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Instability of elastic plate in unsteady sub- and supersonic flow is studied. The observe various 
limit cycle oscillations of the plate for different rates of increase and decrease of the flow
speed. A number of the limit cycles bifurcations is detected and analysed.
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1. INTRODUCTION
Aeroelastic instability of skin panels, known as panel flutter, has been intensively studied over decades 

[1-6]. At high supersonic speeds the coupled-mode panel flutter occurs, while at low supersonic speeds the 
single-mode flutter is dominating. The coupled-mode flutter was investigated in details in the 1960th [1-2].
The single-mode flutter was studied during last ten years [7-12]. Recent nonlinear study [13] has shown that at 
small supersonic flight speeds, different limit cycles can coexist at the same flight conditions, which is caused 
by linear growth mechanism and nonlinear interaction between growing eigenmodes. Some of the limit cycles 
include internal resonance between natural modes. Switches of panel oscillations from one limit cycles to 
another is accompanied by bifurcation of the aeroelastic dynamic system. In the present paper we study such
bifurcations by continuously changing the flow speed at various rates, and watching the panel response. This 
approach gives an explicit way to note the bifurcations in the limit cycles and reveals additional bifurcations 
not noticed before.

2. PROBLEM FORMULATION

Figure 1. Plate in a gas flow 

The formulation of the problem is as follows. The elastic plate of length 𝐿𝐿𝑝𝑝 = 0.3 m and thickness 

ℎ𝑝𝑝 = 0.001 m is mounted into a rigid plane (Figure 1 ). The plate is made of steel with Young's modulus

𝐸𝐸 𝐸 𝐸𝐸 𝐸 1011 Pa, Poison coefficient 𝜈𝜈 𝜈𝜈𝜈𝜈𝜈  and density 𝜌𝜌𝑚𝑚 = 7800 kg/m3. In dimensionless terms, the 

plate stiffness and length are:

𝐷𝐷 𝐷 𝐷𝐷𝑝𝑝 (𝑎𝑎2𝜌𝜌𝑚𝑚ℎ3)⁄ = 21.4, 𝐿𝐿 𝐿 𝐿𝐿𝑝𝑝 ℎ𝑝𝑝 = 300⁄ ,

Where 𝐷𝐷𝑝𝑝 = 𝐸𝐸𝐸3 (12(1 − 𝜈𝜈𝜈)⁄  is the dimensional plate stiffness, and 𝑎𝑎 𝑎 331 m/s is the speed of 
sound in the air. Similar values of dimensionless parameters correspond to other metal materials (e.g., 
aluminium and titanium). The plate is governed by the nonlinear Mindlin plate model, where elastic strains are 
calculated through Koiter–Sanders shell theory.
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Figure 2. Simulation domain (a) and computational grid (b) in FlowVision

The simulation domain of the gas flow is a rectangular 0.6 x 0.3 m (Figure 2a). We consider inviscid 
perfect gas with air properties assigned. Gas flows over one side of the plate with varying Mach number M(t). 
At the other side of the plate, a pressure equal to the undisturbed flow pressure is specified, such that the 
undisturbed pressure difference along the plate is zero. Linear increase and decrease of M between 0.7 and 1.7
during 2.5 s, 5 s, 7.5 s and 10 s is considered. In all simulation, a slight sinusoidal disturbing force is applied 
to the plate in order to excite each bifurcation of limit cycle oscillation.

Subsequent plate-flow interaction is calculated using two coupled codes, Abaqus for simulating the 
plate, and FlowVision for simulating the gas flow. Abaqus is a finite-element commercial code originally 
developed for stress analysis. FlowVision is a finite-volume commercial code developed by Tesis LTD for
aero/hydrodynamic applications. Interaction between the codes is organized through direct coupling 
mechanism along the surface of the deformed plate [14-15]. Both codes are executed in turns; exchanges 
occur at each time step according to conventional. The displacements and velocities of the plate points are sent 
from Abaqus to FlowVision, whereas the pressure distribution along the plate surface is sent back from 
FlowVision to Abaqus. Mesh properties used in the simulation are as follows. The Abaqus plate model 
consists of hexahedral finite elements, with 60 elements along the chordwise direction. The FlowVision flow 
model consists of 50x494 (length x height) finite volumes. The vertical size of finite volumes varies from 
0.0001 m near the plate to 0.01 m in the far field of the simulation domain (see Figure 2a).

It is convenient to analyze plate behavior by watching deflection y of a reference point plotted versus 
time. The reference point is located at 0.22 m downstream of the leading edge of the elastic plate, which is 
approximately 3/4 of the plate length. Fourier analysis is used to calculate the spectra of limit cycles observed.

Investigation of grid, time and domain convergence, testing of the model on coupled and single mode 
flutter at constant flow speed are described in [13].

3. RESULTS
Our previous investigation of is described in [13]. We investigated plate instability at constant flow 

speed. We obtained eight bifurcations. They are shown in Table 1 for comparison. 
Two series of calculation have been considered in our present investigation. The first corresponds to 

increase of M, the second corresponds to decrease of M. Results are shown in Table 1, Figure 3 and Figure 
4. Nine bifurcations were detected. Here bifurcation sequence corresponds to acceleration. I - pitchfork 
bifurcation is a static plate divergence. II – Hopf bifurcation is a limit cycle occurrence. We detected first
mode limit cycle with freezing. Freezing is a short stop of oscillation during the limit cycle. III – first mode 
limit cycle without freezing. IV - transition from non-resonant to resonant limit cycle. V – minor bifurcation 
of resonant limit cycles, VI – transition from resonant limit cycle to high-frequency non-periodic oscillations,
VII – transition from high-frequency non-periodic oscillations to third-mode limit cycle, VIII –transition from 
third-mode limit cycle to first-mode limit cycle, IX - transition to stability. The number and positions of 
bifurcations vary with intensity and direction of M changing (Table 1). We can see that bifurcations II and III
are the same for all accelerations and for constant speed. Bifurcation IV depends on acceleration direction but 
not on acceleration intensity. Bifurcations VI, VII, VIII, IX are the most sensitive for direction and intensity of 
acceleration. 

JAXA Special Publication　JAXA-SP-16-008E60

This document is provided by JAXA.



First International Symposium on Flutter and its Application, 2016 

Table 1. The list of bifurcation. 

 
Increase of M Decrease of M 

M = const 
[13] 

 0,5 s 1 s 2,5 s 5 s 7,5 s 10 s 2,5 s 5 s 7,5 s 10 s  
I 0,79 0,79 0,79 0,79 0,8 0,8 0,83 0,83 0,83 0,821 0,7 
II 1 1 1 1 1 1 0,97 0,97 0,993 0,993 1 
III - 1,07 1,07 1,07 1,06 1,06 1,07 1,07 1,07 1,07 1,05 
IV 1,1 1,1 1,1 1,1 1,1 1,1 1,09 1,09 1,09 1,09 1,12 
V 1,24 1,24 1,24 1,23 1,23 1,22 1,17 1,2 1,25 1,165 - 
VI - - - 1,45 1,41 1,4 1,19 1,22 1,28 1,27 1,33 
VII - - - - 1,53 1,53 1,2 1,31 1,36 1,36 1,42 
VIII - 1,68 1,6 1,58 1,63 1,63 1,23 1,34 1,37 1,38 1,44 
IX - - - - 1,68 1,68 1,5 1,5 1,46 1,46 1,67 

 
For faster increase of M, some of the limit cycles are not formed, since the formation period is too 

large. For example, for ΔM=1 during 0.5 s, 1 s and 2.5 s we have only divergence, first mode limit cycles, 
resonant limit cycle, though more dangerous high-frequency or non-periodic oscillations are missed (see 
Figure 3a-Figure 3c). For ΔM=1 during 5 s we have the same behavior as in the previous case almost in 
whole interval, except a small area 1.45<M<1.58, where a high-frequency non-periodic oscillations are 
formed (see Figure 3d). For ΔM=1 during 7.5 s we have a similar behavior in a low Much number as in 
previous cases. But for M>1.4 we have a completely difference results. There is a long segment of 
non-periodic oscillations (1.41<M<1.53) and third-mode limit cycle (1.53<M<1.63) (see Figure 3e). Then, 
for smaller increase of M (ΔM=1 during 10 s) we have a very similar behavior as in the previous case in the 
whole interval. Only positions of some bifurcation are slightly different (see Figure 3f). 

 
 

 
 
a    

V IV II I 
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Figure 3: Vertical deflection of a plate point vs M in the case of acceleration from M=0.7 to M=1.7 during 0.5 
s (a), 1 s (b), 2.5 s (c), 5 s (d), 7.5 s (e), 10 s (f), red lines represent bifurcations of the limit cycle. 

Plate instability is significantly different for increase and decrease of M. Thus, in all cases of decrease 
instability occurs if M<1.5 and may take place till M=0.8, whereas in the case of increase plate become 
unstable then M>0.8 and can be instable till M=1.7 (see Figure 4). Also there is a significant difference 
between corresponding rates of increasing and decreasing with the same module of acceleration. For example, 
for decreasing of M during 2.5 s there is a small area of high-frequency non-periodic oscillations (see Figure 
4a) (1.19-1.2), while for increasing of M during 2.5 s there are no high-frequency non-periodic oscillations 
(see Figure 3a). Further all cases of decrease of M are significantly different from each other for M>1.2 (see 
Figure 4). Thus, for decreasing of M during 2.5 s there is a big area of first mode limit cycle (1.23<M<1.5) 
and small areas of non-periodic oscillations and third mode limit cycle (1.19<M<1.2, 1.2<M<1.23) (see 
Figure 4a), while for decreasing during 5 s there is a big area of non-periodic oscillations (1.22<M<1.31) and 
shifted area of third mode limit cycle (1.31<M<1.34) (see Figure 4b). For decreasing during 7.5 s the area of 
non-periodic oscillations is shifted to the high M (1.28<M<1.36), also the region of resonant limit cycle is 
bigger than in previous cases (1.09<M<1.25) (see Figure 4c). For decreasing during 10 s there is a large 
region of transition from resonant limit cycle to non-periodic oscillations (1.165<M<1.27) (see Figure 4d). 

XI XIVIII VI V IV III IIIII I 
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IX VIII VIIIVII VI V IV IVIII II I 
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Figure 4: Vertical deflection of a plate point vs M in the case of deceleration from M=1.7 to M=0.7 during  
2.5 s (a), 5 s (b), 7.5 s (c), 10 s (d), red lines represent bifurcations of the limit cycle. 

Summary, we have shown that plate behavior is significantly different in the cases of increase and 
decrease of a flow speed. We can conclude that hysteresis areas near bifurcation are detected. Beside that, we 
have obtained that fast increase and decrease of a flow allow avoiding the most dangerous types of flutter, 
such as high frequency non-periodic flutter or third mode flutter, while slow increase or decrease allows 
investigating instability area in details. Also, we have obtained that instability occurs at all considered 
accelerations. 
 
4. CONCLUSIONS 

 Numerical study of a plate instability in an unsteady flow has been conducted. Ten different rates of 
the increase and decrease of the flow speed have been investigates. A series of bifurcations for each case is 
detected. It is shown that fast increase and decrease of a flow speed allows avoiding the most dangerous types 
of flutter, namely high frequency non-periodic flutter or third mode flutter. However, first mode flutter is not 
suppressed even for very high accelerations. 
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The paper addresses both active and passive flutter suppression for highly flexible wings using 
piezoelectric transduction. The piezoelectric effect is included in a strain-based geometrically 
nonlinear beam formulation. The resulting structural dynamic equations for multifunctional 
beams are then coupled with a finite-state unsteady aerodynamic formulation, allowing for 
piezoelectric energy harvesting and actuation with the nonlinear aeroelastic system. With the 
development, it is possible to provide an integral aeroelastic and electromechanical solution of 
concurrent active piezoelectric control on and energy harvesting from wing vibrations, with the 
consideration of the geometrical nonlinear effects of the slender multifunctional wings. The 
energy harvesting system can provide an additional damping effect on the wing as well as its 
harvesting capability. In this paper, an LQG controller is developed for the active control of 
wing limit-cycle oscillations due to the onset of flutter instability. The controller demonstrates 
effective flutter control capability. Furthermore, a concurrent active vibration control and 
energy harvesting can also be realized for the multifunctional wing system with embedded 
piezoelectric materials. 

 
Keyword: Flutter, Multifunctional structure, Active control, Energy harvesting, Slender wing 

 
1. Introduction 

With an increase of demands for high-performance aircraft, nonlinear aeroelasticity has been one of 
the most important and interested fields nowadays. With the application of flexible structures to reach the 
desired high performance, aeroelastic instabilities including flutter and LCOs may reduce the aircraft flight 
performance and lead to structural problems such as fatigue on the structures. There have been extensive 
literatures regarding aeroelasticity.1 Especially, Dowell et al.2 provided a good summary of nonlinear 
aeroelasticity studies, especially for flutter and limit cycle oscillations (LCOs) at the time. 

High-altitude long-endurance (HALE) UAVs have been developed for several applications such as 
Intelligence, Surveillance, and Reconnaissance (ISR) and environmental researches. They feature high 
aspect-ratio slender wings with low structural weight. Due to the nature of the slender wings, they may 
undergo large deformations with normal operation conditions, which lead to geometrically-nonlinear 
behaviors.3-5 Therefore, geometrical nonlinearity must be taken into account in the aeroelastic modeling of 
these vehicles.3, 6, 7 

Recently, wing morphing has also become a dynamic research field that is hoped to improve the flight 
performance under different flight conditions where traditional control surfaces are less effective, or to 
provide extra control in poor flight conditions. Although an early concept of wing warping was employed in 
the aircraft system built by the Wright brothers, the technique was later replaced by discrete control surfaces 
due to the lack of the structural stiffness. In recent studies of the active aeroelastic wing (AAW) technology,8 a 
set of control surfaces was used to induce aeroelastic deformations on the wing so that the reshape of the wing 
can provide optimum performance instead of directly generating the maneuver loads. The studies showed 
promising benefits of AAW technology in weight and performance perspectives. At the same time, 
multifunctional structural technologies9 are being developed, which may bring revolutionary changes to 
aircraft structures. These structures are capable of performing multiple primary functions and can potentially 
improve aircraft performance through consolidation of subsystem materials and functions.9, 10 The 
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