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Body Divergence of a Multi-Stage Rocket
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Summary: The body of a rocket is designed to satisfy the static stability criteria. The
body should not be considered rigid but elastic, especially when the body is slender. Even
if the body is statically stable for a rigid one, the critical speed exists for an elastic body.
This speed is known as the divergence speed.

For a single-stage rocket, this divergence speed is already obtained by one of the
authors [7]. The method of deriving this speed is given in the following. The lift of the
single-stage rocket operates mainly on around the nose and the fin. It dose not seem
much errorneous to consider the total lift concentrated on the nose and the fin [2]. So
the deformation of the body can be determined in such a way that the inertia force of
the body corresponding to some flight speed is supported at the nose and the fin. The
angle of attack of the nose and of the fin are now obtained and the lift of each point can
be calculated. The divergence speed is derived by equating the restoring moment due to
the lift zero.

In calculating the divergence speed for an actual rocket, the values for the lift coef-
ficient can be obtained by the wind-tunnel test and the values for the deformation can be
obtained by the bending test of the actual rocket or the simple calculation. This method
is very clear and simple in calculating the divergence speed. In 1965 National Aerospace
Laboratory fired NAL-7 rockets. The area of the fin and the center of the gravity of
these rockets were varied, and the stability of the flight was examined. From these ex-
perimental results the above mentioned analysis has been found very useful.

In this paper, this method of analysis is extended to the multi-stage rocket. It does not
seem much errorneous to consider the lift of a multi-stage rocket concentrated on the
several points, and so the analysis for a single-stage rocket can be extended.

Nomenclature

W  total weight of the rocket.
L total lift of the rocket.

E1 bending stiffness of the body.
A reference area of lift coefficient.
v velocity of the rocket.

q dynamic pressure; q=pv?/2.

L; lift on i-point.

C,., lift-curve slope for i-point.
a; angle of attack of ¢-point.
n number of loading points.

[65]

This document is provided by JAXA.



66 K. lkeda and Y. Hirano

1. INTRODUCTION

It is not so important to take into account of the bending stiffness of the body in
deriving the static stability criteria of a rocket, if the slenderness ratio of the rocket
or its velocity is not large. It is because that the bending deflection of the body is
small. But for the slender body the bending deformation should be considered. For
example, the angles of attack of the nose and the fins have different values because
of its flexibility.

It is very convenient for the analysis, if the acrodynamic loads can be treated as
the concentrated loads on several points. For a single-stage rocket it is not much
errorneous to consider the aerodynamic loads operate on the nose and the fin. For
a multi-stage rocket, it is also not much errorneous to consider the aerodynamic
load operate on the nose and the fin of each booster, even if the main rocket-
boosters interference exists. So the aerodynamic loads could be treated as the con-
centrated loads. For example, the lift of a two-stage rocket is assumed to operate on
around the nose and the fin of the main rocket and the fins of the boosters.

The bending stiffness of the body is necessary to derive the divergence speed. It
is desirable that the values concerning the bending stiffness can be obtained by
simple experiments or calculations.

In derving the divergence speed of a multi-stage rocket, the most important prob-
lem is that the angle of attack of the each center of the pressure is interconnected
with the way of the distribution of the stiffness and the lift. It is also to be noted
that the lift-curve slope and the position of the center of the pressure are variable
with Mach number.

In the following analysis, the divergence speed of a multi-stage rocket is derived
by extending the analysis for a single-stage rocket.

2. Bobpy DIVERGENCE OF A MULTI-STAGE ROCKET

The total lift of a N-stage rocket could be assumed to work on the (N + 1) points
with sufficient accuracy. The points on which the aerodynamic load operates are
written by the symbol {7 in the following analysis. The lift force on the i-point is

L= %pmcmai (1)

The angle of attack of the each point is not the same because of the flexibility.
The total lift force can be written in the following form.

L=3 L= oA 3 Crut (2)
The ratio of the lift force on the ¢-point to the total lift force is
L Cri (3)
L Z C!.ai,a‘i

0o
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Body Divergence of a Multi-Stage Rocket 67

Let’s assume that the weight of the body is supported at all points of the each
center of pressure by the ratio given by Eq. (3). The body deflects and we want
to know the slope of its deflection at all the points. The difference in angle between
the slope at i-point and some reference point is denoted by 6,. We can obtain 6,
in the following way. The addition of the (n—1) loading conditions as shown in
Fig. 1 is equivalent to the supporting condition now considered. In Fig. 1 6, is

W

1] 11

Ryl R, R:J.... -..-,?Rn—g’Rn-an

c. i=1 2 3 eeee @l ++++ N2 Nn-1 N

v s W

+ l/h, M, \l X B2

)
1

} 1 n-1 1

Fi6. 1. Determination of the slope of the deflection

the difference in angle between the slope of the deflection at i-point and the re-
ference point, when the weight of the body is supported at 1-point and n-point.
6,; denotes the difference between the slope at ¢-point and the reference point,
when the body is supported at 1-point and n-point and the unit load is applied at
2-point. 6,_, , is the difference between the slope of the deflection at ¢-point and
the reference point, when the unit load operates on (n—1)-point. R, and §; in
Fig. 1 are given in the following expressions.
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R=—Uwl% W (i=1,2,..-,n) (4)
2 CLa'i,ai
=1
C,.«a
By=—2200 W (j=2,3,---,n—1) (5)
Z CLaLa'L

The difference angle of i-point can be written in the following form.
n—1
60,=6;+ .Zzﬁf@ﬁ (6)
=

The loading factor is (i} C...a;)pv*AJ2W, when the body is loaded by the aero-
i=1

dynamic load. When the angle of attack of the reference point is denoted by «,,
the angle of attack of i-point is given in the next equation.

3

i Y

This equation can be rewritten in another form.

Z CLa;;ai l W n-1
g _z__pva(90£+_(}_-_- % Cu jajeﬁ> (8)

[

w

The divergence speed is obtained by the following condition, when the distance
of i-point from the center of the gravity is written as x,.

i Lixi:O ( 9 )
i=1
or
i=1 e (10)
Egs. (7) and (10) give the divergence speed.

a) Case of single-stage rocket (n=2).
In this case 6; is

6,=06 €3Y)

Eqgs. (8) can be written in the following form.

2
2 CLa;‘ai 1
i=1

al“‘aoz—-‘——'w——-—— —2—p1)2A@01 (12.1)
" C
oty — oty = =1 . 1 v’'A6 (12.2)
2 o——“*—w‘“—“ 2(’ 0 .
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Eq. (12) may be written as

(»%;LQA@M—1>a1+—c—1—é/ﬂ“qA@ma2:—ao (131)
'%‘l“qA@w“1+ ( CI;L(IAQO‘J_I)QZZ — (132)

Eq. (10) becomes
Cra,®,+ C Lo, =0 (14)

From Egs. (13.1) and (13.2) @, and «, are obtained and Eq. (14) can be solved
in terms of q. The divergence speed is given by the following equation

bC,,,—aC, w 1

— az ai . 15
¢o =7 C.C, Alaib) 6 >

‘\ ’ Where a:xl, b: — Ty @:@m"—@gg

b) Case of two-stage rocket (n=3).
From Eq. (6)
@i - @Oi + ﬁz@u (16)
b= e W 17)
Z CLaiai

Eq. (8) can be written in the following form.

3
Z CLaiai 1
al—-ao'———l—ﬂ——W————— —2—p’l)2A

X(@ol+—-,—W—~———CL,,,oz2621> (18.1)

3
Z CLaiai
=1

.' ’ té CLaiai 1

oy— =" ?p?ﬂA

%[O+ C,. .60 (18.2)
Z CLa iai
i=1

3
Z CLm;ai 1 .
a3 —y= J—=—‘-—W—~— Ep’v‘A
X[ BOp+ '——3-'-‘1/——"” C L0220 (18.3)
Zl CLaq;ai

The values of «,, a, and «, can be obtained from Eqs. (18.1), (18.2) and (18.3).
The equation to determine the divergence speed is derived from Eq. (10). This
equation is
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Eq. (19) is the sccond degree equation for q.

c) Case of multi-stage rocket.

1_-763)

(19)

When the rocket is N-stage, the number of points on which aerodynamic loads

operate is (N +1) and the equation for the divergence speed is the N-th degree.

The value of «,, a,, - - -, a, can be obtained from Eq. (8). Eq.
of linear equations for «,, a,,
in the following equation

ai:Di/D

(8) is the system

-« +, atn. Using Cramer’s formula, «; can be expressed

(20)

where D is the determinant of the coefficients of Eq. (8). The determinant D can

be written down in the following form.

C ‘
D= T/;;LqA@m—l’ Cﬁ;qu@ox+CLqu621’ T
%QQA@DI + CLa,;qA@L‘U R CI/LI;n qA@Ol
C[ b‘l.az
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The divergence speed can be obtained, when the value of o, given by Eq. (20) are
substituted into Eq. (10). For the N-stage rocket Eq. (10) is of the N-th degree.

3. NUMERICAL EXAMPLE

For example, let’s derive the divergence speed of LS-A rocket which was fired
by National Aerospace Laboratory. The aerodynamic characteristics and the bend-
ing stiffness of this rocket is necessary to get the divergence speed. These necessary
values are calculated from the model wind-tunnel test results and the bending test
results of the rocket which was carried out by National Aerospace Laboratory.

a) Details of the rocket.

The dimensional details of the rocket are shown in Fig.2. The weight of the
rocket is 760 kg, when the fuel is full. The center of the gravity locates at 56% of
the total length from the most forward point of the body.
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Fi1G. 2. Dimensional details of LS-A rocket

b) Aerodynamic characteristics.

The wind-tunnel tests were carried out using 1/5 and 1/7 scale models. The
aerodynamic characteristics obtained are transformed into the convenient form
which is necessary to calculate the divergence speed. That is to consider the lift
operate on the nose and the fin of the main rocket and the fin of the booster, and
to distribute the total lift to these points.

TABLE 1. Aerodynamic characteristics of L.S-A rocket

ce(r;)t:rrceonft ;:;Fstst:ge lift-curve slope
total lenght) (1/rad.)
total 73.5 33.7
component at the nose of the main rocket 2 2
component at the fin of the main rocket 57 13.5
component at the fin of the booster 95 18.2
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The aerodynamic characteristics are variable with Mach number. In this calcula-
tion we use the characteristics at M=2. This value is selected only because the
necessary experimental data can be obtainable at M=2. The lift-curve slope and
the position of the center of the pressure are shown in Table 1.

¢) Bending stiffness.

The values of Oy, Oy, By, Oy, O, and B, are also necessary. The experiment
to measure these values directly is most favorable. But we have only the bending
stiffness of the body which was obtained by the bending test. So the necessary
slopes of the deflection are calculated using the bending stiffness of the main rocket
and the booster. The calculated values of &, 6,, etc. are shown in Table 2.

TABLE 2. Slope of the deflection of the boedy (in radian)

@01 9.88x 103 @21 —1.28x10°5
G2 2.26x10°3 62 —3.04x10°¢
603 0 623 0

(Reference is taken at the center of the
pressure of the fin of the booster.)

d) Divergence speed.
The divergence speed is now calculated from Eq. (19). Substituting the above

data, Eq. (19) becomes
5.45x10%(qA)*+3.28(qA)—4.66 X 10*=0 (22)

The positive and the negative solution are obtained from this equation, but only
the positive one has the meaning. This solution is

q=1.47x10"" (kg/m®) (23)
When p cquals 1/8 (kg-s?/m*), the divergence speed is
v,=1.53Xx10* (m/s) (24)

This speed is M=4.5. So that it is not correct to use the aerodynamic character-
istics at M=2.0. To get the more accurate result, this calculation should be repeated
until Mach number of the assumed and the calculated value are the same.

4, CONCLUSIONS

The equations for calculating the divergence speed of rocket are obtained in this
paper. The analysis is carried out in such a way that the total lift is assumed to be
separated into components on several points of the body and the inertia force of
the body is equated with these separated lifts. The necessary characteristic values to
calculate the divergence speed for an actual rocket can be obtained by the wind-
tunnel test of the model and the simple bending test of the body. So this method is
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very useful and simple to calulate the divergence speed.

Eq. (10) is of the N-th degree and theoretically N different divergence speeds
are obtained, when the rocket is N-stage. Even if the negative value of ¢ is
meaningless, it is provable to get more than one divergence speed. In all the posi-
tive values of ¢ the smallest one would be experienced in the actual flight. The
other values of ¢ could be considered to correspond to the higher modes of the
deflection. These divergence speeds would give the boundary between the stable
and the unstable region. The region below the smallest value of q is stable and the
region between this value and the secondly smallest value of q would be unstable.
If this unstable region is narrow, this smallest value of @ would not have the actual
meaning and the lager value of ¢ would give the divergence speed in an actual
flight. Nevertheless, it is on the safe side to take the smallest value of q.
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