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The paper addresses both active and passive flutter suppression for highly flexible wings using 
piezoelectric transduction. The piezoelectric effect is included in a strain-based geometrically 
nonlinear beam formulation. The resulting structural dynamic equations for multifunctional 
beams are then coupled with a finite-state unsteady aerodynamic formulation, allowing for 
piezoelectric energy harvesting and actuation with the nonlinear aeroelastic system. With the 
development, it is possible to provide an integral aeroelastic and electromechanical solution of 
concurrent active piezoelectric control on and energy harvesting from wing vibrations, with the 
consideration of the geometrical nonlinear effects of the slender multifunctional wings. The 
energy harvesting system can provide an additional damping effect on the wing as well as its 
harvesting capability. In this paper, an LQG controller is developed for the active control of 
wing limit-cycle oscillations due to the onset of flutter instability. The controller demonstrates 
effective flutter control capability. Furthermore, a concurrent active vibration control and 
energy harvesting can also be realized for the multifunctional wing system with embedded 
piezoelectric materials. 
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1. Introduction 

With an increase of demands for high-performance aircraft, nonlinear aeroelasticity has been one of 
the most important and interested fields nowadays. With the application of flexible structures to reach the 
desired high performance, aeroelastic instabilities including flutter and LCOs may reduce the aircraft flight 
performance and lead to structural problems such as fatigue on the structures. There have been extensive 
literatures regarding aeroelasticity.1 Especially, Dowell et al.2 provided a good summary of nonlinear 
aeroelasticity studies, especially for flutter and limit cycle oscillations (LCOs) at the time. 

High-altitude long-endurance (HALE) UAVs have been developed for several applications such as 
Intelligence, Surveillance, and Reconnaissance (ISR) and environmental researches. They feature high 
aspect-ratio slender wings with low structural weight. Due to the nature of the slender wings, they may 
undergo large deformations with normal operation conditions, which lead to geometrically-nonlinear 
behaviors.3-5 Therefore, geometrical nonlinearity must be taken into account in the aeroelastic modeling of 
these vehicles.3, 6, 7 

Recently, wing morphing has also become a dynamic research field that is hoped to improve the flight 
performance under different flight conditions where traditional control surfaces are less effective, or to 
provide extra control in poor flight conditions. Although an early concept of wing warping was employed in 
the aircraft system built by the Wright brothers, the technique was later replaced by discrete control surfaces 
due to the lack of the structural stiffness. In recent studies of the active aeroelastic wing (AAW) technology,8 a 
set of control surfaces was used to induce aeroelastic deformations on the wing so that the reshape of the wing 
can provide optimum performance instead of directly generating the maneuver loads. The studies showed 
promising benefits of AAW technology in weight and performance perspectives. At the same time, 
multifunctional structural technologies9 are being developed, which may bring revolutionary changes to 
aircraft structures. These structures are capable of performing multiple primary functions and can potentially 
improve aircraft performance through consolidation of subsystem materials and functions.9, 10 The 
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employment of the wing morphing concept and multifunctional structural technologies may create new 
aircraft platforms with enhanced effectiveness and improved capability of operation. 

The growth of active material technologies including anisotropic piezo-composite actuators (APA)11 
may facilitate the applications of multifunctional structures. In fact, one may take advantage of piezoelectric 
transducers to fulfill the dual functions of actuation and energy harvesting.12 To explore the approaches to 
model the electromechanical behavior of piezoelectric transducing, many research groups from different fields 
have developed various prediction models. Early studies of piezoelectric transducing have modeled the 
piezoelectric transducer using a simplified lumped model with bending vibrations.13 Even though the approach 
was effective, the lumped model came with some disadvantages, such as the over simplification of the real 
physics. To improve the accuracy, some distributed models have been applied in the subsequent studies. For 
example, Bilgen et al.14 modeled the cantilever beam with embedded piezoelectric materials using the linear 
Euler-Bernoulli beam theory, and applied this approach to the piezoelectric transducing and gust alleviation of 
a small UAV.15 Sodano et al.16 developed a model of the piezoelectric power harvesting device based on works 
of Hagood et al.17 and Crawley and Anderson.18 They used energy methods to develop the constitutive 
equations of a bimorph piezoelectric cantilever beam. The model was solved with the Rayleigh-Ritz procedure. 
More recently, Anton et al.10 presented the investigation of a multifunctional wing spar for UAVs. 

On the other hand, the piezoelectric actuation was implemented for aerospace applications in many 
ways. For example, Bent et al.19 developed the actuator equations for piezoelectric fiber composites with a 
conventional poling condition. They applied the Classical Laminated Plate Theory (CLPT) for the anisotropic 
composites force calculations. Wilkie et al.20 employed this approach to find the piezoelectric induced stress 
and to calculate the resultant moment on a rectangular, thin-walled, closed-section structure with the 
piezoelectric twist actuation. Cesnik and Ortega-Morales21 used an energy approach for the actuation 
equations for a composite wing. They compared their model capability with preceding studies in the 
literature.22 Furthermore, an integrated structure of active actuation and energy harvesting may be designed by 
utilizing piezoelectric materials. Such a structure may work with one of the two functions of piezoelectric 
materials, which can be either actuated for wing morphing and/or vibration control, replacing the traditional 
control surfaces, or used as an energy harvester. 

Finally, control algorithms are required to properly actuate the active wing structures to achieve the 
desired aircraft performance. In a modern aircraft control system, there are multiple variables that need to be 
controlled simultaneously. To satisfy the mission requirement and achieve the desired flight performance, an 
optimal feedback strategy should be implemented. In a simple control problem, Linear Quadratic Regulator 
(LQR) or more practical Linear Quadratic Gaussian (LQG) regulator may be selected as the starting point. 
These regulators are popular due to their capability to obtain the optimal control configurations. A lot of 
literatures23 have provided detailed discussions on these controllers. 

In summary, as a study on the aforementioned integrated system, this paper will model both active 
piezoelectric actuation and energy harvesting in a strain-based geometrically nonlinear aeroelastic formulation. 
Numerical studies will be performed to explore the concurrent piezoelectric energy harvesting and wing flutter 
control of the multifunctional system. 
 
2. THEORETICAL FORMULATION 

The theoretical formulation used in the current study is introduced in this section, where a slender 
wing with piezoelectric actuation is modeled using a strain-based geometrically-nonlinear beam formulation. 
The strain-based beam24 and aeroelastic4, 5 formulations have been introduced in the literature. The finite-state 
inflow theory25 is incorporated for aerodynamic loads on lifting surfaces. Piezoelectric actuation is considered 
as an additional external load to the system. 

 
(1) Multifunctional wing structure 

Fig. 1 illustrates a multifunctional beam with both energy harvesting and actuation capabilities, using 
piezoelectric materials. The current work is an extension to the piezoelectric actuation based on the previous 
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work on the modeling of the piezoelectric energy harvesting.26 For simplicity, the piezoelectric energy 
harvesting works in the flap bending direction. 

  
Figure 1: Multifunctional beam and equivalent circuit for energy harvesting subsystem. 

 
The constitutive equation for piezoelectric materials is given as 

     
    
    

Tσ εD -e
=

B Ee ζ
 (1) 

where σ  is the material stress, B̅ is the electric displacement, D̅ is the piezoelectric material stiffness matrix, 
e is the piezoelectric coupling, ζ is the permittivity, ε  is the material strain, and E is the electric field, which 
is obtained from the gradient of the electric voltage v across the piezoelectric layer. The coupled 
electromechanical effect of piezoelectric material will be considered when deriving the equations of motion. 

 
(2) Fundamental wing modeling description 

A cantilever beam is defined in a fixed frame B. A local beam frame (w) is built within the B frame 
(see Fig. 2), which is used to define the position and orientation of each node along the beam reference line. 
Vectors wx(s,t), wy(s,t), and wz(s,t) are bases of the beam frame w, whose directions are pointing along the 
beam reference axis, toward the leading edge, and normal to the beam (wing) surface, respectively, resolved in 
the B frame. The curvilinear beam coordinate s provides the nodal location within the body frame. 

To model the elastic deformation of slender beams, a new nonlinear beam element was developed in 
the work of Ref. [24, 27]. Each of the elements has three nodes and four local strain degrees of freedom, 
which are extension, twist, flap bending rate (κy), and edge bending rate (κz), respectively, of the beam 
reference line: 
 ( ) { ( ) ( ) ( ) ( )}T

x x y zs s s s s   ε  (2) 

which is not to be confused with the strain of the materials ( ε ) in Eq. 1, even though they are related. 
Positions and orientations of each node along the beam are determined by a vector consisting of 12 

components, and the derivative and variation dependent variable h are derived from those of the independent 
variable ε using the Jacobians J which are obtained from kinematics.6, 24  
 
(3) Equations of motion 

The equations of motion can be derived by following the principle of virtual work. The detailed 
derivation, where the electromechanical coupling effect was not considered, can be found in Su and Cesnik.4, 

24 The electromechanical coupling effect was further discussed and studied for energy harvesting.26 By putting 
internal and external virtual works together, the total virtual work on a beam can be obtained.28 Because the 
variations of the strain and the voltage are arbitrary, the electromechanical system’s equations of motion is 
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where the generalized inertia, damping, stiffness matrices and generalized force vector are 
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in which ε0 is the initial strain of the beam. Bva and Bvh are the electromechanical coupling matrix for the 
piezoelectric actuator and harvester. g, Fdist, Mdist, Fpt, and Mpt are the gravity field, distributed forces, 
distributed moments, point forces, point moments, respectively. N, BF, and BM are the influence matrices for 
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employment of the wing morphing concept and multifunctional structural technologies may create new 
aircraft platforms with enhanced effectiveness and improved capability of operation. 

The growth of active material technologies including anisotropic piezo-composite actuators (APA)11 
may facilitate the applications of multifunctional structures. In fact, one may take advantage of piezoelectric 
transducers to fulfill the dual functions of actuation and energy harvesting.12 To explore the approaches to 
model the electromechanical behavior of piezoelectric transducing, many research groups from different fields 
have developed various prediction models. Early studies of piezoelectric transducing have modeled the 
piezoelectric transducer using a simplified lumped model with bending vibrations.13 Even though the approach 
was effective, the lumped model came with some disadvantages, such as the over simplification of the real 
physics. To improve the accuracy, some distributed models have been applied in the subsequent studies. For 
example, Bilgen et al.14 modeled the cantilever beam with embedded piezoelectric materials using the linear 
Euler-Bernoulli beam theory, and applied this approach to the piezoelectric transducing and gust alleviation of 
a small UAV.15 Sodano et al.16 developed a model of the piezoelectric power harvesting device based on works 
of Hagood et al.17 and Crawley and Anderson.18 They used energy methods to develop the constitutive 
equations of a bimorph piezoelectric cantilever beam. The model was solved with the Rayleigh-Ritz procedure. 
More recently, Anton et al.10 presented the investigation of a multifunctional wing spar for UAVs. 

On the other hand, the piezoelectric actuation was implemented for aerospace applications in many 
ways. For example, Bent et al.19 developed the actuator equations for piezoelectric fiber composites with a 
conventional poling condition. They applied the Classical Laminated Plate Theory (CLPT) for the anisotropic 
composites force calculations. Wilkie et al.20 employed this approach to find the piezoelectric induced stress 
and to calculate the resultant moment on a rectangular, thin-walled, closed-section structure with the 
piezoelectric twist actuation. Cesnik and Ortega-Morales21 used an energy approach for the actuation 
equations for a composite wing. They compared their model capability with preceding studies in the 
literature.22 Furthermore, an integrated structure of active actuation and energy harvesting may be designed by 
utilizing piezoelectric materials. Such a structure may work with one of the two functions of piezoelectric 
materials, which can be either actuated for wing morphing and/or vibration control, replacing the traditional 
control surfaces, or used as an energy harvester. 

Finally, control algorithms are required to properly actuate the active wing structures to achieve the 
desired aircraft performance. In a modern aircraft control system, there are multiple variables that need to be 
controlled simultaneously. To satisfy the mission requirement and achieve the desired flight performance, an 
optimal feedback strategy should be implemented. In a simple control problem, Linear Quadratic Regulator 
(LQR) or more practical Linear Quadratic Gaussian (LQG) regulator may be selected as the starting point. 
These regulators are popular due to their capability to obtain the optimal control configurations. A lot of 
literatures23 have provided detailed discussions on these controllers. 

In summary, as a study on the aforementioned integrated system, this paper will model both active 
piezoelectric actuation and energy harvesting in a strain-based geometrically nonlinear aeroelastic formulation. 
Numerical studies will be performed to explore the concurrent piezoelectric energy harvesting and wing flutter 
control of the multifunctional system. 
 
2. THEORETICAL FORMULATION 

The theoretical formulation used in the current study is introduced in this section, where a slender 
wing with piezoelectric actuation is modeled using a strain-based geometrically-nonlinear beam formulation. 
The strain-based beam24 and aeroelastic4, 5 formulations have been introduced in the literature. The finite-state 
inflow theory25 is incorporated for aerodynamic loads on lifting surfaces. Piezoelectric actuation is considered 
as an additional external load to the system. 

 
(1) Multifunctional wing structure 

Fig. 1 illustrates a multifunctional beam with both energy harvesting and actuation capabilities, using 
piezoelectric materials. The current work is an extension to the piezoelectric actuation based on the previous 
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work on the modeling of the piezoelectric energy harvesting.26 For simplicity, the piezoelectric energy 
harvesting works in the flap bending direction. 

  
Figure 1: Multifunctional beam and equivalent circuit for energy harvesting subsystem. 

 
The constitutive equation for piezoelectric materials is given as 

     
    
    

Tσ εD -e
=

B Ee ζ
 (1) 

where σ  is the material stress, B̅ is the electric displacement, D̅ is the piezoelectric material stiffness matrix, 
e is the piezoelectric coupling, ζ is the permittivity, ε  is the material strain, and E is the electric field, which 
is obtained from the gradient of the electric voltage v across the piezoelectric layer. The coupled 
electromechanical effect of piezoelectric material will be considered when deriving the equations of motion. 

 
(2) Fundamental wing modeling description 

A cantilever beam is defined in a fixed frame B. A local beam frame (w) is built within the B frame 
(see Fig. 2), which is used to define the position and orientation of each node along the beam reference line. 
Vectors wx(s,t), wy(s,t), and wz(s,t) are bases of the beam frame w, whose directions are pointing along the 
beam reference axis, toward the leading edge, and normal to the beam (wing) surface, respectively, resolved in 
the B frame. The curvilinear beam coordinate s provides the nodal location within the body frame. 

To model the elastic deformation of slender beams, a new nonlinear beam element was developed in 
the work of Ref. [24, 27]. Each of the elements has three nodes and four local strain degrees of freedom, 
which are extension, twist, flap bending rate (κy), and edge bending rate (κz), respectively, of the beam 
reference line: 
 ( ) { ( ) ( ) ( ) ( )}T

x x y zs s s s s   ε  (2) 

which is not to be confused with the strain of the materials ( ε ) in Eq. 1, even though they are related. 
Positions and orientations of each node along the beam are determined by a vector consisting of 12 

components, and the derivative and variation dependent variable h are derived from those of the independent 
variable ε using the Jacobians J which are obtained from kinematics.6, 24  
 
(3) Equations of motion 

The equations of motion can be derived by following the principle of virtual work. The detailed 
derivation, where the electromechanical coupling effect was not considered, can be found in Su and Cesnik.4, 

24 The electromechanical coupling effect was further discussed and studied for energy harvesting.26 By putting 
internal and external virtual works together, the total virtual work on a beam can be obtained.28 Because the 
variations of the strain and the voltage are arbitrary, the electromechanical system’s equations of motion is 
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where the generalized inertia, damping, stiffness matrices and generalized force vector are 
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in which ε0 is the initial strain of the beam. Bva and Bvh are the electromechanical coupling matrix for the 
piezoelectric actuator and harvester. g, Fdist, Mdist, Fpt, and Mpt are the gravity field, distributed forces, 
distributed moments, point forces, point moments, respectively. N, BF, and BM are the influence matrices for 
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the gravitational force, distributed forces, and distributed moments, which come from the numerical 
integration. In addition, Qe is the total charge accumulated over the electrodes, whose time derivative is the 
current. The coupling matrix Bva will be derived in the next discussion while Bvh and Cp are from the 
cross-sectional value:  

  31

[0 0 0]

/

/

T
vh

cs
vh vh p p p pA

p p p p

B

B B s s z e t dA

C b s t



  




vhB

 (5) 

in which A is the cross-sectional area of the piezoelectric layer. zp is the distance between the elastic axis of 
the beam and the piezoelectric layer (see Fig. 3). Quantities bp, tp, and sp are the width, thickness, and length 
of the piezoelectric layer, respectively. As shown in Eq. 4, the generalized force vector involves the effects 
from initial strains ε0, gravitational field g, distributed forces Fdist, distributed moments Mdist, point forces Fpt, 
point moments Mpt, and the electric field v. The aerodynamic forces and moments are considered as 
distributed loads. 

  

Figure 2: Beam references frames. Figure 3: Spanwise segment and cross-section of multifunctional 
wing spar. 

 
(4) Piezoelectric actuation of bending and torsion deformation 

The multifunctional wing with embedded piezoelectric materials is also considered as a piezoelectric 
actuation device, in addition to the energy harvesting function. Bent et al.19 developed the anisotropic actuator 
equations using the conventional poling, which are followed in the current development of the structural 
dynamic equations of the multifunctional wing. With the in-plane structural anisotropy in the piezoelectric 
material, a transformation between a piezoelectric material and beam coordinate, and the assumption of plane 
stress (T3=T4=T5=0), the reduced piezoelectric constitutive relations are obtained.28 The electric field and 
displacement are assumed to be along the 3-direction for simplicity. Piezoelectric induced stresses can be  
 3E  T T

pe sσ T e  (6) 

Resultant forces and moments can be calculated from the piezoelectric induced terms. Bent et al.19 
developed the forces and moments on thin-walled anisotropic composites using the Classical Laminated Plate 
Theory (CLPT). The detailed discussion of the CLPT can be found in Ref. [29]. On the other hand, if a 
composite structure is a simple rectangular thin-walled section, one may choose an approach using the 
piezoelectric induced stresses to calculate the induced bending and torsional moments as in Ref. [20]. 

The coupling matrix Bva is related to the resultant piezoelectric forces and moments as 
 1 2 3 4 1 1 2 3{ } { }T T

va va va va a a a aB B B B v F M M M  (7) 

where F1a is a piezoelectric induced extensional force, and M1a, M2a, M3a are piezoelectric induced moments 
about 1, 2, 3 axes, respectively. In this paper, the 1, 2, 3 axes are oriented so that the coordinate aligned with 
the wing beam coordinate axes x, y, z. 
 
(5) Unsteady aerodynamics 

The distributed loads, Fdist and Mdist in Eq. 4 are divided into aerodynamic loads and user-supplied 
loads. The unsteady aerodynamic loads used in the current study are based on the two dimensional (2-D) 
finite-state inflow theory, provided in Peters and Johnson.25 The theory calculates aerodynamic loads on a thin 
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airfoil section undergoing large motions in an incompressible inviscid subsonic flow. The lift, moment, and 
drag of a thin 2-D airfoil section about its midchord are given by 
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where b is the semichord, and d is the distance of the mid-chord in front of the reference axis. The quantity 
/z y    is the angle of attack that consists of the contribution from both the steady state angle of attack and the 

unsteady plunging motion of the airfoil. The different velocity components are shown in Fig. 4. The inflow 
velocity λ0 accounts for induced flow due to free vorticity, which is the weighted summation of the inflow 
states λ as described Peters and Johnson25 and governed by 

 1 2 3λ = F ε + F ε + F λ    (9) 

The aerodynamic loads about the midchord center are transferred to the wing elastic axis and rotated 
into the fixed B frame for the solution of equations of motion. 

 
Figure 4: Airfoil coordinate system and velocity components. 

 
(6) LQR and LQG feedback controllers 

Linear Quadratic Regulator (LQR)23 (see Fig. 5) is commonly used in traditional aircraft control 
studies. To apply the linear control theory, the linearization of the system equations about a nonlinear 
equilibrium state is performed.28 The structural Jacobians are assumed to be constant when the system is 
perturbed, while this assumption holds for small perturbations to the system. It helps to simplify the 
linearization process by making the generalized mass matrices independent of the state variables. The 
nonlinear aeroelastic equations of the cantilever wing is rewritten with the small perturbation about the 
nonlinear equilibrium state, which yields 
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of the aerodynamic load vector with respect to the inflow states. Eq. 10 is put into the state-space form: 
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where v is the inputs of piezoelectric actuation. The associated quadratic performance index is defined as 
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where R and Q are positive-definite penalty matrices. The optimal control and associated Riccati-equation are 
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The LQR results in a robust closed-loop system. However, the LQR design assumes all the states of 
the system are available for feedback. In most practical systems, it is not possible to obtain all the state. The 
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the gravitational force, distributed forces, and distributed moments, which come from the numerical 
integration. In addition, Qe is the total charge accumulated over the electrodes, whose time derivative is the 
current. The coupling matrix Bva will be derived in the next discussion while Bvh and Cp are from the 
cross-sectional value:  
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in which A is the cross-sectional area of the piezoelectric layer. zp is the distance between the elastic axis of 
the beam and the piezoelectric layer (see Fig. 3). Quantities bp, tp, and sp are the width, thickness, and length 
of the piezoelectric layer, respectively. As shown in Eq. 4, the generalized force vector involves the effects 
from initial strains ε0, gravitational field g, distributed forces Fdist, distributed moments Mdist, point forces Fpt, 
point moments Mpt, and the electric field v. The aerodynamic forces and moments are considered as 
distributed loads. 

  

Figure 2: Beam references frames. Figure 3: Spanwise segment and cross-section of multifunctional 
wing spar. 

 
(4) Piezoelectric actuation of bending and torsion deformation 

The multifunctional wing with embedded piezoelectric materials is also considered as a piezoelectric 
actuation device, in addition to the energy harvesting function. Bent et al.19 developed the anisotropic actuator 
equations using the conventional poling, which are followed in the current development of the structural 
dynamic equations of the multifunctional wing. With the in-plane structural anisotropy in the piezoelectric 
material, a transformation between a piezoelectric material and beam coordinate, and the assumption of plane 
stress (T3=T4=T5=0), the reduced piezoelectric constitutive relations are obtained.28 The electric field and 
displacement are assumed to be along the 3-direction for simplicity. Piezoelectric induced stresses can be  
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Resultant forces and moments can be calculated from the piezoelectric induced terms. Bent et al.19 
developed the forces and moments on thin-walled anisotropic composites using the Classical Laminated Plate 
Theory (CLPT). The detailed discussion of the CLPT can be found in Ref. [29]. On the other hand, if a 
composite structure is a simple rectangular thin-walled section, one may choose an approach using the 
piezoelectric induced stresses to calculate the induced bending and torsional moments as in Ref. [20]. 

The coupling matrix Bva is related to the resultant piezoelectric forces and moments as 
 1 2 3 4 1 1 2 3{ } { }T T

va va va va a a a aB B B B v F M M M  (7) 

where F1a is a piezoelectric induced extensional force, and M1a, M2a, M3a are piezoelectric induced moments 
about 1, 2, 3 axes, respectively. In this paper, the 1, 2, 3 axes are oriented so that the coordinate aligned with 
the wing beam coordinate axes x, y, z. 
 
(5) Unsteady aerodynamics 

The distributed loads, Fdist and Mdist in Eq. 4 are divided into aerodynamic loads and user-supplied 
loads. The unsteady aerodynamic loads used in the current study are based on the two dimensional (2-D) 
finite-state inflow theory, provided in Peters and Johnson.25 The theory calculates aerodynamic loads on a thin 
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airfoil section undergoing large motions in an incompressible inviscid subsonic flow. The lift, moment, and 
drag of a thin 2-D airfoil section about its midchord are given by 
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where b is the semichord, and d is the distance of the mid-chord in front of the reference axis. The quantity 
/z y    is the angle of attack that consists of the contribution from both the steady state angle of attack and the 

unsteady plunging motion of the airfoil. The different velocity components are shown in Fig. 4. The inflow 
velocity λ0 accounts for induced flow due to free vorticity, which is the weighted summation of the inflow 
states λ as described Peters and Johnson25 and governed by 

 1 2 3λ = F ε + F ε + F λ    (9) 

The aerodynamic loads about the midchord center are transferred to the wing elastic axis and rotated 
into the fixed B frame for the solution of equations of motion. 

 
Figure 4: Airfoil coordinate system and velocity components. 

 
(6) LQR and LQG feedback controllers 

Linear Quadratic Regulator (LQR)23 (see Fig. 5) is commonly used in traditional aircraft control 
studies. To apply the linear control theory, the linearization of the system equations about a nonlinear 
equilibrium state is performed.28 The structural Jacobians are assumed to be constant when the system is 
perturbed, while this assumption holds for small perturbations to the system. It helps to simplify the 
linearization process by making the generalized mass matrices independent of the state variables. The 
nonlinear aeroelastic equations of the cantilever wing is rewritten with the small perturbation about the 
nonlinear equilibrium state, which yields 

 
  

  
0

aero
FF FF FF F /λ v

1 2 3

M ε + C ε + K ε R λ B v = 0

λ - F ε - F ε - F λ = 0
 (10) 

where M̅, C̅, and K̅ are the linearized general inertia, damping, and stiffness matrices. 
0

aero
F/λR  is the derivative 

of the aerodynamic load vector with respect to the inflow states. Eq. 10 is put into the state-space form: 

 { } { }T T T T T T

x = Ax+Bu
x = ε ε λ u = v


  (11) 

where v is the inputs of piezoelectric actuation. The associated quadratic performance index is defined as 

  
0

J dt


  T Tx Qx + u Ru  (12) 

where R and Q are positive-definite penalty matrices. The optimal control and associated Riccati-equation are 

 -1 T

T -1 T

u = -Kx
K = R B S
A S + SA - SBR B S + Q = 0

 (13) 

The LQR results in a robust closed-loop system. However, the LQR design assumes all the states of 
the system are available for feedback. In most practical systems, it is not possible to obtain all the state. The 
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Linear Quadratic Gaussian regulator (LQG) provides the compensation to the limitation of state variable 
availability. The LQG consists of an LQR and a Kalman filter which gives state estimations (see Fig. 5). The 
state-space model describing the problem is now 

 
x = Ax + Bu + Gw
y = Cx + Du + Hw + n


 (14) 

where x is the state vector, u is the control input to the system plant, w is the process noise, and n is the sensor 
noise. The noises w and n are zero-mean white noises. The Kalman filter provides an estimated x̂ of x with 

 

ˆ ˆ ˆ( )

T -1

T T -1
n n

x Ax + Bu + L y - Cx - Du
y Cx + Du + Hw + n
L PC R
AP + PA + Q - PC R CP = 0








 (15) 

where Qn and Rn are the covariance matrices of noise w and n, and L is the filter gain. The control input to the 
original model can be obtained as 
 ˆu = -Kx  (16) 

  
Figure 5: LQR (left) and LQG (right) feedback control diagram. 

 
The linear quadratic controllers minimize a certain performance index by applying penalties on both 

state variables and control inputs. Different combinations of penalties may result in different control system 
performances. It may reduce the excess wing deformations with large control power, while it may allow a 
certain level of wing vibration, saving the excess power consumption. Therefore, it is important to establish a 
way to evaluate the trade-off and find a cost effective controller setting. 

One good way to evaluate the performance is to normalize the cost function and to split them into two 
components for state variables and control inputs, which can be defined as the state cost Js and the control cost 
Jc.30 The objective cost function defined in the Eq. 12 can be rewritten with an additional weighting term r: 

  
0

J r dt


  T Tx Qx u Ru  (17) 

As a preliminary design, the balanced penalty point, cost effective point in other words, can be found at the 
vertex of the hyperbolic curve of state and control cost.28 
 
3. NUMERICAL STUDIES 

In this section, nonlinear active aeroelastic analysis results are presented for a slender wing, which are 
obtained by using the derived electro-aeroelastic formulation. Passive and active suppressions of the wing 
flutter are also discussed. Particularly, concurrent active piezoelectric actuation and energy harvesting with a 
LQG controller are explored with different multifunctional wing configurations. 

 
(1) Multifunctional wing 

The multifunctional wing model in Ref. [28] is used for the study of flutter suppression. The detailed 
wing properties can be found in Ref. [30]. The wing model is divided into 10 elements. Some of the elements 
are “designated” as active actuators for the vibration control, while others are “designated” as energy 
harvesters. The system resistance load is set to be 1 MΩ. Fig. 6 is the wing geometry and the lay-up of the 
cross-section. The model applies Active Fiber Composites (AFC) for bending twist actuation and it is tapered 
through 75% of the wing. There is a single wing spar at 40% chord, and element IDs are assigned from the 
wing root to the tip, ranging from 1 to 10. Although the studies in Ref. [30] covered different actuator 
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orientations from 0 to ±45, only the case with the actuation oriented at ±22 is performed in the current study 
to have the balanced bending and torsional actuation capability. 

  
Figure 6: Wing model dimensions and lay-up of the cross-section. 

 
(2) Stability analysis and flutter boundary 

A stability analysis4 is performed to properly understand the wing aeroelastic stability characteristics. 
To evaluate the impacts of gravity and angle of attack (AOA) α on the flutter boundary of the wing, several 
conditions with and without a gravity load at different AOAs are investigated as shown in Fig. 7. The flutter 
speed UF and the frequency ωF depend on the AOA, but the gravity effect seems to be negligible for the wing 
and it will not be considered in the following analysis for simplicity. To consider a specific case for flutter, α = 
8° is chosen, and the flight altitude is set as sea level in the following studies. The stability analysis yields UF 
= 71.4 m/s and ωF = 22.3 Hz. The flutter behavior of the wing with the condition is then simulated in the 
time-domain. Fig. 8 shows the wing tip vertical deflection at U∞ = 89.25 m/s which is 25% above the flutter 
speed, which will be used in the following flutter control studies. 

  
Figure 7: Flutter speed and 

frequency. 
Figure 8: Wing tip vertical deflection at U∞ = 89.25 m/s 

and α = 8°. 
 

(3) Passive damping with energy harvesting 
Energy harvesting has an additional damping effect,26 so called shunt damping, associated to its 

harvesting function, which is studied in this section. To focus on the damping effect due to the energy 
harvesting, all the multifunctional wing elements are activated as harvesters in this section. Fig. 9 shows the 
wing tip vertical deflections of two aeroelastically neutral cases, while impacted by the energy harvesting 
subsystem. In the first one α = 2° and U∞ = 76 m/s, while the second has α = 8° and U∞ = 73.75 m/s. Since the 
passive damping magnitude from this system is not so large, it cannot provide a large flutter suppression effect 
all the time. However, it can suppress the small vibration as can be seen in the first case. 

  
Figure 9: Wing tip vertical deflection at α = 2° and U∞ = 76 m/s (left), α = 8° and U∞ = 73.75 m/s 

(right) with and without energy harvesting. 

20cm 10cm

200cm50cm

20cm Actuator/Energy harvester

4.0%

Leading Edge
E-Glass and AFC

Trailing Edge
E-Glass and AFC

Web
E-Glass

Nose
E-Glass

1 2 3 4 5 6 7 8 9 10
65

70

75

80

85

90

95

100

105

Angle of Attack, degree

Fl
ut

te
r S

pe
ed

, m
/s

20

30

40

50

60

70

Fl
ut

te
r F

re
qu

en
cy

, H
z

 

 

F
 without Gravityω

F
 without Gravity

 with Gravityω

 with Gravity
F

FU

U

0 1 2 3 4 5 6 7 8 9 10
0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

Time, s

V
er

tic
al

 D
ef

le
ct

io
n,

 m

0 1 2 3 4 5 6 7 8 9 10
0.2735

0.2735

0.2735

0.2735

0.2735

0.2735

0.2735

0.2735

0.2735

Time, s

V
er

tic
al

 D
ef

le
ct

io
n,

 m

 

 

Energy Harvesting Off
Energy Harvesting ON

0 1 2 3 4 5 6 7 8 9 10
0.8188

0.8188

0.8188

0.8189

0.8189

0.8189

Time, s

V
er

tic
al

 D
ef

le
ct

io
n,

 m

 

 

Energy Harvesting Off
Energy Harvesting ON

JAXA Special Publication　JAXA-SP-16-008E72

This document is provided by JAXA.



First International Symposium on Flutter and its Application, 2016 

Linear Quadratic Gaussian regulator (LQG) provides the compensation to the limitation of state variable 
availability. The LQG consists of an LQR and a Kalman filter which gives state estimations (see Fig. 5). The 
state-space model describing the problem is now 

 
x = Ax + Bu + Gw
y = Cx + Du + Hw + n


 (14) 

where x is the state vector, u is the control input to the system plant, w is the process noise, and n is the sensor 
noise. The noises w and n are zero-mean white noises. The Kalman filter provides an estimated x̂ of x with 
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where Qn and Rn are the covariance matrices of noise w and n, and L is the filter gain. The control input to the 
original model can be obtained as 
 ˆu = -Kx  (16) 

  
Figure 5: LQR (left) and LQG (right) feedback control diagram. 
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state variables and control inputs. Different combinations of penalties may result in different control system 
performances. It may reduce the excess wing deformations with large control power, while it may allow a 
certain level of wing vibration, saving the excess power consumption. Therefore, it is important to establish a 
way to evaluate the trade-off and find a cost effective controller setting. 

One good way to evaluate the performance is to normalize the cost function and to split them into two 
components for state variables and control inputs, which can be defined as the state cost Js and the control cost 
Jc.30 The objective cost function defined in the Eq. 12 can be rewritten with an additional weighting term r: 
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As a preliminary design, the balanced penalty point, cost effective point in other words, can be found at the 
vertex of the hyperbolic curve of state and control cost.28 
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In this section, nonlinear active aeroelastic analysis results are presented for a slender wing, which are 
obtained by using the derived electro-aeroelastic formulation. Passive and active suppressions of the wing 
flutter are also discussed. Particularly, concurrent active piezoelectric actuation and energy harvesting with a 
LQG controller are explored with different multifunctional wing configurations. 
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The multifunctional wing model in Ref. [28] is used for the study of flutter suppression. The detailed 
wing properties can be found in Ref. [30]. The wing model is divided into 10 elements. Some of the elements 
are “designated” as active actuators for the vibration control, while others are “designated” as energy 
harvesters. The system resistance load is set to be 1 MΩ. Fig. 6 is the wing geometry and the lay-up of the 
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orientations from 0 to ±45, only the case with the actuation oriented at ±22 is performed in the current study 
to have the balanced bending and torsional actuation capability. 

  
Figure 6: Wing model dimensions and lay-up of the cross-section. 

 
(2) Stability analysis and flutter boundary 

A stability analysis4 is performed to properly understand the wing aeroelastic stability characteristics. 
To evaluate the impacts of gravity and angle of attack (AOA) α on the flutter boundary of the wing, several 
conditions with and without a gravity load at different AOAs are investigated as shown in Fig. 7. The flutter 
speed UF and the frequency ωF depend on the AOA, but the gravity effect seems to be negligible for the wing 
and it will not be considered in the following analysis for simplicity. To consider a specific case for flutter, α = 
8° is chosen, and the flight altitude is set as sea level in the following studies. The stability analysis yields UF 
= 71.4 m/s and ωF = 22.3 Hz. The flutter behavior of the wing with the condition is then simulated in the 
time-domain. Fig. 8 shows the wing tip vertical deflection at U∞ = 89.25 m/s which is 25% above the flutter 
speed, which will be used in the following flutter control studies. 
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Figure 8: Wing tip vertical deflection at U∞ = 89.25 m/s 

and α = 8°. 
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Energy harvesting has an additional damping effect,26 so called shunt damping, associated to its 
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harvesting, all the multifunctional wing elements are activated as harvesters in this section. Fig. 9 shows the 
wing tip vertical deflections of two aeroelastically neutral cases, while impacted by the energy harvesting 
subsystem. In the first one α = 2° and U∞ = 76 m/s, while the second has α = 8° and U∞ = 73.75 m/s. Since the 
passive damping magnitude from this system is not so large, it cannot provide a large flutter suppression effect 
all the time. However, it can suppress the small vibration as can be seen in the first case. 
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(4) Active control analysis 
A LQG controller is then investigated for flutter control. Because the LQG estimates the states through 

the Kalman filter, the filter setting is very important for the feedback control design. The Kalman filter is 
configured based on the flight condition at U∞ = 89.25 m/s. Even though the controller will not be fully 
optimized, the filter is designed to give the feasible estimation (Fig. 10) for an effective control of the wing. 
The controller setting is chosen based on the result in Ref. [28]. To suppress the flutter, wing vibrations should 
be constrained. Therefore, a strong vibration penalty is used in this analysis by using a higher weighting term r. 
Fig. 11 shows the vertical wing tip deflection without and with LQG controller. It can be seen that the LQG 
provides a very good stability control when the flow speed is above the flutter boundary. 

  
Figure 10: Estimated and actual 

flap bending rate. 
 

Figure 11: Wing tip vertical deflection at U∞ = 89.25 
m/s and α = 8° without and with LQG. 

 
(5) Concurrent active control and energy harvesting system 

A parametric study of concurrent active control and energy harvesting is performed in this section. 
Based on the vibration mode, positions closer to the wing root have higher bending rates. Thus, it is more 
efficient to place controllers closer to the wing root for the flutter control. The rest of the elements can be used 
as energy harvesters to scavenge some energy. Starting with the multifunctional configuration in which all the 
wing element are designated as actuator, various configurations are tested as shown in Tab. 1. Fig. 12 shows 
the wing tip vertical deflection with each multifunctional configuration. Cases 5 and 6 have a limit cycle 
oscillation with 1 cm and 0.5 cm, respectively. Cases 7 to 9 settle back to an almost stable deflection, but Case 
10 cannot provide any flutter control capability. Tab. 2 lists the output and input voltages from each harvester 
and actuator in the different configurations. Cases 5 to 7 can provide a certain amount of harvesting energy 
while controlling flutter with small vibration allowed. Cases 8 and 9 show an excellent flutter control 
effectiveness with some harvesting outputs. The result is due to the combination of active control of actuator 
and passive damping from harvester. 

Table 1: Multifunctional wing configurations for each simulation case. 
Simulation case 1 2 3 4 5 6 7 8 9 10 

Actuator element ID 1 – 10 1 – 9 1 – 8 1 - 7 1 – 6 1 - 5 1 – 4 1 - 3 1 - 2 1 
Harvester element ID - 10 9 – 10 8 - 10 7 – 10 6 - 10 5 – 10 4 - 10 3 - 10 2 - 10 

 

 
Figure 12: Wing tip vertical deflection at U∞ = 89.25 m/s with each multifunctional configuration. 
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Table 2: Root mean square voltage output/input (Vrms, V) with typical wing cases. 

Case  Vrms, V 
Element ID (from root) 

Total 
1 2 3 4 5 6 7 8 9 10 

1  
Harvest output - - - - - - - - - - - 
Actuation input 1318.9 480.6 1497.7 1997.9 1998.4 1998.8 1998.9 1849.5 753.2 29.2 13922.9 

5 
 Harvest output - - - - - - 6.226 6.310 5.562 6.132 24.230 
 Actuation input 1614.6 1973.1 1999.4 1999.4 1999.4 1999.2 - - - - 11585.1 

9 
 Harvest output - - 1.211 0.932 0.811 0.767 0.683 0.555 0.365 0.156 5.479 
 Actuation input 1724.3 1180.0 - - - - - - - - 2904.2 

10 
 Harvest output - 261.075 186.858 189.158 203.085 209.275 180.086 132.267 83.701 31.251 1476.745 
 Actuation input 1999.1 - - - - - - - - - 1999.1 

 
4. CONCLUSION 

An approach for studying the flutter suppression using the active and passive piezoelectric effects was 
introduced in the paper. The strain-based geometrically nonlinear beam formulation, which makes no 
approximation to the deformation of beam reference line, was coupled with electromechanical model of the 
piezoelectric effect. For aeroelastic analysis, the finite-state unsteady subsonic aerodynamic loads are coupled 
to the wing surface. The coupled electro-aeroelastic model enables the prediction of the transient electric 
outputs and the mechanical deformations of the electro-aeroelastic system. The nonlinear electro-aeroelastic 
formulation is suitable for both the active piezoelectric actuation and energy harvesting studies for highly 
flexible wings. Based on the formulation, a LQG controller was applied to regulate piezoelectric actuation. 

A multifunctional wing having bending/torsional actuation capability was considered for active control 
and energy harvesting with flutter. Flutter characteristics of the wing were investigated, and it yielded UF = 
71.4 m/s and ωF = 22.3 Hz at α = 8°. Time-domain simulations proved the frequency-domain stability analysis 
results and also provided actual temporal wing behavior. The shunt damping effects from energy harvesting 
function on the flutter was then investigated. The energy harvesting could provide an additional passive 
damping effect and was helpful to achieve the aeroelastic stability in some case, yet not being very efficient. A 
LQG controller was also designed by setting to have the cost-effective control of vibration, allowing for the 
active flutter suppression. The designed controller showed good flutter control capability. 

Finally, the concurrent active piezoelectric actuation control and energy harvesting were studied for the 
multifunctional wing. Several device placements of the multifunctional wing were tested to perform 
parametric study of multifunctional system performance on flutter. Most of the dual-functional wings provided 
its flutter control capability, while one of them could not suppress the flutter. The interesting point was that it 
showed that, for efficient flutter suppression, the multifunctional wing could be designed with a combination 
of the active control and passive piezoelectric damping. They also successively scavenged energy from the 
controlled vibration, which would otherwise be wasted without the energy harvesting subsystem.  
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(4) Active control analysis 
A LQG controller is then investigated for flutter control. Because the LQG estimates the states through 

the Kalman filter, the filter setting is very important for the feedback control design. The Kalman filter is 
configured based on the flight condition at U∞ = 89.25 m/s. Even though the controller will not be fully 
optimized, the filter is designed to give the feasible estimation (Fig. 10) for an effective control of the wing. 
The controller setting is chosen based on the result in Ref. [28]. To suppress the flutter, wing vibrations should 
be constrained. Therefore, a strong vibration penalty is used in this analysis by using a higher weighting term r. 
Fig. 11 shows the vertical wing tip deflection without and with LQG controller. It can be seen that the LQG 
provides a very good stability control when the flow speed is above the flutter boundary. 

  
Figure 10: Estimated and actual 

flap bending rate. 
 

Figure 11: Wing tip vertical deflection at U∞ = 89.25 
m/s and α = 8° without and with LQG. 
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wing element are designated as actuator, various configurations are tested as shown in Tab. 1. Fig. 12 shows 
the wing tip vertical deflection with each multifunctional configuration. Cases 5 and 6 have a limit cycle 
oscillation with 1 cm and 0.5 cm, respectively. Cases 7 to 9 settle back to an almost stable deflection, but Case 
10 cannot provide any flutter control capability. Tab. 2 lists the output and input voltages from each harvester 
and actuator in the different configurations. Cases 5 to 7 can provide a certain amount of harvesting energy 
while controlling flutter with small vibration allowed. Cases 8 and 9 show an excellent flutter control 
effectiveness with some harvesting outputs. The result is due to the combination of active control of actuator 
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Table 1: Multifunctional wing configurations for each simulation case. 
Simulation case 1 2 3 4 5 6 7 8 9 10 

Actuator element ID 1 – 10 1 – 9 1 – 8 1 - 7 1 – 6 1 - 5 1 – 4 1 - 3 1 - 2 1 
Harvester element ID - 10 9 – 10 8 - 10 7 – 10 6 - 10 5 – 10 4 - 10 3 - 10 2 - 10 

 

 
Figure 12: Wing tip vertical deflection at U∞ = 89.25 m/s with each multifunctional configuration. 
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Table 2: Root mean square voltage output/input (Vrms, V) with typical wing cases. 

Case  Vrms, V 
Element ID (from root) 

Total 
1 2 3 4 5 6 7 8 9 10 

1  
Harvest output - - - - - - - - - - - 
Actuation input 1318.9 480.6 1497.7 1997.9 1998.4 1998.8 1998.9 1849.5 753.2 29.2 13922.9 

5 
 Harvest output - - - - - - 6.226 6.310 5.562 6.132 24.230 
 Actuation input 1614.6 1973.1 1999.4 1999.4 1999.4 1999.2 - - - - 11585.1 

9 
 Harvest output - - 1.211 0.932 0.811 0.767 0.683 0.555 0.365 0.156 5.479 
 Actuation input 1724.3 1180.0 - - - - - - - - 2904.2 

10 
 Harvest output - 261.075 186.858 189.158 203.085 209.275 180.086 132.267 83.701 31.251 1476.745 
 Actuation input 1999.1 - - - - - - - - - 1999.1 

 
4. CONCLUSION 

An approach for studying the flutter suppression using the active and passive piezoelectric effects was 
introduced in the paper. The strain-based geometrically nonlinear beam formulation, which makes no 
approximation to the deformation of beam reference line, was coupled with electromechanical model of the 
piezoelectric effect. For aeroelastic analysis, the finite-state unsteady subsonic aerodynamic loads are coupled 
to the wing surface. The coupled electro-aeroelastic model enables the prediction of the transient electric 
outputs and the mechanical deformations of the electro-aeroelastic system. The nonlinear electro-aeroelastic 
formulation is suitable for both the active piezoelectric actuation and energy harvesting studies for highly 
flexible wings. Based on the formulation, a LQG controller was applied to regulate piezoelectric actuation. 

A multifunctional wing having bending/torsional actuation capability was considered for active control 
and energy harvesting with flutter. Flutter characteristics of the wing were investigated, and it yielded UF = 
71.4 m/s and ωF = 22.3 Hz at α = 8°. Time-domain simulations proved the frequency-domain stability analysis 
results and also provided actual temporal wing behavior. The shunt damping effects from energy harvesting 
function on the flutter was then investigated. The energy harvesting could provide an additional passive 
damping effect and was helpful to achieve the aeroelastic stability in some case, yet not being very efficient. A 
LQG controller was also designed by setting to have the cost-effective control of vibration, allowing for the 
active flutter suppression. The designed controller showed good flutter control capability. 

Finally, the concurrent active piezoelectric actuation control and energy harvesting were studied for the 
multifunctional wing. Several device placements of the multifunctional wing were tested to perform 
parametric study of multifunctional system performance on flutter. Most of the dual-functional wings provided 
its flutter control capability, while one of them could not suppress the flutter. The interesting point was that it 
showed that, for efficient flutter suppression, the multifunctional wing could be designed with a combination 
of the active control and passive piezoelectric damping. They also successively scavenged energy from the 
controlled vibration, which would otherwise be wasted without the energy harvesting subsystem.  
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