
because the software cannot handle the wall 
boundary condition at present. 

3.2 CFD Conditions 

CFD analysis10) was performed using a 
structured multi-block mesh as the 
computational mesh, with a free-stream velocity 
of 60 m/s and a Reynolds number based on 
chord length of 1.8 × 106. The flow field was 
computed at angles of attack of 6, 10, and 12 deg.  

3.3 Wake Integral Conditions 

Wake survey planes were set perpendicular 
to the free-stream direction at distances xc = 0.0, 
0.1, 0.2, 0.5, 1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 8.0, 10.0 
downstream of the wing trailing edge. The 
distance xc is based on chord length. 

Fig. 5 WIM analysis planes. 

The WIM is based on the assumption that 
the total pressure of the flow upstream of the 
model is uniform. It is natural that a total 
pressure loss is observed at planes downstream 
and this should be integrated to compute the drag 
force. However, in actual CFD spatial data, the 
total pressure is sometimes not uniform due to 
numerical errors. In this CFD analysis, the 
boundary conditions were determined by the 
velocity of the freestream and small total 
pressure error was brought into. Total pressure 
distributions at specific stations along the free-
stream flow are plotted in Fig. 6. In the figure, 
normalized total pressure distributions in z-
direction at some transverse planes perpendicular 
to the freestream are aligned at each section. 
Scale of the pressure in the plane at xc = 1.0 is 
written on the top of the graph. Total pressure 
variations in the normal direction are observed. 
Although those errors are very small values, 
integrated values cannot be ignored. Therefore, 
the larger the wake integral area, the greater the 
drag error will be. 

To avoid this error, data from 1.5 chords 
upstream of the trailing edge were subtracted 
from the wake integral data in advance of the 
wake integration. 

xc = 0xc = -c

x=0 x=1
flow

xc = c xc = 2c 

WIM
Plane

WIM
Plane
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Fig. 6 Total pressure distribution around the 
model.

3.4 Analysis Results 

3.4.1 Total Value 

The results of the analysis at each angle of 
attack are tabulated in Table 1 to Table 3, and are 
presented graphically in Fig. 7 to Fig. 9. In these 
tables and the figures, “near-field” refers to the 
conventional surface integral values. 
Additionally, the profile drag CDp in the tables 

is the sum of the first-order approximation CDp1 
and the second-order correction term CDp2.

It is seen that the lift and drag predicted by 
the WIM are very close to the surface integral 
values. Additionally, except for an area within 
one chord length downstream of the trailing edge, 
the computed lift and total drag show hardly any 
dependency on the location of the integral 
surface.

Regarding drag component decomposition, 
it is interesting that induced drag CDi is 
gradually replaced by profile drag CDp while the 
total drag remains constant. This phenomenon, 
namely that induced drag is eventually replaced 
with profile drag at an infinite distance 
downstream, is predicted by Yates and 
Donaldson11). However, they also noted that 
“both theoretical estimates and observations 
indicate that several miles are required for wake 
decay” for conventional take off and land 
(CTOL) aircraft. Therefore, the rate of the 
replacement in this analysis might be too large in 
comparison with the prediction, and it is caused 
by the numerical viscosity peculiar to CFD 
analysis as indicated by Destarac12).

Table 1 Variations of  drag and lift coefficients of  a NACA0012 wing model due to the wake 
integral stations. 

AoA = 6 deg
0 0.1 0.2 0.5 1 2 3 4 5 6 8 10

CL - 4.44E-01 4.44E-01 4.44E-01 4.44E-01 4.41E-01 4.42E-01 4.43E-01 4.46E-01 4.49E-01 4.53E-01 4.58E-01
CDp1 - 1.37E-02 1.15E-02 1.12E-02 1.07E-02 1.02E-02 1.02E-02 1.04E-02 1.06E-02 1.07E-02 1.09E-02 1.14E-02
CDp2 - -4.98E-05 -3.91E-05 -2.54E-05 -1.75E-05 -9.80E-06 -6.54E-06 -4.80E-06 -3.80E-06 -3.16E-06 -2.59E-06 -2.39E-06
CDp - 1.36E-02 1.15E-02 1.12E-02 1.07E-02 1.02E-02 1.02E-02 1.04E-02 1.06E-02 1.07E-02 1.09E-02 1.14E-02
CDi - 1.21E-02 1.22E-02 1.21E-02 1.20E-02 1.15E-02 1.12E-02 1.09E-02 1.06E-02 1.04E-02 1.01E-02 9.66E-03
CD - 2.58E-02 2.37E-02 2.33E-02 2.26E-02 2.18E-02 2.14E-02 2.12E-02 2.12E-02 2.11E-02 2.10E-02 2.11E-02
CL(near-field) 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01 4.47E-01
CD(near-field) 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02 2.31E-02

CL(%) 99.47 99.47 99.30 99.34 98.79 98.89 99.10 99.86 100.44 101.48 102.40
CDp(%) 59.00 49.84 48.36 46.16 44.29 44.28 44.99 45.75 46.38 47.41 49.43
CDi(%) 52.55 52.69 52.53 51.80 49.97 48.42 47.01 46.06 44.97 43.57 41.87
CD(%) 111.56 102.53 100.88 97.96 94.26 92.69 92.00 91.81 91.35 90.98 91.30

Wake Integral Station (x  chords departed from the end of the wing section)

Table 2 Variations of  drag and lift coefficients of  a NACA0012 wing model due to the wake 
integral stations. 

AoA = 10 deg
0 0.1 0.2 0.5 1 2 3 4 5 6 8 10

CL 7.43E-01 7.41E-01 7.41E-01 7.40E-01 7.39E-01 7.38E-01 7.45E-01 7.49E-01 7.52E-01 7.56E-01 7.61E-01 7.36E-01
CDp1 1.89E-02 1.71E-02 1.55E-02 1.47E-02 1.51E-02 1.64E-02 1.76E-02 1.86E-02 1.95E-02 2.00E-02 2.15E-02 2.25E-02
CDp2 -8.74E-05 -7.73E-05 -5.04E-05 -3.75E-05 -2.90E-05 -1.92E-05 -1.43E-05 -1.12E-05 -9.62E-06 -8.27E-06 -7.39E-06 -6.86E-06
CDp 1.88E-02 1.71E-02 1.55E-02 1.46E-02 1.50E-02 1.64E-02 1.76E-02 1.86E-02 1.95E-02 2.00E-02 2.15E-02 2.25E-02
CDi 3.40E-02 3.40E-02 3.40E-02 3.36E-02 3.26E-02 3.09E-02 2.98E-02 2.88E-02 2.79E-02 2.71E-02 2.59E-02 2.39E-02
CD 5.27E-02 5.10E-02 4.95E-02 4.83E-02 4.76E-02 4.73E-02 4.74E-02 4.74E-02 4.74E-02 4.71E-02 4.74E-02 4.64E-02
CL(near-field) 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01 7.46E-01
CD(near-field) 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02 4.57E-02

CL(%) 99.56 99.25 99.22 99.12 98.99 98.90 99.83 100.34 100.78 101.24 101.90 98.60
CDp(%) 41.11 37.35 33.89 32.07 32.89 35.84 38.57 40.77 42.74 43.72 47.04 49.29
CDi(%) 74.34 74.40 74.39 73.62 71.41 67.71 65.20 63.07 61.12 59.43 56.63 52.40
CD(%) 115.45 111.75 108.29 105.69 104.30 103.55 103.76 103.84 103.87 103.15 103.67 101.70

Wake Integral Station (x  chords departed from the end of the wing section)
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Table 3 Variations of  drag and lift coefficients of  a NACA0012 wing model due to the wake 
integral stations. 

AoA = 12 deg
0 0.1 0.2 0.5 1 2 3 4 5 6 8 10

CL 8.90E-01 8.89E-01 8.88E-01 8.87E-01 8.87E-01 8.85E-01 8.94E-01 9.00E-01 9.03E-01 9.06E-01 8.93E-01 8.71E-01
CDp1 2.22E-02 1.94E-02 1.86E-02 1.76E-02 1.76E-02 2.12E-02 2.31E-02 2.49E-02 2.59E-02 2.71E-02 2.94E-02 3.06E-02
CDp2 -1.16E-04 -9.26E-05 -6.99E-05 -5.12E-05 -5.12E-05 -2.89E-05 -2.20E-05 -1.84E-05 -1.54E-05 -1.38E-05 -1.23E-05 -1.12E-05
CDp 2.21E-02 1.93E-02 1.86E-02 1.75E-02 1.75E-02 2.12E-02 2.30E-02 2.48E-02 2.59E-02 2.70E-02 2.94E-02 3.06E-02
CDi 4.89E-02 4.89E-02 4.88E-02 4.81E-02 4.81E-02 4.36E-02 4.18E-02 4.03E-02 3.90E-02 3.80E-02 3.52E-02 3.26E-02
CD 7.10E-02 6.82E-02 6.74E-02 6.56E-02 6.56E-02 6.48E-02 6.49E-02 6.52E-02 6.49E-02 6.50E-02 6.46E-02 6.32E-02
CL(near-field) 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01 8.94E-01
CD(near-field) 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02 6.13E-02

CL(%) 99.57 99.44 99.32 99.24 99.24 99.00 99.98 100.65 101.00 101.29 99.89 97.48
CDp(%) 36.00 31.43 30.26 28.61 28.61 34.55 37.57 40.52 42.25 44.11 47.95 49.96
CDi(%) 79.81 79.79 79.58 78.41 78.41 71.18 68.22 65.75 63.54 61.92 57.46 53.17
CD(%) 115.82 111.22 109.84 107.02 107.02 105.72 105.79 106.26 105.80 106.02 105.41 103.13

Wake Integral Station (x  chords departed from the end of the wing section)

NACA0012  AoA = 6 deg ( y = -2 - 2m, z = -1 - 1m )
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Fig. 7 Variations of  drag and lift coefficients 
of  a NACA0012 wing model due to the wake 
integral stations (AoA = 6deg). 

NACA0012  AoA = 10 deg ( y = -2 - 2m, z = -1 - 1m )
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Fig. 8 Variations of  drag and lift coefficients 
of  a NACA0012 wing model due to the wake 
integral stations (AoA = 10deg). 

NACA0012  AoA = 12 deg ( y = -2 - 2m, z = -1 - 1m )
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Fig. 9 Variations of  drag and lift coefficients 
of  a NACA0012 wing model due to the wake 
integral stations (AoA = 12deg). 

3.4.2 Drag Component Distribution 

Examples of the distribution of aerodynamic 
force component “fragments” and their spanwise 
distributions are shown in Fig. 10 to Fig. 13. 
These are the results at an angle of attack of 6 
deg and the wake integral stations are at 1 and 10 
chord lengths downstream from the trailing edge. 
The integrated aerodynamic forces are the 
integral of the fragments. Thus, the spanwise 
distributions are the normal-directional integrals 
of the fragments and the total forces are the 
integrals of the spanwise distributions. The 
rectangular shadow extending from the center of 
the left edge of the contour plot is the wing 
model, which is seen transparently through the 
contour plot from downstream. 

The aerodynamic drags are chiefly observed 
inside the trailing vortex. Downstream of the 
wing’s trailing edge, the kinetic energy of the 
vortex decays by shearing in the vortex core. The 
lift force is computed as the cumulative sum of 
vorticity and the spanwise distribution stands up 
at the trailing vortex. It is seen that the vortex 
lines are connected through the wing span. As 
the wake integral station moves downstream, the 
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trailing edge vortex core becomes larger and the 
increase of aerodynamic lift around the vortex 
spreads.

These observed aerodynamic force 
distribution characteristics conform to our 
physical intuition about the flow around a simple 
rectangular wing at low-speed. Thus, our wake 
integral software is considered to be validated 
for low speeds. 

Fig. 10 Profile and induced drag distribution 
at 1 chord downstream from the trailing edge 
with the angle of  attack of  6 deg. 

Fig. 11 Vorticity and lift distribution at 1 
chord downstream from the trailing edge with 
the angle of  attack of  6 deg. 

Fig. 12 Profile and induced drag distribution 
at 10 chord downstream from the trailing edge 
with the angle of  attack of  6 deg. 

Fig. 13 Vorticity and lift distribution at 10 
chord downstream from the trailing edge with 
the angle of  attack of  6 deg. 

3.5 Grid Dependency 

As seen in the aerodynamic force 
distributions, the profile and induced drag 
originate in the vortical region of the wake. The 
lift is also strongly dependent on the vortices. On 
the other hand, regions without vortices have 
less influence on aerodynamic force production. 
To reduce computation cost while maintaining 
accuracy, an inhomogeneous grid was 
investigated.

In the present analysis, the WIM 
computation was performed using data mapped 
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on rectangular mesh nodes from a wake survey 
plane which was cut from the three-dimensional 
CFD spatial data. Because a Poisson equation on 
vorticity has to be solved, a finer computational 
mesh is required to improve the precision of the 
induced drag computation. The dependency of 
the output on the number of mesh points is 
shown in Fig. 14. Four levels of mesh refinement 
(Coarse, Medium, Fine, and Minute) were used 
as shown in Fig. 15. From Fig. 14, we can see 
that lift coefficient is little affected by the 
number of mesh points while drag coefficient is 
highly dependent on it. It should be noted that a 
finer mesh makes the induced drag larger 
because it can capture small vortices (Fig. 16). 
On the other hand, a larger mesh overestimates 
profile drag because local total pressure losses 
are spread over a large mesh area. 

NACA0012  AoA = 12 deg ( y = -2 - 2m, z = -1 - 1m )
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Fig. 14 Aerodynamic force dependency to 
number of  mesh points. 

Fig. 15 Images of  meshes put over total 
pressure loss contours 

Fig. 16 Induced drag variation due to mesh 
refinement (square mesh). 

While finer meshes certainly improve the 
precision of aerodynamic force computation, 
increasing fineness leads to an exponentially 
increasing computational cost (Fig. 17). 
Therefore, the internal logic of the program was 
changed to support an oblong mesh to suppress 
computational cost (Fig. 18). Thus, precise 
computation of drag was realized with a lower 
dependency on the mesh fineness (Fig. 19) 
because of local mesh refinement around drag-
producing factors such as vortices (Fig. 20). All 
the analyses in this report were performed using 
oblong meshes. 

When an ordered WIM mesh is used, in 
general the CFD grid points will not coincide 
with the mesh nodes, requiring interpolation 
when mapping the CFD data onto the mesh with 
a resulting loss of precision. To further improve 
precision, an unordered mesh should be used. 
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However, the software version used in this study 
assumes a structured mesh system and will have 
to be rewritten to support unordered meshes. 
This may be a task for later development. 
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Fig. 17 Computation time depend on number 
of  mesh points. 

Fig. 18 Introduction of  oblong mesh. 

NACA0012  AoA = 12 deg ( y = -2 - 2m, z = -1 - 1m )
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Fig. 19 Comparison between square mesh 
and oblong mesh. 

Fig. 20 Induced drag variation due to mesh 
refinement using oblong mesh. 

4 DLR F6 at Transonic Speed 

4.1 Model Description 

The DLR F6 model was next used to 
validate the software at transonic speed. The 
DLR F6 is a target model used in the 3rd AIAA 
drag prediction workshop13) (AIAA-DPW), and 
is a wing-body model with a mean aerodynamic 
chord (MAC) and projected half span of 
141.2mm and 585.647 mm, respectively, and a 
reference area of 72700 mm2. Details of the 
geometry are described on the drag prediction 
workshop website14).
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Fig. 21 Planform image of  DLR F6 model. 

Fig. 22 Sideview image of  DLR F6 model. 

Fig. 23 Frontview image of  DLR F6 model. 

4.2 CFD Conditions 

The computation was performed when 
JAXA attended the 3rd AIAA DPW15). The Mach 
number, static temperature, and Reynolds 
number of the computations were 0.75, 322.22 K, 
and 5.0 × 106, respectively. The computational 
mesh was a structured mesh and the UPACS 
solver was used. The angles of attack 
were -3.0, -2.0, -1.0, -0.5, 0.0, 0.5, 1.0, and 1.5.

4.3 Wake Integral Conditions 

WIM analysis planes were chosen 
perpendicular to the free-stream direction and set 
at 3, 5, 7, and 9 times the MAC downstream 
from the model center, which is located at 2.46 
MAC downstream from the nose of the body. 
The entropy increment contour image at each 
plane is illustrated in Fig. 24. The two planes 
furthest upstream intersect the body of the model.  

Fig. 24 Image of  entropy increment contour 
at each WIM analysis plane. 

As with the low-speed rectangular wing 
above, the total pressure upstream of the DLR F6 
model is not uniform. However, the subtraction 
of upstream flow properties used in the simple 
rectangular wing case cannot be applied to this 
case because this model has a complex 
configuration and the flow around the model is 
complicated. Thus, the eddy viscosity was used 

to determine the wake area and ltl

was used as a threshold value, where l  and t

are the dynamic and eddy viscosities, 
respectively16). A threshold value of 11 was used 
because the total aerodynamic force was closest 
to the near-field result with that value. The 
threshold value determination problem will be 
discussed in Section 4.5 below. Because the flow 
in this case is transonic, eddy viscosity alone is 
insufficient to determine the wake area due to the 
shock wave. To capture the flow behind the 
shock wave, the entropy increment value at the 
edge of the shock determined by the “shock 

function”
papU

 was used. The 
threshold value of it was determined to be 0.004.

4.4 Analysis Results 

4.4.1 Total Value 

An example of streamwise variation of the 
WIM analysis is tabulated in Table 4 and plotted 
in Fig. 25. When the WIM plane intersects the 
model body, the plane cannot capture the 
separation of flow from the body and the WIM 
profile drag seems not to account for all of the 
profile drag component. In transonic flow, 
replacement of induced drag with profile drag is 
relatively small and is not noticeable. 

The lift and the drag computed at the plane 7 
MAC downstream from the model center are 
plotted against angle of attack in Fig. 26. While 
lift and total drag agree very well with the 
surface integral values, the drag value and its 
slope are somewhat less.
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Table 4 WIM analysis results of  DLR F6 at 
the AoA of  1.0 deg. 

3 5 7 9
CL 5.55E-01 5.88E-01 5.96E-01 5.97E-01
CDp1 1.81E-02 2.13E-02 2.11E-02 2.10E-02
CDp2 -9.19E-04 -7.87E-04 -4.93E-04 -3.80E-04
CDp 1.72E-02 2.05E-02 2.07E-02 2.06E-02
CDi 1.23E-02 1.21E-02 1.18E-02 1.14E-02
CD 2.95E-02 3.26E-02 3.25E-02 3.19E-02
CL(near-field) 5.97E-01 5.97E-01 5.97E-01 5.97E-01
CD(near-field) 3.30E-02 3.30E-02 3.30E-02 3.30E-02

CL(%) 92.90 98.58 99.88 99.94
CDp(%) 51.99 62.14 62.55 62.33
CDi(%) 37.21 36.70 35.76 34.38
CD(%) 89.20 98.84 98.31 96.71

xMAC downstream
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Fig. 25 WIM analysis results of  DLR F6 at 
the AoA of  1.0 deg. 

AoA -3 -2 -1 -0.5 0 0.5 1 1.5
CL(near-field) 1.32E-01 2.49E-01 3.64E-01 4.22E-01 4.80E-01 5.38E-01 5.97E-01 6.55E-01
CL(wake) 1.22E-01 2.48E-01 3.60E-01 4.20E-01 4.79E-01 5.37E-01 5.96E-01 6.55E-01
CD(near-field) 1.90E-02 2.06E-02 2.33E-02 2.51E-02 2.72E-02 2.98E-02 3.30E-02 3.74E-02
CD(wake) 1.91E-02 2.07E-02 2.33E-02 2.50E-02 2.70E-02 2.95E-02 3.25E-02 3.61E-02
CDp 1.78E-02 1.80E-02 1.84E-02 1.87E-02 1.91E-02 1.98E-02 2.07E-02 2.21E-02
CDi 1.29E-03 2.68E-03 4.85E-03 6.28E-03 7.91E-03 9.74E-03 1.18E-02 1.40E-02

DLR-F6 : 7MAC downstream

0
0.005

0.01
0.015

0.02
0.025

0.03
0.035

0.04

-4 -3 -2 -1 0 1 2
AoA [deg]

C
D

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

C
L

CD(near-field)
CD(wake)
CDp
CDi
CL(near-field)
CL(wake)

Fig. 26 Lift and drag at 7MAC downstream 
plane plotted against angle of  attack. 

4.4.2 Aerodynamic Force Distribution 

Here, we discuss aerodynamic force 
distributions over the DLR F6 model as well as 
for the NACA0012 rectangular wing. As an 
example, data at an angle of attack of 1 deg are 
shown. The profile and the induced drag 
distribution at 3 MAC downstream from the 
model center are shown in Fig. 27, and the 

vorticity and the lift distribution are shown in 
Fig. 28. Although the precise profile drag exerted 
on the body could not be computed at the 
analysis planes that intersected the model’s body, 
the obtained aerodynamic force distribution is 
still informative. 

At the plane close to the main wing, the 
induced drag component is strongly shed from 
the wing tip. On the other hand, profile drag is 
produced around the joint between the body and 
the main wing. Interference drag seems to make 
up a large part of profile drag and is as large as 
the induced drag produced by the trailing vortex. 
This shows that a device that reduces 
interference drag can give a reduction on the 
total airplane drag similarly to the effect on a 
winglet on induced drag. Although a shock wave 
exists upon the main wing and should be 
captured in the profile drag, it cannot be seen in 
the contour plot. 

Lift force is large over the inner wing with 
longer chord length. The body is an obstacle to 
the vortices connected from one side to the other 
side of the main wing and lift is relatively lower 
at the body (Fig. 28). 

When the analysis plane reaches 7 MAC 
downstream from the model center, the radius of 
the trailing vortex is larger and the drag 
resolution is degraded, although the trend of the 
aerodynamic force distribution remains (Fig. 29). 
As in the low-speed rectangular wing case, 
moving downstream the vortex spreads and 
steepness of the drag and lift distributions at the 
wing tip also spread. The interference drag 
component of the profile drag was merged with 
the drag due to separation at the tail of the body. 
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Fig. 27 Profile and induced drag distribution 
at 3 MAC downstream from the model center 
with the angle of  attack of  1 deg. 

Fig. 28 Vorticity and lift distribution at 3 
MAC downstream from the model center with 
the angle of  attack of  1 deg. 

Fig. 29 Profile and induced drag distribution 
at 7 MAC downstream from the model center 
with the angle of  attack of  1 deg. 

Fig. 30 Vorticity and lift distribution at 7 
MAC downstream from the model center with 
the angle of  attack of  1 deg. 

4.5 Wake Area Determination 

Determining the area occupied by the wake 
is a large problem when acquiring precise 
aerodynamic force by the WIM, especially when 
using CFD data because CFD spatial data are 
intrinsically contaminated by a numerical error 
known as spurious drag12)16). Examples of wake 
area variation according to eddy viscosity 
threshold values are shown in Fig. 31, and the 
variations in drag resulting from the changing 
threshold values are shown in Fig. 32. The same 
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data are plotted against the eddy viscosity in Fig. 
33 and the best threshold value was determined 
as the value at which the computed drag value is 
the closest to the near-field value. 

The arbitrariness of the threshold value to 
determine the wake behind the shock is a 
problem. As stated in the Section 4.3, the 

threshold value was determined by the entropy 
increment at the edge of the shock. However, the 
entropy increment should be originally zero at 
the outside of the shock. This means that this 
threshold determination depends on the spurious 
entropy increment. An improved method to 
determine the wake area considering the shock is 
required.

Fig. 31 Example of  wake area (AoA = 1.5 deg, 3MAC downstream; blue area is the wake area). 

101ltl21ltl

11ltl6ltl

2ltl1.1ltl
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DLR-F6 : 7MAC downstream
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Fig. 32 Drag coefficient variation due to eddy 
viscosity threshold change 

DLR-F6 : 7MAC downstream
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Fig. 33 Drag coefficient dependency on eddy 
viscosity threshold value. 

5 Conclusions

Wake integral method (WIM) analysis was 
performed on the CFD flow data around a low-
speed rectangular wing and a transonic DLR F6 
model. The software developed for the WIM 
analysis succeeded in extracting the total and 
distributed drag and lift, and in drag 
decomposition. The lift force fragment 
representation which is easy to be integrated was 
evolved and taken into the software. 
Aerodynamic force distribution and drag 
component decomposition can provide insights 
into aerodynamic force production. 

The WIM can be applied to both CFD and 
wind tunnel data. Therefore, further studies 
employing experimental data and comparison 
with computational data are planned to improve 
experimental and numerical drag analysis and to 
accelerate the airplane design process. 
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