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Relevant to the self-propagating high-temperature synthesis (SHS) process, an analytical study has been conducted to investigate
the effects of electric field on the combustion behavior because the electric field is indispensable for systems with weak exothermic
reactions to sustain flame propagation. In the present study, use has beenmade of the heterogeneous theory which can satisfactorily
account for the premixed mode of the bulk flame propagation supported by the nonpremixed mode of particle consumption. It has
been confirmed that, even for the SHS flame propagation under electric field, being well recognized to be facilitated, there exists
a limit of flammability, due to heat loss, as is the case for the usual SHS flame propagation. Since the heat loss is closely related to
the representative sizes of particles and compacted specimen, this identification provides useful insight into manipulating the SHS
flame propagation under electric field, by presenting appropriate combinations of those sizes. A fair degree of agreement has been
demonstrated through conducting an experimental comparison, as far as the trend and the approximate magnitude are concerned,
suggesting that an essential feature has been captured by the present study.

1. Introduction

Self-propagating high-temperature synthesis (SHS) process,
by virtue of a strong exothermic reaction that passes through
a compacted mixture of particles, as a flame, has attracted
special interests as a rapid and economical way in syn-
thesizing inorganic and/or intermetallic compounds [1–5].
More than hundreds of kinds of materials, including borides,
carbides, and silicides, are reported to be synthesized [1–5] by
applying this process, while some of them are quite difficult
to synthesize in conventional ways. Materials synthesized
are now being considered for use as electronic materials,
materials resistant to heat, corrosion, and/or wear, and so
forth [1–5]. Production of functionally graded materials
(FGMs) [6], composed of different components with contin-
uous profiles, is also intended. Note also that near-net-shape
fabrication can be anticipated because this is a kind of powder
metallurgy.

The SHS process, applicable to various combinations of
solid-solid, solid-liquid, and/or solid-gas systems, as pio-
neered by the group of Merzhanov and Borovinskaya [7],
has also been recognized to present diverse phenomena of
the flame propagation, such as pulsating, spinning, and/or
repeated combustions, as well as steady propagation, as
reviewed [1–5, 8, 9]. Among various systems, synthesis of
Ti-C system has extensively been examined, because of its
simplicity in chemical reaction, as well as its nature of
refractory and hardness. It has been confirmed that not the
gaseous component but themolten Ti, spreading over carbon
particles, plays an important role in the process. Effects of
dominant parameters, such as the preheating, the mixture
ratio of reactants, the degree of dilution, and the particle
size, on the flame propagation speed and/or the range of
flammability have been examined. In particular, preheating
for rapid synthesis has been examined from the viewpoint of
process innovation, to have higher production rates and/or
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to facilitate melting during the SHS process. Although rapid
synthesis can easily be accomplished, with increasing initial
temperature, a supplementary heating can sometimes cause
an ignition when the compacted mixture is heated over its
self- (or spontaneous) ignition temperature [1, 2, 4, 5, 10], as
are the cases for usual combustion.

Even for the spontaneous ignition, its utilization has
been considered seriously [11–13], for those systems with
weak exothermic reactions, because it is not common for
those systems that sufficient preheating can be anticipated for
sustaining SHS flame propagation. An external heating, by
virtue of the Joule heating with applying electric fields [14–
20], has also been taken into account, in order to make the
materials synthesis by combustion completed.

In this study, silicon carbide (SiC) has been chosen for
the research subject since it has attracted special attention
in the field of materials science as the light-weight materials
in high-temperature structural applications, relevant to the
advanced aviation gas turbines. Focus is put on the SHS flame
propagation that proceeds in the compacted mixture of Si-
C system, from the viewpoint of combustion engineering,
which has been rare, although examinations from the view-
point of materials science have been conducted extensively
[14–20]. Since self-propagation of the SHS flame cannot be
anticipated without preheating and/or applying electric field,
especially for the Si-C system, here, it is intended to elucidate
effects of electric field on the burning velocity and/or the limit
of flammability, by the use of the heterogeneous theory [9]
for the SHS process, which can satisfactorily account for the
premixed mode of the bulk flame propagation supported by
the nonpremixedmode of particle consumption. Experimen-
tal comparisons are also conducted, which are found to be
satisfactory, as far as the trend and approximate magnitude
are concerned.

2. Formulation

2.1. Model Definition. The problem of interest, as shown
in Figure 1, is the one-dimensional, planner, heterogeneous
flame propagation under electric field, being applied perpen-
dicular to the direction of the propagation, in accordance
with the experiment [19]. It is assumed in the heterogeneous
theory [9] that the flame front propagates in the doubly
infinite domain of a condensedmedium, originally consisting
of amixture of particles of nonmetal (or highermelting-point
metal) N, lower melting-point metal𝑀, and an inert 𝐼 that
can also be the product P of the reaction between 𝑁 and𝑀
according to

V
𝑀
𝑀+ V

𝑁
𝑁 󳨀→ ]

𝑃
𝑃, (1)

where V
𝑖
is the stoichiometric coefficient of the reaction.

For simplicity, it is assumed that the nonmetal particle-
size distribution is monodisperse, with an initial radius 𝑅

0

and number density n
0
. It is also assumed that there is no

reaction between𝑁 and𝑀 until the mixture has been heated
to the melting point 𝑇

𝑚
of the metal 𝑀, at which all the

metal particles melt instantaneously. The reaction between
the solid 𝑁 and molten 𝑀 is then assumed to take place at
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Figure 1: Schematic diagram of the flame structure in the propagat-
ing heterogeneous flame.

the particle surface at a finite rate and proceed until all of
the 𝑁 particles or𝑀 species are consumed. The enthalpy of
phase change is neglected because it is much smaller than
the heat of combustion.The lateral heat loss to the ambience,
occurring throughout the entire flame structure, is also taken
into account for the flame propagation considered.

2.2. Governing Equations and Boundary Conditions. By the
use of the heterogeneous theory [9] for the SHS flame prop-
agation, which can fairly formulate the situation involving a
premixed mode of propagation for the bulk flame, supported
by the nonpremixed reaction of the dispersed nonmetal
particles in the melt, the governing equations are expressed
as follows.
Continuity:

(𝜌
𝑡
𝑢) = (𝜌

𝑡
𝑢)
0
= 𝑚, (2)

energy conservation:

𝑑

𝑑𝑥
{
𝜆

𝑚

𝑑𝑇

𝑑𝑥
− 𝑐 (𝑇 − 𝑇

0
)

+ 𝑞
0
(𝑍 − 𝑍

0
) } =

𝐿 − 𝑃

𝑚
,

(3)

M-conservation:

(

𝜌
𝑓
𝐷

𝑚
)
𝑑𝑌
𝑀

𝑑𝑥
= (𝑌
𝑀
+ 𝑓)𝑍

− (𝑌
𝑀,0
+ 𝑓)𝑍

0
,

(4)

N-consumption:

𝑑 (1 − 𝑍)

𝑑𝑥
= −
4𝜋𝜌
𝑁
𝑛
0
𝑅
0

𝑚

𝑢
0

𝑢
𝜒(
1 − 𝑍

1 − 𝑍
0

)

1/3

, (5)

where 𝑢 is the velocity along the 𝑥 coordinate, 𝑚 the mass
burning rate (per unit area) of the flame, 𝑇 the temperature,
𝑐 the specific heat, 𝑞0 the heat of reaction per unit mass
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of 𝑁,𝑍 the mass fraction of fluid (= 𝜌
𝑓
/𝜌
𝑡
), 𝜌
𝑓
the fluid

density, 𝜌
𝑠
the mass of solid per unit spatial volume, 𝜌

𝑡
the

total density (= 𝜌
𝑓
+ 𝜌
𝑠
), 𝜆 the thermal conductivity, 𝑌

𝑀
the

mass fraction of 𝑀 in the fluid, 𝑓 the stoichiometric mass
ratio [= (V

𝑀
𝑊
𝑀
)/(V
𝑁
𝑊
𝑁
)],𝑊 the molecular weight, and the

subscript 0 designates the unburned state.
The surface regression rate 𝜒, defined by 𝑑𝑅/𝑑𝑡 = −𝜒/𝑅,

is given [9] as

𝜒 = (
𝜌
𝑀
𝐷

𝜌
𝑁

)𝜒; 𝜒 = ln [1 + ( 𝐴
1 + 𝐴

)
𝑌
𝑀

𝑓
] , (6)

where 𝐴 = 𝐷𝑎 exp(−𝑇𝑎/𝑇), 𝐷𝑎 = (𝐵𝑅)/𝐷, 𝐵, and 𝑇𝑎 are,
respectively, the reducedDamköhler number, theDamköhler
number, the frequency factor, and the activation temperature
of the surface reaction. Note here that the nondimensional
surface regression rate in (6) is presented by the use of the
transfer number in terms of the natural logarithmic term,
just like that for the droplet combustion, and that the transfer
number here is expressed as that similar to the well-known
expression for the combustion rate of solid for the first-order
kinetics, suggesting that roles of diffusion and chemical kinet-
ics are both included in the present formulation. In addition,
𝐷 is the Arrhenius mass diffusivity [= 𝐷

0
exp(−𝑇

𝑑
/𝑇)] with

an activation temperature 𝑇
𝑑
, being anticipated to increase

markedly over a relatively thin, high temperature combustion
zone, under the condition that the diffusion-limited situation
prevails in the chemical kinetics at high temperatures.

A set of these governing equations is basically the same
as that in the previous works [9], except for the term that
appears in the energy conservation equation, in order to take
account of an effect of electric field. While the heat-loss rate
𝐿, as expressed in the previous works, is given as

𝐿 = 4𝜀𝜎SB (𝑇
2
+ 𝑇
2

0
) (𝑇 + 𝑇

0
) (𝑇 − 𝑇

0
)
1

2𝑟
, (7)

where 𝜀 is the emissivity and 𝜎SB is the Stefan-Boltzmann
constant, the energy supply rate P due to the electric field is
expressed as

𝑃 = (1 − 𝑍) 𝜎𝑐𝐸
2
, (8)

where 𝐸 is the electric field (V/m) and 𝜎
𝑐
is the electric

conductivity (Ω−1m−1), with the Joule heating being taken
into account. In accordance with experimental observations
[17, 19, 20] that the Joule heating due to external energy supply
has mainly been conducted in the combustion zone, here,
it is a priori assumed that it can be made by virtue of the
conductible, nonmetal 𝑁 particles in the melt within the
combustion zone, so that the mass ratio (1 − 𝑍) appears in
(8). It is also assumed that no energy supplies before arrival of
the SHS flame can be expected, because of the extremely high
resistance of contact among particles, prior to the appearance
of melt. After completion of the materials synthesis, we do
not expect any energy supplies, because of the high electric
resistance of SiC, which is too high to allow for the electric
current.

By introducing nondimensional variables and parameters
as

𝜎 =
(𝑍
∞
− 𝑍
0
)𝑚
𝑎

(𝜆/𝑐)
𝑥, 𝜃 =

𝑇 − 𝑇
0

𝑇
∞
− 𝑇
0

,

𝜉 =
𝑍 − 𝑍

0

𝑍
∞
− 𝑍
0

, Le
0
=
(𝜆/𝑐)

(𝜌
𝑡
𝐷)
0

,

(9)

Λ
0
= [

(𝑍
∞
− 𝑍
0
)
2
𝑚
2

𝑎

4𝜋 (𝜌
𝑀
𝐷
0
) (𝜆/𝑐) 𝑛0𝑅0

] , (10)

Ψ = (
𝜆

𝜌
𝑡
𝑐
)[

4𝜀𝜎SB (𝑇
2
+ 𝑇
2

0
) (𝑇 + 𝑇

0
)

(𝜌
𝑡
𝑐) (𝑢
0,𝑎
𝑅
0
)
2

](
𝑅
2

0

2𝑟
) , (11)

𝐻 =
(𝜆/𝑐) 𝜎𝑐𝐸

2

𝑚2
𝑎
𝑞0

, (12)

the governing equations are as follows:

𝑑

𝑑𝜎
(
𝑑𝜃

𝑑𝜎
−
𝑚/𝑚
𝑎

𝑍
∞
− 𝑍
0

𝜃 +
𝑚/𝑚
𝑎

𝑇̃
∞
− 𝑇̃
0

𝜉)

=
Ψ ⋅ 𝜃

(𝑍
∞
− 𝑍
0
)
2
−

𝐻 ⋅ (1 − 𝜉)

(𝑍
∞
− 𝑍
0
) (𝑇̃
∞
− 𝑇̃
0
)

,

𝑑𝜉

𝑑𝜎
=

𝜒

(𝑚/𝑚
𝑎
) Λ
0
(𝜌
𝑡,0
/𝜌
𝑡
) exp (𝑇̃

𝑑
/𝑇̃)

× {1 − (
𝑍
∞
− 𝑍
0

1 − 𝑍
0

) 𝜉}

1/3

.

(13)

In the above, 𝑚
𝑎
and Λ

0
are, respectively, the mass burning

rate and the mass burning rate eigenvalue in the adiabatic
condition. The nondimensional temperature is defined as
𝑇̃ = 𝑐
𝑝
𝑇/𝑞
0. Note here that Ψ, called the heat-loss parameter

and defined as a ratio of the heat-loss and heat-release rates,
depends not only on the physicochemical parameters but also
on the particle diameter 2𝑅

0
and representative size 2𝑟 of

a sample specimen [9]. As for the parameter 𝐻 introduced
here, we shall call it a heat-input parameter, hereafter.

Equations (9) through (11), together with the mass
burning rate 𝑚, are to be solved, subject to the boundary
conditions

𝜎 = 0 : 𝜃 = 𝜃
𝑚
, 𝜉 = 0,

𝜎 󳨀→ ∞ :
𝑑𝜃

𝑑𝜎
= −

Ψ ⋅ 𝜃

(𝑚/𝑚
𝑎
) (𝑍
∞
− 𝑍
0
)
,
𝑑𝜉

𝑑𝜎
= 0.

(14)

Note that the cold boundary difficulty is eliminated by
specifying the reaction to be initiated at the melting point
of 𝑀. Thus, the present problem is reduced to be an
eigenvalue problem for obtaining 𝑚 as an eigenvalue, under
a nonadiabatic condition in which there exists not only heat
loss but also external energy supply.
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2.3. Burning Velocity under Adiabatic Condition. When there
is neither heat loss nor external energy supply, the burning
velocity is obtained as [9]

𝑢
0
𝑅
0
=
1 − 𝑍
0

𝑍
∞
− 𝑍
0

𝐷
0
√3Λ
0
𝐿𝑒
0

𝜌
𝑀
/𝜌
𝑁

1 − 𝑍
0

, (15)

once the specific value of the eigenvalue Λ
0
is determined by

conducting a numerical calculation. It is seen that the burning
velocity 𝑢

0
is inversely proportional to the particle diameter

2𝑅
0
. It may be informative to note that the product of 𝑢

0
and

𝑅
0
has even been called the SHS rate-constant [9]. The mass

ratio of the lowermelting-point metal𝑀, before and after the
combustion, is expressed as

1 − 𝑍
0
=
𝜇 (1 − 𝜅)

𝜇 + 𝑓
,

𝑍
∞
=

{

{

{

1 (𝜇 ≤ 1)

𝑍
0
+
1 − 𝑍
0

𝜇
(𝜇 ≥ 1) .

(16)

Here, 𝜇 is the mixture ratio, defined as the initial molar ratio
of𝑁 to𝑀 divided by the corresponding stoichiometricmolar
ratio; 𝜅 is the degree of dilution, defined as the initial mass
fraction of diluent.

2.4. Parameters. Values of physicochemical parameters em-
ployed are those of the Si-C system: 𝑞0 = 6.23MJ/kg, 𝑐 =
1 kJ/(kg ⋅K), 𝜌

𝑀
= 2.34× 10

3 kg/m3, 𝜌
𝑁
= 2.25× 10

3 kg/m3,
𝑊
𝑀
= 28.1 × 10

−3 kg/mol, 𝑊
𝑁
= 12.0 × 10

−3 kg/mol,
and 𝑇

𝑚
= 1681K. Although some of the chemical kinetic

data are reported in [17], it is not the chemical kinetics
but the mass diffusivity, at high temperatures, as explained
in Section 2.2. Therefore, use has been made of the mass
diffusivity, 𝐷 = 3.3 × 10−5 exp(−3.39 × 104/𝑇)m2/s [21],
so that the representative Lewis number is set to be Le

0
=

0.36. The total density before and after the combustion is
assumed to be equal. Note that the thermophysical properties
used here implicitly account for effects of compact density,
gases in void spaces, gas evolution, and so forth. Other
thermophysical properties, indispensable for examining the
limit of flammability, related to the heat loss, are 𝜆/(𝜌𝑐) =
1.2 × 10

−6m2/s for the thermometric conductivity [22] and
𝜀 = 0.8 for the emissivity [23]. In addition, use has beenmade
of the electric conductivity of carbon given by

𝜎
𝑐
= 1.21 × 10

4
+ 6.25 (𝑇

𝑟
− 450) [Ω

−1m−1] , (17)

being obtained by the use of a curve fitting of data in the
literature [24], as a function of the representative temperature
𝑇
𝑟
, defined as an arithmetic mean of the melting point of Si

and the maximum flame temperature.

3. Results

3.1. Effects ofHeat-Input Parameter in theAdiabatic Condition.
First, effects of heat-input parameter on themass burning rate

are examined in the adiabatic condition. Here, mass burning
rate under electric field,𝑚

𝑎,𝐻
, has been normalized by the use

of that without electric field,𝑚
𝑎,0
. Figure 2 shows the normal-

ized mass burning rate𝑚
𝑎,𝐻
/𝑚
𝑎,0

for the stoichiometric Si-C
system, as a function of the heat-input parameter𝐻, with the
initial temperature 𝑇

0
taken as a parameter. With increasing

heat-input parameter 𝐻, the normalized mass burning rate
increases first gradually and then rapidly, up to the limiting
value determined in (28), to bementioned later. It is seen that
external energy supply is effective in enhancingmass burning
rate and that its contribution to𝑚

𝑎,𝐻
/𝑚
𝑎,0

becomes largewith
increasing initial temperature 𝑇

0
.

3.2. Effects of Heat-Input Parameter under Heat Loss Con-
dition. Effects of heat loss on the mass burning rate are
then examined. In this examination, mass burning rate is
normalized by the adiabatic mass burning rate. Figure 3
shows the normalized mass burning rate𝑚/𝑚

𝑎
, as a function

of the heat-loss parameter Ψ, with the heat-input parameter
𝐻 taken as a parameter. When there is no electric field
(𝐻 = 0), the well-known, characteristic extinction turning-
point behavior is exhibited, with the upper branch being
the stable solution and the turning point designating the
state of extinction [9]. In contrast, the trend becomes quite
different from this, with increasing heat-input parameter
𝐻. When 𝐻 = 0.1, although there exists the turning-
point behavior, the solution ceases to exist at certain Ψ and
(𝑚/𝑚

𝑎
)
𝐻
, because of other restrictions. When 𝐻 = 0.2 or

more, there appears the limit of flammability, designated by
an open circle, before reaching the turning point. It is seen
that, with increasing 𝐻, the range of 𝑚/𝑚

𝑎
for the flame

propagation contracts, while the range of Ψ expands.
Relevant to the limit of flammability under electric field,

an attempt has beenmade to examine a range for the existence
of SHS flame, which yields a relation in (29), to be mentioned
later. In Figure 3, those limits are also shown by dotted curves,
below which the steady propagation ceases to exist. It should
be noted that, in determining the position of the SHS flame,
theoretical consideration in the next section is indispensable.

4. Theoretical Consideration

4.1. Flame Position and Temperature. In the limit of large
Zeldovich number, melting, diffusion, and consumption/
convection are confined to a thin layer in the neighborhood
of the SHS flame. Outside this layer, the diffusion and
consumption/convection terms are exponentially small. If we
consider the situation that the flame locates at 𝜎 = 𝜎

𝐹
and

that the electric field is supplied in the region 0 < 𝜎 < 𝜎
𝐹
,

temperature profile outside the flame is expressed as

𝜎 ≤ 0 : 𝜃 = 𝐴
𝑢
exp (𝜆

𝑢
𝜎) , 𝜉 = 0,

0 < 𝜎 < 𝜎
𝐹
: 𝜃 = 𝐴

ℎ
exp (𝜆

𝑢
𝜎) + 𝐵

ℎ
exp (𝜆

𝑑
𝜎)

+
𝐻 ⋅ (𝑍

∞
− 𝑍
0
)

Ψ ⋅ (𝑇̃
∞
− 𝑇̃
0
)

, 𝜉 = 0,

𝜎 > 𝜎
𝐹
: 𝜃 = 𝐶 exp (𝜆

𝑑
𝜎) , 𝜉 = 1,

(18)
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where

𝜆
𝑢
=

𝑚/𝑚
𝑎

2 (𝑍
∞
− 𝑍
0
)
{1 + √1 +

4Ψ

(𝑚/𝑚
𝑎
)
2
} ,

𝜆
𝑑
=

𝑚/𝑚
𝑎

2 (𝑍
∞
− 𝑍
0
)
{1 − √1 +

4Ψ

(𝑚/𝑚
𝑎
)
2
} .

(19)

Relations among constants𝐴
𝑢
,𝐴
ℎ
, 𝐵
ℎ
, and C are determined

by the use of the continuity in temperature and heat flux at
the position 𝜎 = 0, the continuity in temperature at the flame
position (𝜎 = 𝜎

𝐹
), and the jump condition at the flame:

(
𝑑𝜃

𝑑𝜎
)

𝜎𝐹−

− (
𝑑𝜃

𝑑𝜎
)

𝜎𝐹+

=
𝑚/𝑚
𝑎

𝑇̃
∞
− 𝑇̃
0

. (20)

Then, we have

𝐴
𝑢
=

1

𝜆
𝑢
− 𝜆
𝑑

𝑚/𝑚
𝑎

𝑇̃
∞
− 𝑇̃
0

exp (−𝜆
𝑢
𝜎
𝐹
)

−
𝜆
𝑑

𝜆
𝑢
− 𝜆
𝑑

𝐻 ⋅ (𝑍
∞
− 𝑍
0
)

Ψ ⋅ (𝑇̃
∞
− 𝑇̃
0
)

[1 − exp (−𝜆
𝑢
𝜎
𝐹
)] ,

(21)

𝐴
ℎ
= {

1

𝜆
𝑢
− 𝜆
𝑑

𝑚/𝑚
𝑎

𝑇̃
∞
− 𝑇̃
0

+
𝜆
𝑑

𝜆
𝑢
− 𝜆
𝑑

𝐻 ⋅ (𝑍
∞
− 𝑍
0
)

Ψ ⋅ (𝑇̃
∞
− 𝑇̃
0
)

} exp (−𝜆
𝑢
𝜎
𝐹
) ,

(22)

𝐵
ℎ
= −

𝜆
𝑢

𝜆
𝑢
− 𝜆
𝑑

𝐻 ⋅ (𝑍
∞
− 𝑍
0
)

Ψ ⋅ (𝑇̃
∞
− 𝑇̃
0
)

, (23)

𝐶 =
1

𝜆
𝑢
− 𝜆
𝑑

𝑚/𝑚
𝑎

𝑇̃
∞
− 𝑇̃
0

exp (−𝜆
𝑑
𝜎
𝐹
)

−
𝜆
𝑢

𝜆
𝑢
− 𝜆
𝑑

𝐻 ⋅ (𝑍
∞
− 𝑍
0
)

Ψ ⋅ (𝑇̃
∞
− 𝑇̃
0
)

[1 − exp (−𝜆
𝑑
𝜎
𝐹
)] .

(24)

If we further note that the temperature at 𝜎 = 0 is the
melting point 𝑇

𝑚
, we can determine the flame position 𝜎

𝐹
as

𝜎
𝐹
=
1

𝜆
𝑢

ln[
(𝑚/𝑚

𝑎
) + (𝜆

𝑑
/Ψ)𝐻 ⋅ (𝑍

∞
− 𝑍
0
)

(𝑇̃
𝑚
− 𝑇̃
0
) (𝜆
𝑢
− 𝜆
𝑑
) + (𝜆

𝑑
/Ψ)𝐻 ⋅ (𝑍

∞
− 𝑍
0
)

],

(25)

by the use of (21). The flame temperature 𝑇
∞
in the adiabatic

condition (Ψ = 0), which is indispensable for nondimension-
alization, is obtained from (24) as

(𝑇̃
∞
− 𝑇̃
0
) = (𝑍

∞
− 𝑍
0
) (1 +

𝐻 ⋅ 𝜎
𝐹

𝑍
∞
− 𝑍
0

) , (26)

𝜎
𝐹

𝑍
∞
− 𝑍
0

= ln[
(1 − 𝐻) (𝑍∞ − 𝑍0)

(𝑇̃
𝑚
− 𝑇̃
0
) − 𝐻 ⋅ (𝑍

∞
− 𝑍
0
)

] . (27)

We see that the adiabatic flame temperature is increased due
to the application of the electric field.

4.2. Range of Electric Field. Even though the electric field is
effective in sustaining SHS flame propagation, there exists
an indispensable requirement for the flame position to be
positive (𝜎

𝐹
≥ 0), which further requires that the logarithmic

term in (27) should be positive. From this requirement, we
can determine the range for the valid heat-input parameter
𝐻 as

0 ≤ 𝐻 <
𝑇̃
𝑚
− 𝑇̃
0

𝑍
∞
− 𝑍
0

< 1. (28)
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In the samemanner, when there exists heat loss, we have from
(25) the following relation between the heat-loss parameterΨ
and the heat-input parameter𝐻:

0 ≤ Ψ < −
1

2
{
(𝑚/𝑚

𝑎
)
2

4
−
𝐻 (𝑍
∞
− 𝑍
0
)

𝑇̃
𝑚
− 𝑇̃
0

}

+ √
(𝑚/𝑚

𝑎
)
2

8
{
(𝑚/𝑚

𝑎
)
2

8
+
𝐻 (𝑍
∞
− 𝑍
0
)

𝑇̃
𝑚
− 𝑇̃
0

} .

(29)

5. Experimental Comparison

Although an introduction of the heat input parameter𝐻 has
turned out to be useful in examining the limit of flammability,
effects of electric field 𝐸 on the mass burning rate m

𝑎
are

to be examined directly because use has been made of 𝑚
𝑎

in defining 𝐻, as shown in (12). Figure 4 shows the SHS
rate-constant 𝑢

0
𝑅
0
as a function of the electric field 𝐸, with

the initial temperature 𝑇
0
taken as a parameter. The SHS

rate-constant 𝑢
0
𝑅
0
expressed in (15) is used, instead of the

normalized mass burning rate used in Figures 2 and 3. It
is seen that the SHS rate-constant 𝑢

0
𝑅
0
in the adiabatic

condition, shown by solid curves, increases gradually with
an increase in the electric field 𝐸, because of the external
energy supply. It is also seen that, at a certain electric field, the
SHS rate-constant 𝑢

0
𝑅
0
becomes high, with increasing initial

temperature 𝑇
0
, because of the preheating effect.

A dashed curve in Figure 4 shows the limit of flamma-
bility. As the representative size of the cross-sectional area in
the compacted specimen, indispensable in determining heat-
loss parameter Ψ in (11), use has been made of 9.175mm for
2𝑟, determined by use of the relation for a rectangular cross-
section as [9]

ℓ =
2𝑎𝑏

𝑎 + 𝑏
(30)

with 𝑎 = 14.1mm and 𝑏 = 6.8mm, in accordance with
the experiment by Feng and Munir [19]. As for the particle
size of carbon, use has been made of 2𝑅

0
= 5 𝜇𝑚, reported.

Although the limit of flammability, shown in Figure 4, is only
that for 𝑇

0
= 300K, it has been confirmed in a preparatory

study that it is nearly independent of the initial temperature
𝑇
0
, within the range examined.
Data points in Figure 4 are experimental in the literature

[19]; a symbol (◻) designates a result for relative density 0.64
and (I) for relative density 0.52. It is seen that there is no
remarkable effect of the relative density and that a fair degree
of agreement exists between experimental and theoretical
results, as far as the trend and approximate magnitude are
concerned. It is also seen that the SHS flame propagation
under low electric fields, say, less than about 1000V/m,
proceeds close to the limit of flammability at 𝑇

0
= 300K. To

the contrary, at high electric fields, the SHS flame propagation
proceeds under the condition, free from heat loss, because of
the external energy supply.

0

20
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60

0 1000 2000 3000

Limit of flammability
for T0 = 300K
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600 K
450 K
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stoichiometric
Si-C system

u
0
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m

/s
)(
𝜇

m
)

E (V/m)

Figure 4: SHS rate-constant 𝑢
0
𝑅
0
as a function of the electric

field 𝐸, with the initial temperature 𝑇
0
taken as a parameter. Solid

curves represent the state when there is no heat loss; a dashed curve
represents the limit of flammability. Data points are experimental
[19].

6. Concluding Remarks

In the present study, flame propagation in the SHS process
of the Si-C system has been examined by the use of the
heterogeneous theory, with taking account of an effect of
electric field. It has been shown that the burning velocity is
enhanced by applying an electric field, due to an increase
in the external energy supply, as reported in the literature.
Furthermore, it has been confirmed that there exists the limit
of flammability, even for the SHS flame propagation under
electric field, as is the case for usual SHS flame propagation,
although its dependence on the heat-loss rate is quite different
from that without electric field. A fair degree of agreement
between experimental and theoretical results suggests that
the present study has captured the essential feature of the
SHS flame propagation under electric field, providing useful
insight into manipulating the SHS flame propagation, by
the use of representative sizes of particles and compacted
specimen, which has not been recognized in the previous
studies.

Nomenclature

𝐴: Constant for temperature profile
𝑎: Length of a rectangular sample specimen [m]
𝐵: Constant for temperature profile
𝑏: Width of a rectangular sample specimen [m]
𝐶: Constant for temperature profile
𝑐: Specific heat [J/(kg⋅K)]
𝐷: Diffusivity [m2/s]
𝐸: Electric field [V/m]
𝑓: Stoichiometric mass

ratio[= (V
𝑀
𝑊
𝑀
)/(V
𝑁
𝑊
𝑁
)]

𝐻: Heat input parameter
𝐿: Heat loss [J/(m3⋅s)]
𝐿𝑒: Lewis number
ℓ: Representative size of the rectangular sample

specimen [m]
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𝑚: Mass burning rate [kg/(m2⋅s)]
𝑃: Energy supply due to electric field [J/(m3⋅s)]
𝑞
0: Heat of combustion per unit mass of𝑁 [J/kg]
𝑅: Particle radius [m]
𝑟: Radius of sample specimen [m]
𝑇: Temperature [K]
𝑇
𝑑
: Activation temperature of mass diffusivity [K]

𝑢: Burning velocity [m/s]
𝑊: Molecular weight
𝑌: Mass fraction
𝑍: Mass ratio of species𝑀.

Greek

𝜀: Emissivity
𝜃: Nondimensional temperature
𝜅: Degree of dilution
Λ: Eigenvalue of the mass burning rate
𝜆: Thermal conductivity [W/(m⋅K)] or

exponent for temperature profile
𝜇: Mixture ratio
V: Stoichiometric coefficient
𝜉: Normalized mass ratio of𝑀
𝜎: Nondimensional length
𝜎
𝑐
: Electric conductivity [Ω−1m−1]
𝜎SB: Stefan-Boltzmann constant [W/(m2 ⋅ K4)]
𝜌: Density [kg/m3]
𝜒: Surface regression rate [m2/s]
Ψ: Heat loss parameter.

Subscript

𝑎: Adiabatic condition
𝑑: Downstream
𝐹: Flame
f : Fluid or melt
𝐻: Electric field
ℎ: Hot zone
𝑀: Lower melting-point metal
𝑚: Melting point
𝑁: Nonmetal or higher melting-point metal
𝑃: Combustion product or diluent
𝑠: Solid or surface
𝑡: Total
𝑢: Upstream
0: Initial or unburned state.

Superscript

∼: Nondimensional or stoichiometrically mass weighted.
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