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Summary: In order to obtain the quantitative result for wave-particle interaction within
the complicated magnetospheric configuration, the Fermi acceleration of energetic electrons
trapped within the dipole magnetic field due to the interaction with a large-amplitude
hydromagnetic pulse is numerically analysed, under the condition of the magnetic moment
conservation. Associated with the geomagnetic sudden commencement, if this pulse propa-
gates from the equator to high latitudes along the particular field line multiple head-on
collisions of the particle with the moving pulse yield the net acceleration and secular
lowering of the mirror point, until the mirror point is overtaken by the pulse. Assuming
a model distribution of the plasma density and Poynting flux conservation of the pulse
during its propagation, the motion of an interacting electron is determined in detail for
various initial equatorial pitch angle. It is shown that the acceleration by this process is
most effective for trapped particles near the equator. From results of the present numeri-
cal study, however, we cannot expect the appreciable particle precipitation associated with
the geomagnetic ssc by only consideration of the Fermi process, and other more intense
acceleration mechanism will be necessary in the real magnetospherc.

1. INTRODUCTION

There have been many observational indications of the particle acceleration and
precipitation into the ionosphere in high latitudes associated with several geomag-
netic disturbances, for examples, the sudden commencement of a storm, geomagnetic
pulsations, and polar substorm [/]. In particular, the sudden intense precipitation
of energetic particles at the phase of auroral break-up in the geomagnetic bay will
be the most essential process for the polar disturbances, and its unsolved mechanism
may be strongly connected with nonlinear wave-particle interactions in plasmas.

Generally speaking, acceleration of charged particles can be estimated when a
spectrum of the associated disturbances of electric and magnetic fields is given,
irrespective of the type of acceleration process, that is, the direct or stochastic
accelerations. If the mean energy of accelerating particles is small compared with
that of the ambient plasma, the result of acceleration does not modify the original
accelerating field, so that the picture of a single particle acceleration can be applied.
A representative of this case is the Fermi acceleration of cosmic-ray particles [2].
On the other hand, if the energy density of interacting particles is the same order of
magnitude with that of the accelerating field or the ambient plasma, the feedback

(1]
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effect of accelerated particles will appreciably modify the spectrum of field. Hence
the problem essentially becomes the collective interaction. For weak interactions,
the quasilinear theory of stochastic acceleration is an appropriate method for de-
scribing these collective nonlinear interactions [3].

Our present knowledge concerning electric and magnetic disturbances within the
magnetosphere is far from satisfactory to obtain the accurate estimation of possible
particle acceleration. However, some basic process to be important for the precipi-
tation have thus far been studied by several workers. Cyclotron-resonance and
bounce-resonance interactions yield the velocity space diffusion to decrease the
pitch angle of energetic particles and lead to the particle loss from the trapped
region [4, 5]. Quasilinear interaction of these processes would result some equi-
partition between the available free energy of trapped particles and the associated
unstable waves, and then determine the threshold of trapped particles. It seems
that some observations require the more rapid and intense interaction process.
Acceleration by the electric field parallel to the ambient magnetic field [6, 7, 8], or
enhancement of the loss-cone instability [9] due to the adiabatic compression may
be effective for such situation.

In addition, from the simultaneous observations of the geomagnetic field, cosmic
noise absorption, and X-ray burst, we have the sudden commencement precipitation
of energetic electrons with the time scale of several hundreds second [7, 10]. Tt
would have been believed that an association of the large-scale hydromagnetic wave
pulse propagating along field lines in the magnetosphere with energetic electrons
can cause such precipitation event [1/]. If hydromagnetic disturbances are con-
sidered as the accelerating agency, for which the first invariant of the interacting
particle is conserved, we have two fundamental processes. One of them is the
transit-time acceleration of the bouncing particles by the standing hydromagnetic
oscillations with nonuniform amplitude. Theoretical studies of this process were
quantitatively performed and the resulting effect for the life time of trapped
electrons in the outer radiation belt was discussed [5, I2]. The other is the Fermi
acceleration resulting from multiple reflections of the interacting particle by the
propagating large-amplitude pulse. A bouncing wave packet with a centered fre-
quency will have some combined effects to the particle acceleration.

In the present paper, as a first step to the quantitative study of wave-particle
interaction within the complicated magnetospheric situation, the problem of the
Fermi acceleration of energetic clectrons trapped in the geomagnetic dipole field by
the large-amplitude compressive pulse propagating along the particular field line
will be numerically analysed.

2. Basic EQUATIONS FOR THE INTERACTION

Let us consider the motion of a charged particle along a line of the geomagnetic
dipole field. In addition to the ambient magnetic field, if we superpose the hydro-
magnetic perturbation for which the magnetic moment of the particle is conserved,
the non-relativistic equation of the parallel motion of the particle is given by
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mdu|dt=qdE,— yi3(By+ B) /s , (1)

where u is the parallel component of the particle velocity, B,(s) the intensity of the
dipole magnetic field, E, and 6B are the parallel electric field and the intensity of
the perturbation magnetic field, respectively, and s is a distance along the field line.
pu=w,/B=mv*sin’ /2B is the magnetic moment of the particle whose total
velocity is v and pitch angle &, and B is the total magnetic intensity at the instan-
taneous position of a guiding center of the particle. On the right hand side of (1),
the first term gives the Landau acceleration while the last term yields the Fermi or
transit-time acceleration. Based on (1), Barnes discussed the stochastic heating of
plasma for the case of a uniform ambient magnetic field [73].

On the other hand, the parallel component of electric field of hydromagnetic
perturbations is related to the associated magnetic perturbation, and approximately
given by [/4]

5EH=(ﬁJ_/Z)(a)/Qi)(w/k")5B" » (2)

where B, =8znKT, /Bj is a ratio of gas pressure of the ambient plasma to mag-
netic pressure, {2, the ion Larmor frequency, and w and k are the angular fre-
quency and wave number in the parallel direction of the hydromagnetic perturba-
tion. Since dB=4B, in the first order approximation, substitution of (2) into (1)
leads

|qoE,1/1(p/q)95B, /08| ~KT  [w, . (3)

Consequently, the effect of the parallel electric field can be neglected comparing
with that of the magnetic force, if the kinetic energy of the accelerating particle is
much larger than the mean temperature of the ambient plasma, i.e. KT, /w, «1.
It is, however, noted that a possibility of the particle acceleration due to the parallel
electric field of some electrostatic mode perturbations cannot be eliminated.

Next, let us consider a form of the large-scale magnetic pulse propagating from
the equator to lower altitudes along the particular field line. If we assume the con-
servation of the Poynting flux of the hydromagnetic pulse in the direction parallel to
the ambient field line, it is easily shown that the amplitude of the associated mag-
netic perturbation is proportional to the fourth root of the local plasma density.
Thus, we take the following forms of the magnetic perturbation

3By(s, ) =B 5lp(s)/ o 51" exp [—a(t—|< )], (4)

for t— |r|< 0, where z(s) is defined by

o(s)= f A’ |V (), (5)
[}

and

0B(s, ) =0Bglp(s)/ppl”* for t—|z|>0. (6)
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Here 0By is the perturbed magnetic intensity at the equator, p, the equatorial
plasma density, V ,(s) =B(s)[4rp(s)]~"/* the local Alfvén speed at the instantaneous
position of the interacting particle and a is a constant.

To determine the trajectory of the interacting particle, the following equation is
further required

ds|dt=u(s, 1) . « | (7)

3. A SIMPLE FERMI ACCELERATION

Before considering the complicated situation, in this section we give some prelimi-
nary analyses for the Fermi acceleration of a charged particle by the uniformly
moving magnetic wall under the uniform stationary condition. As this moving wall,
we assume the expression of (4) with the constant amplitude §B,. The equation
of motion of the particle becomes then

du/dt= —(p/m)oB,(2a*|V )(t—|ce-2*-1D* (8)
where V', is a constant Alfvén speed. For the initial conditions, t=0; s=s, and
u=—u,<0, integration of the above equation leads as

(efuy)*—2c(u/uy) —[14+2a(1-C)]=0, (9)

where C is defined by
C=(Be/a) e 2=5/V 0% _ g=a2(so/V 02] |

and a=V 4/u,, f=w, (t=0)/w(t=0), e=0dB,/B,.
From (9), we have

u(@) [ ty= £ {(1 + 1 —2a(1 + @)*C1"*a} , (10)

where we take — sign before reflection and -+ sign for the reflected particle.
If we suppose the asymptotic time limit after reflection of the particle, C tends
to C.,= —(Be/a)e 2’V consequently

U, tg=a+(1+a)[1+2e|C.|[(1+a) 2], (11

Except the correction term in the square root due to the finite width of the moving
wall, this result coincides with that of a case of the discontinuous step function, for
which the velocity increase of the particle after a single reflection is du=2V,.

Next, we consider the condition of the particle reflection at the wall for the given
initial parameters. At the rcflection point, we have

A+l —2a(1+ ) Cf]?—a=0,

where C,,, is the value of C at the reflection. Therefore, in order to have the reflec-
tion, the necessary condition becomes

CzCref: [(] +(Y)2/2(Y][1 _a2(1 +(()"2] .
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While, from the definition of C we have C<fe/a. Thus, we obtain the following
condition for the reflection

2 ) =2 (VA/uo)2+(530/30)(W_L/W||)
(@+ep)+a) = 01V, ul >1. (12)

Since V4/u, &1 for energetic particles, this condition requires the large amplitude
magnetic perturbation with 6B,~ B,

Lastly, let us extend the result of the above simple Fermi process to the inhomo-
geneous mirror configuration. We suppose a charged particle whose kinetic energy
and pitch angle at the point of the minimum magnetic intensity B, are w, and «,,
respectively, and the magnetic intensity at the initial mirror point is B,,. After a
head-on collision with the magnetic wall propagating to the initial mirror point, the
reflected particle is accelerated by éw, and its pitch angle changes by da,, so that
the new mirror point moves to the point corresponding to B, +0B,,. For this
situation, conservation of the particle magnetic moment leads

W Slnzao _ Wo _ Wyt aw, _ (Wy+owy) Sinz(ao"}‘aao)w

B, B, B,+dB, B,

From these, we have
0B, |B,,=dw,/w,,
and
(14 0w,/ wy)? sin (o, + dery) =sin a, .

Using the acceleration rate through a single collision, dw,~mu,V, and oy 1,
the above two equations yield

BBm"’z(VA/uo)Bm ’
and
doty~ —tan a1 — (14 0w,/ wy) =] ~ — (6w, /2w,) tan a,< 0 .

From these relations we can estimate the order of magnitude of the lowering of the
mirror point and the decrease of pitch angle. If the initial distance between the
particle mirror point and the wave front is [, the total acceleration by multiple
reflections during the time before the overtaking of the mirror point by the wave
tront is of about 6w /w,~4(V 4 ul)(l/V )] (2L u) ~2.

4. MODELS FOR THE NUMERICAL CALCULATION

Particle motion in the stationary dipole field

In this section, first we give shortly the characteristics of a single particle motion
under the dipole magnetic field, which become necessary for the numerical analysis

This document is provided by JAXA.



6 T. Tamao and O. Ashihara

in the next section as the initial conditions. Preliminary numerical calculations in
this section are also useful to check the method for the more complicated situation.

In spherical coordinates (7, 6, ¢), the intensity of magnetic field on the field line
which cuts the equatorial plane at the radial distance rj is given by

By(rg, )=(M|r% sin® 8)(1+ 3 cos® §)/*, (13)

where M is a magnetic moment of the dipole. Now let us define s as the distance
along the field line from the equatorial plane such that s is positive in the northern
hemisphere and negative in the southern hemisphere. After this definition, we have
ds= —sin §(1 4+ 3 cos? §)*df. Then,

dB, _ 3By 'cos 0 (2 sin? ¢ )’ (14)
ds rg sin® @ 1+3cos?@

where B, is the equatorial value of B,.
On the other hand, the bouncing period of the particle, whose equatorial pitch
angle is «;; and mirror points are =44, is given as

sin (1 + 3 cos? )2

I d
[1—(By(s)/By)sin® a ;] g, (15)

/2
T,=4(rs/w) |
Om

where u,=(2w,/m)"*, w, the initial kinetic energy of the particle. Furthermore,
the first invariant of the mirroring particle leads

(143 cos® 4,)"*

16
sin® 4, (16)

Sin Kp=

Hereafter we use the non-dimensional variables defined by &i=u/u, and 7=1¢/T,
where T is the transit-time of the hydromagnetic pulse along the field line,

T=4 f ds|V 4(s). The non-dimensional bouncing period is defined by T, =u,T,/r.

In Fig. 1, we show variations of T, and @,, for the equatorial pitch angle «,;.
Substituting (15) into (1), basic relations to determine the particle bouncing
motion in the stationary dipole field are

diijdt = —b 0 [2 _jifLO__] 17
/ sin® ¢ + 143 cos*d {1n

and
= —(sin @/T,)(1+ 3 cos* 6)2d0] d%, (18)

where b=3T, sin* @y /2. Since the above equations does not explicitly include the
particle energy, numerical intergration of the above simultaneous differential equa-
tion determine completely the particle motion, if r; and aj are specified. For what
follows we take ry=5Ry (Ry is a radius of the earth). Numerical integrations
with different methods, Milne and Runge-Kutta-Merson, were performed and their

This document is provided by JAXA.



A Numerical Study of Particle Acceleration in the Magnetosphere 7

5
1.0}~
41 0.8}~
%0 o8l
3l , O7F
~ Q “Uo
To ¢ "o
6o 8
N £ O35
0.4
309 0.3F
1 L.
0.21- °
&
o1 /
0 ! ! 1 I 1 1 ! ! O ! ! ] { !
O 10° 20° 30° 40° 50° 60° 70° 8Q° 90° O 10° 20° 30° 40° 50° 60° 70° 80° 90°
Qe (degree) 6 (degree)

Fic. 1. Variations of colatitude of the Fic. 2. Normalized particle velocities along
mirror point, #,, and non-dimensional the field line (rz=5R%) versus colatitude
bouncing period, T, for the trapped of the instantaneous particle position for
particles within the geomagnetic dipole various equatorial pitch angle.

field with equatorial pitch angle, ag.
The equatorial radial distance of the
field line considered is 5 earth radii,
I‘E=5RE.

results are shown in Fig. 2 for several equatorial pitch angles. Furthermore, the
results also compared with ones obtained from the energy integral relation,
ii=[1—(By(s)/Bg)sin? a5 ]

Distributions of ion concentrations and Alfvén speed

As a model of the thermal ion distribution, we consider that above the base of
the magnetosphere (500 km altitudes) three kinds of ions, H*, H, and O*, are
coexting under the diffusive equilibrium along a magnetic field line. With this
assumption, distribution of the number density of each constituent can be deter-
mined by [15]

2 My v
n;(0)=n,,[B(6)/B,]"* - j —
0)=n,,[By0)/B,] s o S R0 Ry )
7 kT, (Rg+2Z,)rysin* @
-exp[- mgR g ( R, RE )] (19)
kT, Ry,+Z, rgysin’é

where nj,, T,, and Z, are the number density, temperature and altitudes of the
base, g, is the surface gravity. Variations of ion concentrations along the field
line of ry;=5R, are shown in Fig. 3. In this figure the relative variation of the
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Fic. 3. Model distribution of the background plasma ion densities
(full-lines) and the normalized Alfvén speed (broken line) along
the field line (rg=5Rg).

Alfvén speed resulting from these ion distributions, V(@)=V ,(0)/V ., where V
is the equatorial value of V,, is also given.

5. NUMERICAL RESULTS and DISCUSSION

Substitution of (4) and (15) into (1) leads to the following equation of motion
as a basic equation

dii/dt = — (uB ;T [mrzuy){3(cos §/sin® A)[2 + sin? §(1 + 3 cos? §)]
+ (0B /Bp)lp(0) ] 01/ [2(a®r 5T |V 45)(T — |7V (6)
+|dp/p(0)d6|/4 sin 6(1 + 3 sin® 6)*2]-expl — a*T*(7 — |7 *]}, (22)

where p(6)= 3] m;n;(6) is density of the background plasma, and double signs +
7

are taken according to §<<x /2 and § >r /2, respectively.

If the particle motion from the mirror point in high latitude to the equator on the
northern hemisphere is considered, the first term on the right hand side of (22),
which results from the dipole magnetic force, causes acceleration of a particle
during the southward motion and decceleration during the northward motion. The
second term, on the other hand, gives the net acceleration for the reflected particle
due to the non-uniformly moving magnetic pulse. How much degree the particle
can penetrate this magnetic wall region, and after then, the penetrating particle can
be reflected by this barrier, depend on the initial situation before the effect of the
head-on collision becomes appreciable. The third term resulting from the spatial
variation of amplitude of the pulse yields the net decceleration.

At any rate, in order to have the particle reflection during the head-on collision
with the magnetic pulse, the value of the right hand side of (22) becomes positive.
From the preliminary consideration given in section 3, we see that the more flat-
terned the pitch angle of the penetrating particle is and the larger the amplitude of
the pulse, 6B;/By, the more favourable the situation for the particle reflection
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FiG. 4. Comparison of relative magnitudes of three forces for the
particle motion [equation (22)]. First term corresponds to the
dipole magnetic force, the second the magnetic force at the
pulse front, and the third is due to the amplitude variation of
the pulse.

becomes. For references, we plott the relative variation of three terms in a brace
on the right hand side of (22) in Fig. 4, when T'=300sec, a7'=100 and 6B, /B,=3.
From this figure, it would be suggested that a favourable condition for reflection by
the magnetic pulse is only satisfied within the relatively low latitudes region. The
effect of the amplitude variation of the pulse (the third term) may be unimportant.

The other equation to proceed the numerical integration is the definition of the
local speed of a particle

= —(ry/u,Dsin 6(1+ 3 cos® §)*dd dz. (23)

In the following, we consider an electron with w,=35 KeV, and ;> <V 4. If its
equatorial pitch angle, «, initial position, s,, and initial speed, #, which are pre-
viously given in the solution of the motion of trapped particles within the dipole
field, are taken as initial conditions, numerical integrations of (22) and (23)
determine the net acceleration and variation of the position of the mirror point of
the particle under the complicated configuration considered here.

If Fig. 5, we show time-variations of the instantaneous position of the interacting
particle (5 KeV electron) with various equatorial pitch angles, during the first two
head-on collisions with the large-amplitude magnetic pulse of 6By/Bz=3. In so
far as the initial position of the particle is not close to the equatorial plane, an effect
of 6, to the interaction is not important, since we have u,>V,. For the given
parameters here, the critical equatorial pitch angle for the reflection by the magnetic
pulse lies in somewhat between az=30° and 40°. Particles with oz being smaller
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Fi6. 5. Time variations of the instantaneous
posision of an interacting particle during
the begining few cycles of interaction.
0Bg/Bg=3, a=1/3 and T=300sec (see
the text).

more, the maximum magnetic force is inv
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than this critical angle can com-
pletely penctrate the magnetic barri-
er, and then overtakes the other
magnetic pulse on the southern
hemisphere. Subsequent motion of
these particles will be reconsidered
elsewhere below.

Fig. 6 represents the effect of a
difference of the effective thickness
of the magnetic pulse for the particle
motion. The upper part of this figure
shows time-variations of the particle
trajectory and the lower part the
relative magnitude of the magnetic
force within the barrier region of
the pulse, for the two cases of a=1
and 1/3. Since the magnetic force
of the pulse is proportional to
(1 —|7) exp [—a*T*(7—|7))%], there
is a relatively large dimension of
transition when « is small. Further-
ersely proportional to aT. Thus, for the

3

case with smaller a, there is the larger retarding force for the penetrating particle
and the effective interaction time is also longer. With this view, the result in

Fig. 6 may be explained.
In Fig. 7 and 8, we show the full desc

ription of the interacting particle motion

with a;=70°, during the first head-on collision, the subsequent multiple reflec-
tions, and after the moving magnetic mirror of the particle is finally over taken

85°

75°

5

|}
TH

10™

107

Fic. 6. Figures illustrating the effect of difference of the

width of the pulse to the

particle motion. The upper

figure is time variations of the particle position and the
lower the relative magnitude of the magnetic force within

the pulse.
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Fic. 7. The full illustration of the particle orbit Fic. 8. Variation of the speed of
during and after the interaction, (5keV elec- 5keV electron before, during
trons and «az=70°). and after the interaction. Dot-
ted semicircle stands for the
stationary bouncing motion,
curves with arrows are the ve-
locity orbit during the interac-
tion, and dott-broken lines the
envelopes of the latter. The
largest curve with arrows cor-
responds to the accelerated
bouncing motion.
TaABLE 1. Variations of the mirror point and the maximum speed of the
particle before and after the Fermi interaction.
equatorial pitch angle, ag 30° . 4()°” 550 70°
colatitude of the before interactions, 4, 56.9° 63.8° 72.6° 80.4°
mirror point, after interactions, 6,* 58.3° 74.4° 63.2° 61.8°

before interactions, 0. 866 70. 766 0.574 0.342

u
th i speed, . .
¢ maximum spee after interactions, * 0.780 0.472 1.156 1.420

by the magnetic pulse. The time-variation of the instantaneous position of the
particle is given in Fig. 7, which shows the large change of the mirror point during
the first interaction and subsequent secular slow change until the overtaking of the
pulse occurs. Corresponding to this secular lowering of the mirror point, we have
the slow acceleration as is seen in Fig. 8. The maximum acceleration after the
interaction is of about 4 times and the mirror point varies from about 80° to 62°.
In Table 1, we summarize the mirror point colatitude and the maximum speed of
the particle at the equator before and after the multiple head-on collisions. From
this, we see that the particle with the more flattened equatorial pitch angle receives
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the more net acceleration and lowering of the mirror point. The particle with small
pitch angle, on the contrary, suffers the net decceleration.

Summarizing, the Fermi acceleration due to multiple reflections of the particle
with the moving magnetic pulse is most effective for trapped particles near the
equator. However, since in the present calculation we assume the possible largest

amplitude of the pulse, B, /B,=3,

which corresponds to the one-dimensional

strong hydromagnetic compression (compression ratio=3), the above numerical
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Fi1G. 9. Particle trajectories on the i—

ag=30°, wo=5keV. The thick dotted curve re

the dipole field before the interaction.
trajectory after multiple interactions of the electron with the moving pulses.

¢ surface for the multiple bouncing electron with
presents the stationary trajectory in
The thin, full-broken curve is the stationary
Trajec-

tories during few transite cycles just after the first interaction and just before last
interaction are drawn by thick and thin full lines, respectively. The small circles
with a dot and cross are the starting and end points of the interaction.
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illustrations lead the negative conclusion for a possibility of the particle precipita-
tion by such Fermi acceleration alone.

Next, if we consider the particle which can completely penetrate the moving bar-
rier of the pulse at the first head-on collision, how is the motion of this particle
modified during the subsequent multiple transites. In this case, the overtaking and
head-on interaction of the particle with the pulse occur as a pair during small time
interval. Consequently, the resulting net effect and its secular accumulation would
not be appreciable. In Fig. 9, we give an illustration for this case.

In connection with the quasi-periodic precipitation of electrons with the period of
several hundreds seconds at the ssc [, 10, 11], we have the following question. Do
geomagnetic pc 5 pulsations accompanying with ssc contribute to this energetic
electron precipitation? More explicitly speaking, if we consider the standing hydro-
magnetic oscillations along the particular field line, can the secular accumulation of
multiple transit-time acceleration of electrons during the increasing phase of ampli-
tude of oscillations cause the appreciable precipitation of trapped electrons. Of
course, if the period of oscillations is approximately the same order with the bounc-
ing period of the interacting particle, this bounce-resonance interaction will yield
appreciable effect. In the present case, however, T,<1 sec and T ~300 sec, we
have only expect the secular accumulation of difference among consequent bounc-
ings. In order to clear this possibility, it is necessary to solve the particle motion
numerically, when the standing hydromagnetic oscillations of the even mode, for
example 6B(6) =B z[p(6) ] p ;1" cos 20 sin t, is superposed on the dipole magnetic
field.

Another possibility of particle acceleration associated with ssc is the direct
acceleration by the electric field along the field lines within the localized region.
Since the plasma compression within the magnetosphere at the time of ssc is not
azimuthaly symmetric, the azimuthal drift motion of electrons and ions near the
wave front will cause the space charge accumulations in opposite charges within two
boader regions. These locally accumulated charges will be discharged along the
field line during the transient stage of ssc. The intensity of the associated parallel
electric field will considerably be different compared with that given in (2) for
the simple sinusoidal oscillations. A stochastic acceleration due to the microscopic
electrostatic waves with high-frequency, which may be excited by some instability
mechanism associated with the large-scale adiabatic compression, has been re-
mained as an unsolved possibility.
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