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The present paper treats the piezoelectric energy harvesting from aeroelastic vibration with 
cantilevered laminated plates. The aeroelastic flutter energy harvester is composed of a 
piezoelectric patch attached to the structures and a conventional harvesting circuit. A diode 
bridge of four diodes is connected to the piezoelectric patch and it provides a mechanism of 
current rectification. Aeroelastic analysis of composite plate wings with a piezoelectric patch is 
based on the finite element method and the subsonic unsteady lifting surface theory. The effect 
on location of piezoelectric patch on converged voltage in the harvesting system is examined 
through the numerical examples. 
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1. INTRODUCTION 

Aeroelastic characteristics have played the significant role in structural design. Flutter is one of the 
representative dynamic phenomena of aeroelastic instability, which results in catastrophic destruction of 
structures. Although flutter is recognized as a harmful phenomenon from the viewpoint of structural integrity, 
it can be conversely utilized as profitable energy source for vibration-based energy harvesting. So far, a lot of 
research on energy harvesting from aeroelastic vibration has been carried out1-10). 

The present paper treats the piezoelectric energy harvesting from aeroelastic vibration with 
cantilevered laminated plates. Aeroelastic analysis of composite plate wings with a piezoelectric patch is 
based on the finite element method and the subsonic unsteady lifting surface theory. The effect on location of 
piezoelectric patch on converged voltage in the harvesting system is examined through the numerical 
examples. 
 
2. FUNDAMENTAL EQUATIONS11) 

The aeroelastic flutter energy harvester is composed of a piezoelectric patch attached to the structures 
and a harvesting circuit as shown in Fig. 1(a) and 1(b), respectively. A diode bridge of four diodes is 
connected to the piezoelectric patch and it provides a mechanism of current rectification. The finite element 
equations for aeroelastic response of cantilevered laminated plates with a piezoelectric patch can be described 
as follows12): 

                        twQqtVtwKtwCtwM p   , (1) 

         titVCtw pp
T   , (2) 

where the mass, damping and stiffness matrices are denoted by M, C and K, respectively, the nodal 
displacement vector is denoted by w(t) and the dynamic pressure is denoted by q. The aerodynamic influence 
matrix is denoted by Q, which can be expressed by using the Mach number and the reduced frequency defined 
as  

 
U
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 , (3) 
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(a)  Cantilevered laminated plates (L = 360 mm, c = 2b = 90 mm, h = 1 mm). 

 

 
 

(b)  Conventional harvesting circuit. 
Figure 1: Schematic of aeroelastic flutter energy harvester. 

 
 

where the semi-chord length at the wing root, angular frequency and free stream velocity are denoted by b (= 
c/2),  and U, respectively. In this research, the aerodynamic influence matrix Q, which represents the 
unsteady aerodynamic forces acting on the vibratory wing surface in subsonic flow, is evaluated based on the 
doublet point method13). 

Amplitudes of pressure distributions on oscillatory lifting surfaces, and of their upwash velocity are 
related by integral equation as follows: 

       
S dddududduu ddyxKepyxw 


,,

8
1, , (4) 

where the non-dimensional amplitudes of upwash velocity and pressure differential is denoted by w  and 
p , respectively. The kernel function is denoted by Ke. A doublet point, where the acceleration potential is 

placed, is located at (d, d). An upwash point, where the normal velocity of the upwash is placed, is located at 
(xu, yu). The lifting surface is assumed to lie in the place z = 0. The symbol S denotes the region of the wing 
area. The wing planform is divided into panel segments called element surfaces and each element surface is 
constructed such that the two side edges are parallel to the free stream. A doublet point and an upwash point 
are located on each element surface. Then the above integral equation is discretized into linear algebraic 
equations and the aerodynamic influence matrix Q can be evaluated. 

As the doublet points of aerodynamic elements are different from the structural nodal points, it is 
necessary to convert the aerodynamic loading acting on the doublet points of aerodynamic element to the 
nodal forces of finite element. This interpolation was performed by the surface spline method14). 
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Besides, the effective piezoelectric coefficient vector and capacitance are denoted by  and Cp, the 
voltage across the piezoelectric patch is denoted by Vp(t) and the current flowing into a harvesting circuit is 
denoted by i(t), which is related to the rectified voltage Vc(t) by 
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where the storage capacitance is denoted by Cr. 
When a modal approach is introduced, the following equation can be obtained by the modal 

transformation (w = wm) for Eqs. 1 and 2: 

                          twQqtVtwtwCtwI mmp
T

mmmm   , (6) 

           titVCtw ppm
T   , (7) 

        QQ T
m , (8) 

where the matrix with free-vibration eigenvalues on the diagonal and the corresponding modal matrix are 
denoted by  and , respectively, and modal damping matrix is denoted by Cm. The identity matrix is denoted 
by I. 

It is necessary to transform the equations of motion into the linear time-invariant (abbreviated to LTI) 
state-space form for the piezoaeroelastic analysis, and the unsteady aerodynamic forces should be 
approximated in terms of rational functions of Laplace variable. In this research, the minimum state method15) 
combined with optimization technique is adopted for the rational function approximation. The minimum state 
method approximates the aerodynamic influence matrix by 

                  sERIsDsQsQQsQm
12

210
 , (9) 

where the non-dimensional Laplace variable (= sb/U) is denoted by s , semi-chord length at the wing root, 
free stream velocity and the Laplace variable are denoted by b, U and s, respectively. Physically, Q0, Q1 and 
Q2 capture the dependence of the unsteady aerodynamics on displacement, velocity and acceleration, 
respectively. The last term in the right hand side of Eq. 9 captures the lag in the construction of aerodynamic 
forces associated with the circulatory effects. Here the coefficient matrices Q0, Q1, Q2, D, R and E are 
unknown. The components of diagonal matrix R are negative constants that are selected arbitrarily. For a 
given R matrix, the other unknown coefficient matrices are determined by using iterative, nonlinear 
least-square method. Then the minimization problem of the overall least-square errors for the rational function 
approximation of the aerodynamic influence matrix can be stated as follows: 

 [objective] 
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 [constraints]  nrirrir ,,10  , (10b) 

 [design variables]  nrirrir ,,1 , (10c) 

where a tabulated reduced frequency is denoted by kl (l = 1,…,nk), tabular and approximate values of the 
aerodynamic influence coefficient at a specified value of reduced frequency are denoted by ijmQ ,  and ijmQ , , 
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respectively, and a diagonal component of the matrix R is denoted by rir. As an optimizer, the DFP 
(Davidon-Fletcher-Powell) variable metric method is adopted with the golden section method in the ADS 
(Automated Design Synthesis) program16). 

The substitution of Eq. 9 into Eq. 6 yields 
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Then the following state-space equations can be obtained from Eqs. 11 and 7: 
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where the system matrix is denoted by As. The state vector is denoted by x, which consists of the modal 
displacements mw , modal velocities mw , the augmented aerodynamic states p and voltage across the 
piezoelectric patch is denoted by Vp. 
 
3. NUMERICAL RESULTS AND DISCUSSION 
(1) Numerical model 

In this research, aeroelastic flutter energy harvesting with a [03/90]s cantilevered laminated plate is 
examined. Cantilevered laminated plates with a piezoelectric element shown in Fig. 1 are employed, where a 
ply fiber angle is denoted by . Lead zirconate titanate (PZT) element is placed on the top surface of the plate. 
The material properties of lamina of carbon/epoxy composite and PZT element are shown in Tabs. 1 and 2. 
Here the in-plane stiffness and piezoelectric characteristics of piezoelectric material is assumed to be isotropic 
in this research. The four-node rectangular plate-bending element is employed in the present structural 
analysis based on the classical laminated plate theory, and 12×3 elements are used for the structural analysis. 
The sizes of PZT element are the same as that of a finite element in the structural analysis. On the other side, 
8×6 elements are used for the aerodynamic analysis. The aerodynamic influence matrices are tabulated at 10 
values of reduced frequency of 0.1, 0.111, 0.125, 0.143, 0.167, 0.2, 0.25, 0.333, 0.5 and 1, and the number of 
poles of transfer function rir is set to be 10. After the vibration analysis, a modal reduction is performed using 
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the lowest 10 modes to solve Eqs. 6 and 7, and then the Runge-Kutta method of the fourth order is adopted to 
integrate the state-space equations described as Eq. 12. Here the damping of the structure is neglected and the 
storage capacitor has a capacitance of 1.0 F in this research. 
 
(2) Results and discussion 

Fig. 2 shows the aeroelastic characteristics of [03/90]s cantilevered laminated plates without 
piezoelectric patches. Figs. 2(a) and 2(b) correspond to the root loci with increasing free stream velocity and 
the flutter mode shape, respectively. It is found that the bending-torsional flutter due to coupling between the 
second and the first modes, which correspond to the first torsional and the first bending vibration modes, 
occurs at the speed U = 23.92 m/s. 

 
 

Table 1: Material properties of CFRP. 
E11 E22 G12 12  Thickness 

[GPa] [GPa] [GPa]  [kg/m3] [mm] 
127.0 11.0 4.90 0.30 1541 0.125 

 
Table 2: Material properties of PZT. 

d31 Cp E   Thickness 
[pm/V] [nF] [GPa]  [kg/m3] [mm] 

-240 74.3 63.0 0.30 7800 0.25 
 

 

(a)  Root loci with increasing free stream velocity. 
 

 

(b)  Flutter mode shape. 
Figure 2: Flutter characteristics. 
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(a)  Time histories of piezoelectric voltage and rectified voltage (U = UF = 24.56 m/s). 

 

 
(b)  Effect of location of piezoelectric patch on converged voltage in harvesting system. 

Figure 3: Results of energy harvesting at flutter speed. 
 
 

Fig. 3 shows the results of energy harvesting at the flutter speed U = UF. Here the vibration of the plate 
is induced by sudden release of 1 mm initial deflection of the leading edge of the wing tip. Time histories of 
piezoelectric voltage and rectified voltage are shown in Fig. 3(a). As the aeroelastic vibration continued, the 
piezoelectric voltage and rectified voltage increased. Then the energy harvesting system reached a steady state 
and rectified voltage converged. Fig. 3(b) shows the effect of location of piezoelectric patch on converged 
voltage in the harvesting system, which corresponds to the flutter curvature mode shape. Fig. 4 shows the 
absolute values of a sum of plate bending curvature at the center of each finite element, which is obtained 
from Fig. 2(b). It is indicated that the optimal location of piezoelectric patch for energy harvesting can be 
determined based on the flutter curvature mode shape, by comparing with Fig. 3(b). 

The effect of change of the operating condition on the result of energy harvesting is examined. Fig. 5 
shows the effect of location of piezoelectric patch on converged voltage in the harvesting system at the speed 
U = 0.9UF. It is found by comparing with Fig. 3(b) that the effect of location of piezoelectric patch on 
converged voltage is qualitatively same, although it becomes lower than that at the flutter speed U = UF. 
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Figure 4: Absolute values of sum of plate bending curvatures. 

 
 

 
Figure 5: Effect of location of piezoelectric patch on converged voltage in harvesting system (U = 0.9 UF). 

 
 

 
4. CONCLUSIONS 

The present paper treats the piezoelectric energy harvesting from aeroelastic vibration with 
cantilevered laminated plates. It is indicated through the numerical examples that the optimal location of 
piezoelectric patch for energy harvesting can be determined based on the flutter curvature mode shape of the 
plate. 
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