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Summary: A computational method to solve the gas-particle flows in axisymmetric
nozzles is presented for the prediction of the specific impulse of solid propellant motors.
In subsonic-transonic region, the particle phase properties are obtained by numerical inte-
gration of the characteristic equations along the particle stream lines, and the method of
characteristics is then successfully applied to the supersonic region. The effects of the
nozzle size, the throat geometry and the propellants on the thrust performance have been
investigated in detail. The comparison between the calculation results and the experimental
data shows that the specific impulse of practical motors can be well predicted by specifing
the effective particle diameter of 1.8 u. The optimum nozzle shapes have been also in-
vestigated assuming parabolic contours, and a useful design chart for solid propellant
motor nozzles is presented.
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NOMENCLATURE
A; relaxation coefficient of momentum transfer
B; relaxation coefficient of heat transfer

Cp;  specific heat of particle

Cpg; specific heat at constant pressure of gas
Dp;  particle diameter

ds, dn; line elements of particle stream line
ISP;  specific impulse

Kp;  particle mass fraction

Mp;  material density of particle

P; pressure

Pr; Prandtle number

Qp; tan™' (Vp/Up)

R; gas constant

rys radius of particle

Rs; throat radius of curvature
T; temperature
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U; x-direction gas velocity component
vV, y-direction gas velocity component
W, circumferential gas velocity

X, axial coordinate along nozzle axis

Y radial coordinate measured from nczzle axis
Xy  distance between throat and nozzle exit

Yc, distance between axis and burning surface of solid propellant
Y nozzle exit radius

Yt nozzle throat radius

Zp; velocity of particle

7 specific heat ratio of gas

g; inclination of nozzle wall

7K viscosity

05 density

w; spin angular velocity

Subscript

e; equilibrium property

0; reference state

P particle property

1. INTRODUCTION

Solid propellants with metal additives are widely used for their high burning
temperature. The exhaust products of these propellants contain a large quantity
of oxidized metal particles. In case the particles are quite small to have the same
velocity and temperature as in the gas phase, the mixture flow can be treated as
isentropic flow with modified gas specific heat ratio. Such a flow is named as an
equilibrium gas-particle mixture (EGPM). On the contrary, the actual flow is non-
equilibrium gas-particle mixture (N-EGPM), and the significant loss in the nozzle
thrust performance occurs due to the non-eqlilibrium effects associated with particle
drag and heat transfer.

Early investigations [/ ~ 4] on the one-dimensional gas-particle nozzle flows
showed that the loss in thrust is mainly attributed to the velocity lags between gas
and particle phases, and that the non-equilibrium effects become important when
the particle diameter is greater than 1 f.

One of main characteristics of gas-particle nozzle flows is that the mixed flow
field is bounded by pure gas flow field generated in the vicinity of the nozzle wall.
The boundary originates at the throat inlet section and is called a limiting particle
stream line. To treat this complex flow field, it is essential to introduce the two-
dimensional profile. Kliegel and Nickerson {5] developed the method of character-
istics for numerical analyses of gas-particle mixture in axisymmetric nozzles. They
also employed Sauer’s transonic solution [6] and a constant fractional lag assump-
tion to obtain the initial conditions for begining their computation. By using this
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method, Kliegel [7], and, Hoffman and Lorenc [8] investigated the characteristic
behaviors of gas-particle flows in conical nozzles. Optimum nozzle shapes were
also examined by Hoffman and Thompson [9] using the optimum technique made
by Guderley and Hantsch [10].

The constant lag assumption, however, is not valid for practical solid propellant
motor nozzles. While Regan and et al. [/1] used the iterative relaxation technique
to solve the transonic flow region, it suffers from some weakness; the assumption
of fixed gas phase stream line coordinates, and this procedure is too complicated
to be used to practical nozzle designs.

In the present paper, gas-particle nozzle flows are solved by using the method
of characteristics and improved calculation procedure of transonic flow field which
does not need to assume the constant fractional lag. Transonic solution developed
by Oswatitsch and Rothstein [/2] is introduced and then the entire nozzle flow
field from subsonic-transonic to supersonic region can be solved in series.

Computational results of static pressure, temperature and Mach number dis-
tribution in the gas-particle flow field are presented. Variational behaviors of
limiting particle stream line due to the motor body spin are also discussed.

The effects of nozzle shape on the thrust performance are investigated in detail
varying the size, the throat geometry and the propellants. The calculated thrust
performance of actual motors are compared with the experimental data to demon-
strate the applicability of present computational method.

Optimum nozzle shapes are investigated to obtain the maximum specific impulse
by assuming parabolic nozzle contours and a useful design chart is presented for
practical uses.

2. Gas-PArTICLE FLOW MODEL

The conservation equations governing the steady axisymmetric flow of the gas-
particle mixture are derived under the following assumptions:
(1) The total mass and total energy of the system remain constant.
(2) The gas is perfect gas and inviscid except for its interactions with the par-
ticles.
(3) The heat capacity of the gas and particles is constant.
(4) The gas and particles do not undergo phase changes.
(5) The internal temperature of the particles is uniform.
(6) The thermal (Brownian) motion of the particles is negligible.
(7) The volume occupied by the particles is negligible.
(8) The particles do not interact each other.
(9) The characteristics of an actual shape and size distribution of particles can
be represented by spherical particles of a single size.
(10) Energy exchange between gas and particles occurs only by convection.
(11) The only force on the particles is viscous drag force which is subject to
Stokes’ drag law.
Using these assumptions, the equations governing the gas-particle flows are given
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as follows:
Gas Phase
continuity equation

opUy 4 opVy

=0 (1)
ox oy
axial and radial momentum equations
oU Y Ly U L W—Up) =0 (2)
0x oy 0x
U oy L0 4 V=0 (3)
0x dy ay
energy equation
v Lo —rRT(U 9o 4y 0o >~(7—1)p,,{A(U-Up)‘:
ox oy . ox oy (4)
+ AWV —Vpy—BCp(T—-Tp)}=0
equation of state
P=pRT (S)
Particle Phase
continuity equation
dp,Upy X ap],'.pr 0 (6)
ox oy
axial and radial momentum equations
o Up VP o vp OUP 4o U—Up) =0 (7)
oxX
oUp VP 10 vp VP g, (v —vp)=0 (8)
dx oy
energy equation
p,Up oTp +p,Vp iTp _ Bp,(T—Tp)=0 (9)
ox ay
where
A 9 . Yt (10)
2Mpr;, U,
3. Cpg Yt (11)

©opMpr Cp U,
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suffix p denotes the values of the particle phase. A and B are relaxation coefficients
of momentum and heat transfer, respectively. Pr is Prandtle number, which is
computed using Euken’s relation as follows:

pr— 4 (12)

Cpyg is the specific heat of constant pressure of the gas phase. Mp is the material
density of the particles, and r, is an effective radius of particles. # is the viscosity
of the gas phase and computed using Southerland’s formula,

)

where y, is the reference viscosity at T=T,, and ¢ is the material constant.

3. COMPUTATIONAL MODEL

The flow field of the gas-particle mixture is divided into two computational re-
gions. The solution of the subsonic-transonic region gives the initial condition to
carry on the supersonic flow calculation.

In the first region, we assume that gas phase properties can be treated as those
of EGPM with the following specific heat ratio,

re— (1—Kp)Cpg+KpCp (14)
(1—-Kp)(Cpg—R)+ KpCp

where Kp is the particle mass fraction to the total mixture mass. This assumption
is correct in the case of small particles. Transonic solution developed by Oswatitsch
and Rothstein [/2] is applied to obtain the properties of EGPM. To solve the
particle phase behavior, the governing equations (6 ~9) are rewritten along a
particle stream line as follows:

along dy _ Vp

dx Up
UpdUp—A(U—Up)dx=0 (15)
VpdVp— AWV —Vp)dy=0 (16)
UpdTp—B(T—Tp)dx=0 (17
Ao, 200+ (pszp “2P 1 0P Yas—0 (18)

dn y
where

Zp=Up*+Vp? (19)
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Op=tan-* VP (20)
Up

ds and dn are line elements in tangential and normal directions of a particle stream
line, respectively.

Above equations are characteristic equations in the particle phase and computed
along each particle stream line using the gas phase flow field, U(x, y), V(x, y), and
T(x,y), as the driving functions. The limiting particle stream line is a trajectory
of the nearest particle to the nozzle wall. The modified Euler’s method is used
to calculate the values in each point. In this method, it is necessary to satisfy the
following computational convergence conditions [/3]:

%AAH< 1 @21
%BAH< 1 (22)

where 4H is the distance between two neighboring points. Since it is needless to
assume the constant fractional lag in this transonic flow calculation, we can evaluate
the effects of gas properties on particle properties more exactly.

The numerical method of characteristics is then applied to solve the supersonic
flow field of the gas-particle mixture. The characteristic equations of the gas phase
are derived as follows:

along {ly = V
dx U
pUdU+ pVdV +dP+ Ap,(U—Up)dx-+ Ap,(V — Vp)dy=0 (23)
UdP —¢RTUdp—(y— D)p,{A(U— Up)+ A(V — Vp):— BCp(T — Tp)}dx=0
24
along @ _ UVEVRT(U'+ V") —yRT
dx U'—yRT
prRT(VAU — UdV)+ (7RT dy Lyy_ Uz,d,}i>dpf PRIV (Uay — vx)
dx dx y
—(G—Dp,{AWU—-Upy+ AWV —V ) —BCp(T —Tp)} (25)

+7RTp,A{(U—Up)dy—(V —Vp)dx}=0

There are four characteristic equations on three characteristic lines; 1.e., gas strecam
line, left running and right running characteristic lines. In total system including
the particle phase, there are eight characteristic equations on four characteristic
lines. This characteristic system is completely the same as the fundamental system
described by the equations (1 ~9). The number of initial data line points which
are obtained by the subsonic-transonic flow calculation determines the mesh size
throughout the nozzle flow field. The modified Euler’s method is also used to
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calculate the values in each characteristic point.

4. CHARACTERISTICS OF GAs-PARTICLE NozzZLE FLOWS

4-1. Typical flow field

In this section, we discuss the characteristics of the gas-particle flow field in a
conical nozzle whose data is shown in Table 1.
Fig. 1 and Fig. 2 illustrate the lines of constant Mach number of EGPM and

TABLE 1. Conical nozzle configuration

Nozzle inlet angle: 30°
Conical angle: 25°
Throat radius: 0.075m
Throat radius of curvature: 0.3m
Nozzle length: 0.75m

Nozzle exit radius: 0.394m

R; =4.0, 25° Conical Nozzle

— A1
—2.0 0.0 5.0 10.0
X

FiG. 1. Line of constant Mach number in equilibrium flow.

~——= Limiting Particle Stream Line (D,=4.0u)

"""" ; Equilibrium Sonic Line

FiG. 2. Line of constant Mach number in non-equilibrium flow.
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N-EGPM, respectively. The gas properties are specified as y=1.293, molecular
weight (Mw) = 18.2, chamber temperature (To) =3189°K, chamber pressure (Po)
—51.66 kgw/cm2.  Aluminum oxide particles of 4 in diameter are assumed, and
its mass flow rate (Kp) is taken as 30% of the total mass flow rate. The number
of initial points for calculation is chosen as 50.

Fig. 1 shows the entire flow field in equilibrium flow with modified gas specific
heat ratio (ye) of 1.2. The existence of cusps on the lines of constant Mach
number in supersonic region is caused by the different expansion characteristics
induced by the circular arc and straight nozzle wall. These points are on the right
running characteristic line departing from the joint of the both walls.

The lines of constnat Mach number of non-equilibrium flow shown in Fig. 2
greatly change due to the existence of particle of 4. A thin dashed linc denotes
a sonic line of equilibrium flow, and a thick dashed line stands for a limiting par-
ticle stream line. In the region between the nozzle wall and this line, only the pure
gas phase exists. All particles of a given size are located between the axis and this
limiting particle stream line. It is seen that the cusps on the lines of constant Mach
number are not remarkable in contrast to the case of EGPM. It is also seen that
there is a layer of finite thickness along the limiting particle stream line where a
strong velocity gradient exists. The layer is caused by the assumption of single
particle size for the calculation. As there must be a particle size distribution in an
actual flow, the velocity difference in this layer is not supposed to be so large.

Fig. 3 shows the pressure distribution along both the nozzle axis and the wall.
Pressure value is non-dimensionalized by the chamber pressure. It is seen that the

0.3F
; Nonequilibrium
————— » Kquilibrium
0.21
o _
0.1F
0.0 . ) . . . . . ;
-2.0 0.0 5.0 10.0

X

Fic. 3. Pressure distribution.
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1.0

0.8

0.6

0.4f

0.2

;7 Nonequilibrium

—————— ; Equilibrium

0.0 Il L J
—2.0 0.0 5.0 10.0

X

Fic. 4. Temperature distribution in gas phase.

pressure of EGPM is higher than that of N-EGPM in the initial expansion region.
This difference directly indicates the thrust loss since the thrust produced by the
nozzle is obtained by integrating the static pressure along the nozzle wall. The
existence of particle phase prevent the gas phase expansion, and it is caused by this
phenomenon that the pressure of N-EGPM is higher than that of EGPM along
the axis from x=3.0 to x=7.0.

Fig. 4 shows the gas phase temperature distribution along both the nozzle axis
and the wall. Temperature value is non-dimensionalized by the chamber temper-
ature. It is seen that the temperature of N-EGPM along the axis is higher than that
of EGPM. Because of the high concentration of the hot particles to the nozzle axis,
the gas phase near the nozzle axis is heated locally by the particle phase.

Fig. 5 is a plot of the axial velocity lag for various sizes of particles on the
limiting particle stream line. It is seen that the particle fractional lag is almost
constant near the throat region, and good agreement between present method and
Kliegel’s constant fractional lag approximation method is obtained when the particle
diameter is less than 2. When the particle diameter is larger than 2 ¢, Kliegel’s
method indicates the larger values in comparison with the present method. Domi-
nant effect of the particle size on the particle velocity lag is seen clearly. The
maximum velocity lag is observed at the throat section, therefore it should be noted
that the thrust performance loss associated with the non-equilibrium effects mainly
occur at the throat section.

Fig. 6 is a plot of the thermal lag on the limiting particle stream line for various
size of particle. The points indicated by arrows are located at the intersection of
limiting particle stream line and the right running characteristic line departing from
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— Present Method

——--—1 Kliegel’s Approximation Method

_______________ Dy -6.0u

Dy 4.0u

—
-2.0 0.0 2.0 4.0 6.0 8.0 10.0

Fi1G. 5. Particle velocity lag of axial direction on limiting
particle stream line.

VL . .
{ v intersection point

2.0

Fi1G. 6. Particle temperature lag on limiting particle stream line.

the joint of circular arc wall and streight nozzle wall. The particle size is seen to
have also a great effect on the particle thermal lag.

4-2. Spin Effect on Limiting Particle Stream Line

The spin stabilization is widely used for sounding rockets and solid upper stages.
The spin rate is not so high, and ordinarily it is 2 or 3 rps. Here we consider
these spin effects on the gas-particle nozzle flow field. It is assumed that the flow
field rotates around the nozzle axis keeping constant angular momentum along each
stream line. This assumption is correct when the circumferential velocity is small
in comparison with the axial velocity, since the gas phase and the particle phase
have almost the same circumferential velocities. Based on this assumption, the mo-
mentum equations of the radial direction are given as follows:

v oV | P oW?
v 4o 4 T L ap v —Vp)— P =0 (26)
ou- +p oy oy 0,( p ,
2
o, Up VP o vp VP _ap v —vpy— PP o @7)
ox ay y

where [/4]
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Y =0.075 (m)
Rs =2.0
Dp= =
1.0 1.0u
_/ 20u 2.0u
— 10 40,8.0u
N
\ 8.0u
J — 1 1 ] L J | S— 1 1 L i J
-1.0 0 1.0 -1.0 0 1.0
X X
(A) Spin 0 rps (B) Spin 2 rps
Fic. 7. Spin effect on limiting particle stream line.
Yc?
W=Wp= " (28)
y

W and Wp are the circumferential velocities of the gas and the particle phases,
respectively. o is the spin angular velocity, and Yc is the radial distance between
the spin axis and the burning surface of solid propellant.

The last terms of left hand side of both equations denote the centrifugal forces.
These forces are ordinarily very small comparing with the other terms. Therefore
this term is negligible in the gas phase. In the particle phase, however, it comes
a significant term near the throat region where the viscous term becomes negligible.
By this reason, the location of the particle stream line near the throat region is
very affected by the motor body spin.

Fig. 7 shows the effects of the motor body spin on the limiting particle stream
line near the throat region for various particle sizes. The calculations are per-
formed about the circular arc throat section with throat radius of 0.075 m, throat
radius of curvature of 0.15 m, inlet angle of 30°. Yc is specified to 1.5 m. The spin
rate is assumed 2 rps. It is seen that the location of the limiting particle stream
line of the particles whose diameters are greater than 4y is changed dramatically.
These changes of the limiting particle stream lines increase the possibility of the
particle impingement with the normally-designed nozzle walls ignoring the spin
effect. Therefore, when we design the nozzle contour of the motor for spinstabilized
stage, we need countermeasures to avoid the particle impingement.

5. CHARACTERISTICS OF NOZZLE PERFORMANCE

5-1. Design Parameters of Nozzle Shape

The fundamental nozzle design parameters are shown in Fig. 8. These parameters
are as follows:

(1) Yt; Throat Radius
(2) Xpg; Nozzle Length (Distance between throat and exit plain)
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I
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|
|
|

i
0.0 X

Fic. 8. Design parameter.

(3) Y,.; Nozzle Exit Radius

(4) Rs; Throat Radius of Curvature

(5) 6;; Nozzle Inlet Angle

(6) 6z; Initial Expansion Angle

(7) 05; Exit Divergence Angle

A nozzle configuration is selected with a conical inlet section whose slope angle
is #; and a circular arc throat section whose redius is Rs. Rs, X and Y. are non-
dimensionalized by the throat radius. In addition to these parameters, various
nozzle contours can be adequately chosen, for example, circular arcs, parabolic
arcs, hyperbolic arcs, and etc. The parabolic arcs specially have been reported by
Rao [15] to be a close approximation to the exact optimum nozzle contour. There-
fore in the following discussion, we adopt the parabolic arc as the nozzle contour.

5-2. Scale Effect

In the gas-particle flow system, it is need to satisfy the following condition to
obtain the similar flow field,

Yt

. =const, (29)
r’

This relation is one of main characteristics of the gas-particle non-equilibrium
mixture, which is not seen in the case of equilibrium flow.

Fig. 9 shows the scale change effect on the thrust performance of the conical
nozzles which have the similar configuration with inlet angle of 30°, cone angle of
25°, throat radius of curvature of 2.0, nozzle length of 10.0 and nozzle exit radius
of 5.46. The propellant is BP-30B. The divergence loss which is caused by the
two-dimensional effect is constant, but the two-phase flow loss is observed to be
sensitive to the change of the throat radius and to be severe in the small size motors.
The particle diameter also has great effect on the thrust performance.

Fig. 10 illustrates the scale effect on the limiting particle stream line of 2u
diameter particle. Smaller the motor size is, nearer the location is to the nozzle
axis. It is seen, however, that the actual distance between the limiting particle
stream line and the wall is almost the same in each case.

This document is provided by JAXA.



Gas-Particle Nozzle Flows and Optimum Nozzle Shape
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Fi6. 9. Scale effect on thrust performance.
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Fi16. 10. Scale effect on limiting particle stream line.

13

Fig. 11 shows the scale effect on Specific impulse varying the solid propellants
whose data is presented in Table 2. A nozzle configuration is selected to be a bell
type with inlet angle of 30°, initial divergence angle of 32°, throat radius of curva-
ture of 2.0, nozzle length of 10.0, and nozzle exit radius of 4.92.

Ordinarily, the performance of solid propellants has been estimated by EGPM
evaluation which are indicated by dashed lines on the figure, and it gives valid
results in the case of relatively large size motors. However, it can be observed
that the EGPM evaluation is not suitable in the case of small size motors. For
example, the performance of BP-27B is superior to those of BP-20B and BP-30B

This document is provided by JAXA.



14

ISAS Report No. 596

290
BP14-18
o __BP14-18
BP-27B BP-278
BP’-30B- .
2801 B>-20B- _BP-30B
I BP-20B
BP-2288 -
BP-22B
9270
%
Bell-Tvpe
X 100
260 Vi 4.92
Rs =2.0
0y +32.0°
6 - 10.4°
A Dy 2.0u
250 H L 1 PR Ll L
0.02 005 1.0 50 10.0 50.0
Throat Radius {(em)
Fi1G. 11. Scale effect on ISP of various propellants.

TABLE 2. Propellant data

Name

Composition
(mass fraction)

AP

CTPB

Al
Mean molecular mass
Flame temperature (°K)

Equiliburium specific
heat ratio (7€)

Particle mass fraction (Ko)

BP-20B  BP-22B  BP-27B  BP-30B  BPI4-18
0.67 0. 64 0. 66 0.68 0. 68
0.17 0.18 0. 14 0.16 0.14
0.16 0.18 0.20 0.16 0.18

25.49  25.15 27.90  26.09  27.613
3049 2928 3367 3144 3349
1.2078  1.2122 11922  1.2035  1.1936
0.32  0.34 0.378 0.32 0.3

according to the EGPM evaluation. On the contrary, BP-20B and BP-30B have
higher ISP-performance than BP-27B when the throat radius is less than 2.0 cm
and 1.5 cm, respectively. This result is due to the high particle mass fraction of
BP-27B. It is noted that this tendency will be clearer when the particle mass
fraction is higher and the particle diameter is larger.

BP14—18 can be seen

to have the best ISP-performance in almost all ranges of throat radius.

5-3.

Throat Curvature Effect

In order to estimate the effect of throat wall shape on the thrust performance,
calculations are performed with varying the throat radius of curvature (Rs). A
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Fic. 12. Rs effect on thrust performance.

TABLE 3. ISP Efﬁciency (ISPN..Egpm/ISPE(}Pm)

Rs 2.0 4.0 6.0 8.0
'EGPM 1.0 1.0 1.0 1.0
2 4 0.981 0.983 0.985 0.986
4u 0.943 0.951 0.955 0.958
6 1 0.913 0.921 0.926 0.930

nozzle configuration is selected with inlet angle of 30°, initial expansion angle of
30°, exit divergence angle of 10°, nozzle length of 10, and nozzle exit radius of
5. The propellant is BP-30B. The results are shown in Fig. 12.

The case of EGPM gives the maximum theoretical delivered specific impulse,
and it gradually decreases when Rs increases. In the case of 44 and 64 diameter
particles, however, it is seen that the optimum Rs-values exist which produce the
maximum specific impulse. For example, the optimum Rs is about 2.0 and 3.0 in
the case of 4x and 64 particles, respectively.

ISP efficiencies of various particle sizes are presented in Table 3. It is observed
that there is slight increase in ISP efficiency as the radius of curvature is increased.
This trend is attributed to the lower particle lag since the acceleration rate in the
throat section decreases with increasing the throat radius of curvature, and it comes
clearer with increasing the particle diameter.

Fig. 13 shows the Rs-effect on the location of the limiting particle stream line
of 4y diameter particle. It is seen that its location becomes nearer to the nozzle
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Limiting Particle Stream [.ine
2.0 0 20 10 60 B0 100
¥

Fic. 13. Rs-Effect on limiting particle stream line.

wall with decreasing the throat radius of curvature. The differences of their location
are mainly induced by the nozzle wall shape at the initial expansion region.

5-4. Comparison of Measured and Calculated Thrust Performance

Particle diameter is one of the major factors to be specified to evaluate the
practical motor performance. For this purpose, the comparison of measured and
calculated ISP is performed, and results are shown in Fig. 14. The experimental
data is presented in Table 4. These small motors are for upper stages, and the
experiments were performed in vacuum chambers.

Solid lines on the figure denote the calculation values, which are very sensitive
to the particle diameter. Inclination of these lines is concerned with the throat
radius, i.e., the scale effect as previously mentioned in section 5-2. It is shown
that smaller the nozzle size is, larger the inclination is. Circular markes on these
lines denote the experimental values.

It is found that the calculated thrust performance is in good agreement with the
experimental data when the particle diameter is specified to 1.8x. This particle
diameter should be considered to be an effective diameter, since present calcu-
lations do not include the effects of heat loss and nozzle friction. It is noted that
this diameter is almost the same as the size of the particles gathered in the ex-
periment [13].

According to the recent investigations [/6 ~ 19], the particle size is a function
of throat radius and chamber pressure. Therefore, the careful further investigations
will be needed to predict the thrust performance of all size motors.

TasLE 4. Experimental data of solid motors

No.  Y«m) Rs Xz Yg  Propellant ISP (sec)
1 0.052 1.92 14.23 6.69 BP-27B 289.5
2 0.0175 2.29 17.94 7.07 BP-27B 283.0
3 0.0540 1.61 13.70 6. 44 BP-20B 284.0

4

0.0295 2.10 14.41 6.44 BP-20B 281.4
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Fic. 14. Comparison of measured and calculated thrust
performance.

6. OpTIMUM NOZZLE SHAPE

6-1. Characteristics of Optimum Nozzle Shape

Fig. 15 illustrates the relations among design parameters, X,, Y,, and 4,
of the maximum thrust nozzles. The effects of exit divergence angle (4,) on
the thrust performance is ignored since it can be found to be relatively small in
comparison with the effects of the other parameters. The nozzle shapes are opti-
mized with respect to the nozzle length (X ;) by using Fibonacci search method.
The following wall function is used as a parabolic contour,

YX)=a(X —Xp)*+b(X—-X)+Y, (30)
where
a= Ye—Yp—Tan 6,(X,—X,) (31)
(X—Xp)*
b=Tan4, (32)

The solid line and dashed line on the figure denote the case of N-EGPM and
EGPM, respectively.

It is observed that the both cases give the similar results. The exit radius of
N-EGPM, however, is slightly smaller than that of EGPM because of decreasing
the divergence loss of the particle phase which has relatively straight stream line.
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F1G. 15. Characteristics of optimum parabolic shape nozzle.

The difference of the exit radius of both cases decreases as the initial expansion
angle increases. The optimum contours are identical when the initial expansion
angle is 35°. It is caused by the difference of particle distribution of radial direc-
tion. In the case of large initial expansion angle, the particle density is small as
the particles are widely distributed. In other words, the flow characteristics tend
to those of equilibrium flow.

The shadowed domain denotes the region where particles impinge on the
nozzle wall. These impingements cause a significant thrust loss and nozzle wall
damage [20]. Therefore, we should not design the nozzle shape in this domain.

6-2. Optimum Nozzle Design Chart

From the view point of the practical design, it will be convenient to know the
relations among the design parameters of the optimum nozzle at a glance. For
this purpose, Rao [/5] made a design chart of optimum nozzle shape, which could
not include the data of thrust performance.

A new design chart for the optimum parabolic shape nozzle is presented in
Fig. 16. This chart provides the relation among the thrust performance and various
design parameters. Using this chart, we can design the optimum nozzle shape
easily under the following given parameters:

(1) nozzle length

(2) nozzle exit radius

(3) nozzle length and nozzle exit radius

(4) ISP and nozzle length

(5) ISP and nozzle exit radius

For example, in the first case the design point is the maximum point of a constant
nozzle length line, and in the fifth case it is the intersection of a constant thrust line
and a constant exit radius line. This chart is for the non-equilibrium flow nozzle
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with zero ambient pressure. And it is easy to draw the design charts for various
ambient pressure and throat geometry.

To demonstrate the thrust gain of the optimum parabolic shape nozzle, the thrust
of the nozzles designed for 2x diameter particle are compared with those of the
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Fic. 16. Design chart for optimum parabolic shape nozzle.
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conical nozzles with the same length. The results are presented in Table 5.

The thrust gain of the optimum nozzle relative to the 22°conical nozzle is
1.31%. The 22°conical nozzle is the best in all conical nozzles of various conical
angles. The other example is the case of Pa/Po=0.01. Comparing with the
15°conical nozzle, the thrust gain is 0.88%. Those thrust gains are almost the
same as those of previous investigations performed by Hoffman and Elsbend [2/].
Therefore, the present design method using the parabolic contour is quite useful
for solid motor nozzle designs.

TABLE 5. Comparison of thrust performance

~ Pa/Po Rs Xg Yz 0 ISP (sec) GAIN (%)
optimum 0.0 2.0 14.0 6.43 32° 285.6 1.31
22°conical 0.0 2.0 14.0 6.50 22° 281.9 —
optimum 0.01 2.0 8.0 3.11 22° 251.0 0. 88

15°conical 0.01 2.0 8.0 3.07 15° 248.8 —

7. CONCLUSION

The entire gas-particle flow fields in axisymmetric nozzles are studied by using
the improved transonic flow field calculation and the method of characteristics. It
has been shown that there is a layer of finite thickness along the limiting particle
stream line where a strong velocity gradient exists, and that the thrust performance
losses mainly occur at the throat section. It has been also found that the limiting
particle stream line is deflected towards the nozzle wall by the centrifugal force
generated by the motor body spin.

Next, the effects of nozzle shape on the thrust performance have been investi-
gated in detail. The results can be summarized as follows:

(1) Thrust loss due to the non-equilibrium effects increases with decreasing the
nozzle scale, and it is very severe in the case of small size motors.

(2) ISP efficiency (ISPx-sarm/ISPecen) increases with increasing the throat radius
of curvature, Rs, and the optimum value of Rs exists when the particle
diameter is larger than 4.

(3) The thrust performance of relatively small size motors are well predicted by
the present computational method specifing an effective particle size of 1.8..

(4) The exit radius of the optimum parabolic shape nozzle in the case of N-
EGPM is slightly smaller than that in the case of EGPM, under the restric-
tion of fixed nozzle length and fixed initial expansion angle.

In addition, it has been shown that N-EGPM evaluation is needed to estimate the

exact ISP-performance of the solid propellants, particularly that of propellants

which contain large quantity of aluminum particles.

Finally, a useful design chart for the optimum parabolic shape nozzle is presented,
and it has been shown that the good thrust gains can be obtained by this procedure.
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