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FUNDAMENTALS OF ACOUSTICAL SILENCERS

(I) Theory and experiment of acoustic
low-pass filters

By

Juichi IGARASHI and Masasuke ToYAMA

Summary Attenuation characteristics of several acoustical low-pass filters have been
studied theoretically and experimentally. A method of electrical equivalent network was
applied to the acoustical elements, such as cavities, resonators, internal tube type cavities
and cavities with absorbing material. Each element was represented by four terminal ;
matrix, and attenuation of the system was calculated from their products. ‘

By an automatic recording system, frequency characteristics of various acoustical ele- i
ments and their combination were measured. They show good agreement with calculation.

I. INTRODUCTION

Various sorts of acoustic filters have been used as silencing devices. They consist
of several types of fundamental elements; expansion chamber (cavity), resonator
and their deformed types. Theoretically, as one dimentional problem, they have
been investigated fairly well [/] [2] [3]. In the present work, instead of equa-
tions of motion and continuity, an equivalent electric circuit has been considered.
From the equivalent circuit, transmission characteristics can be calculated easily.
Products of four terminal matrices of each section of muffler represent the relation
between the transmission velocity and pressure at the considered point before and
after the muffler is inserted, from which the attenuation can be estimated. In
principle, it is possible to calculate the attenuation of the acoustic filter asa two-
dimensional problem, if the equivalent network of the acoustic system is obtained.
But it is fairly laborious work, and the calculation can be pursued by an electric
simulator. The method and results of simulator will be reported in the follow-
ing paper as Part (IV). Acoustical properties of the fundamental filter elements
or their combination have been investigated experimentally. Frequency response i
of attenuation characteristics is recorded automatically by the high speed level
recorder, for the case with input and output ends are terminated by non-reflective
material. Incident acoustic pressure is controled at a constant value for frequ-
encies from 100¢/s to 3,000¢/s, then the recorded curve shows attenuation charac-
teristics. Various types of muffler elements or their combination can be realized

[223]
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224 J. Igarashi and M. Toyama

by the cylinders, pistons and tubes of different sizes. Attenuation curves obtained
for some types of resonators and the cavities of different sizes showed some in-
teresting results. Particularly, the resonance frequencies of the resonators with
holes at different places in the cavity and the attenuation characteristics of the
cavity with internal tubes suggest the practical design of the silencing devices.
The attenuation characteristics for complicated structure such as existing auto-
mobile mufflers have been obtained by the same methods. Absorbing materials
such as glass-fiber, rock-wool and steel-wool in the cavity, though they have several
troubles in the actual design, showed good attenuation characteristics, especially
at high frequencies. Construction of the absorbing materials was studied also as
muffler elements. In practical use, one section of the absorbing material in the
muffler structure is remarkably more effective than any other constructions. But
attention should be paid to the effects of the temperature and velocity of the ex-
haust gas on such materials.

II. THEORY

An acoustical system of muffler is shown in a simplified form in Fig. 1, two
straight long pipes connected to the muffler, are terminated at both ends by non-
reflective material. An electrical equivalent circuit is as shown in Fig. 2, in which
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Ficure 1. A model of expansion chamber FiGurE 2. Equivalent circuit of a cavity
(cavity). clement.

muffler element is expressed by four terminal constants. For a constant velocity
sound source at A, sound pressure and volume velocity at A(p,, V;) and B(p,, Vs)
are, (B is an observe point and considered to be high impedance)

(3= VG DNgype V=G 2

Vl So/‘oc 1 C .D SO/,OC 1 V2 C, .D, Vg’

where S, is a cross section of a pipe, ¢ is sound velocity and p is density of air.
Apparently in Fig. 2, V,=0, then V,=C'p,, C'=A4S,/oc+C+ BS,/oc+ DS,/ pc.

In the simplest case, the muffler element is a cylindrical cavity (expansion
chamber), of cross sectional area S and a length [, then

(A B>: (co.s kl (Jpc/S) sin kl) (1)
C D (4S/pc) sin kL cos ki
and
C'=(2Sy/pc) cos kl+7(S/pc) sin kl+37(S3/Spc) sin kl
=(1/pc){2S, cos kl+7(S+Si/S) sin kl} .
When a straight tube of cross section S, and length [ is connected instead of a
cavity, four terminal matrices of this system are expressed as,
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Fundamentals of Acoustical Silencers 225
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Vi=C"pi, and C"=(28,/pc){cos kl-+jsin kl}. (2)
As V,= V! approximately, the attenuation of muffler is calculated as follows:
A=201log [pL]/| p:| =20 log | C"] /| C"|
=101log {1+(1/4)(m— 1/m) sin® kl}, (3)

then

where
m==S/S,, k=wlc.

This is the same result as Davis’ [3].

When two cavity elements, the lengths and cross sections of which are [,, I, and
Sy, Sy are connected to a tube of length I,, and cross section S, (Fig. 3) then the
attenuation of this system is calculated as follows:
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FIGURE 3. Series connection of cavities. FIGURE 4. A side branch element.
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The attenuation can be calculated as (3)
A=10log (1/4){cos ki, cos ki, cos kls}*[{2—(S,/S,+S,/S,) tan ki, tatt ki,
—(suftix 2, 3)—(suflix 3, 1)}*4+{(S,/Sy+S,/S;) tan kl,+ (suffix 2)
+ (suffix 3)—(S.S,/S,S;+ S;:S,/S,S:) tan ki, tan kl, tan kl,}?] . (4)
Series connection of three or more cavity elements can be calculated similarly.

The attenuation of the side branch type (Fig. 4) is calculated from the equiva-
’ lent circuit Fig. 5

<%>=<,IS'0/€C ?)G/Z (1)>(.IS’0/‘00 ?)(I@:(? g><1€:>’
A=20log(|C|/|C"]),

where C' is a same expression of (2), Z= —(joc/S) cotkl, I: length of a side branch,
S: cross sectional area of a side blanch.
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FIGURE 5. Equivalent circuit of FIGURE 6. A resonator,

a side branch elemgnt.
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226 J. Igarashi and M. Toyama

A resonator type muffler such as shown in Fig. 6 is that of frequently used

el w1 %
1 o

in practice. The equivalent circuit is the same expression as shown in Fig. 5, if

we choose proper impedance Z.

Z=—j(pw/c,+X)=35X",
where ¢,=nxr?/(t+ B7r), t: thickness of a tube, #%: number of holes, r: radius of

holes, S=1.6.

The impedance X is that of parallel connection of tubes of lengths [,, [,.
Then the attenuation of this system is calculated similarly as above example.

A=101og (1+Z3/4X"?)

=10log [14{m/(2kS'/c,—cos kl—cos kdl/sin kl)}*],

Whel'e ZOZPC/S(], l:l1+lz, Al=l1~l2,

if 4l=1 or l=1,, ;=0 (holes are at the end of the tube)
A=101log [14(1/4){m/(kS'[c,—cos kl)}*] ,

41=0, or l,=1,=1/2 (holes are the center),

S'=S-S5,,

A=101log[14{2m/(2kS'/c,—cot kl/2)}?] .

(5)
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Ficure 7. Graphical representation of resonance frequencies.
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Fundamentals of Acoustical Silencers 227

Davis derived these special cases in his report [3].

The difference of resonance frequencies calculated by (5°) and an ordinary
formula,

fr=(c/2m)V e V (6)

can be explained by Fig. 7. In (5') the resonance frequency is determined from,
kS'/c,=cot kl, and (6) can be written in another form kS'Jco=1/kl, because 2rf/c
=k and V=_S'L

kS'/c, is a linear function of k, and cot kl is periodic function of k, l as a para-
meter; then cross points (A), and (B) are resonance frequencies in the formula
(5"), while the resonance frequency determined from (6) is a cross point kS'/c, and
an inverse curve of k, | as a parameter, which is shown in the figure as (C).

The shift of the resonance frequency and the higher order resonance (B) can
be explained by the wave phenomena in the cavity.

The attenuation of cavity with internal tubes as shown in Fig. 8 (a) is also
calculated easily from the equivalent circuit of Fig. 8 (b).

L .
= T
\s X — ‘ - o

\
S
@) (b)

FIGURE 8. A internal tube type cavity element and its equivalent circuit.
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V, S,/ec 1/\1/Z, 1/\C D/\1/Z, 1/\Spc 1/\V, C' D'/\V, i
If L=4l, l,=2l, l,=1 ,
then Z,=—j(oc/S')cot2kl, Zy=—j(pc/S")cotkl, S'=S—S,, il
|C’|=1/pc[{28S, cos kl—(S,S’/S) (tan 2kl + tan ki) sin kl}2+{S’tan 2kl cos ki ‘15
+S sin kl—(S"%/8) tan 2kl tan kl sin kI 48’ sin kl+(Si/S) sin k)%, !

A=20log | C"|/(28/pc) -

If an effective length of a tube (length in the cavity plus end correction) is equal
to L/2, the first and the third pass bands of the cavity (axial length L) will dis-
appear, moreover, if an effective length of the other tube is equal to L/4, then il
the second and sixth pass bands of the cavity will be expected to disappear. an

III. EXPERIMENTAL PROCEDURE

Brass pipes (ac)(bd), 2.5 meters long each are shown in Fig. 9, the inside diameter
of which is 3.5cm. At the ends ¢, d of pipes non-reflective material such as glass-
fiber of fifty centimeters long were packed loosely. A muffler element to be me- |
asured is inserted between a and b. Sound is conducted into the pipe through a s
small hole by a driver unit and picked up by a probe microphone.

The pipes (ac)(bd) are buried in sand to avoid the vibration of pipes. The

i
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Figure 9. Scheme of apparatus for the measurement of attenuation. An element
to be measured is inserted between a and b. The controlled electric signal re-
corded on the magnetic tape is supplied to a speaker. Conducting pipes ac
and bd are packed with glass-fiber and buried in sand.

(a) Measuring equipment. (b) Various elements.

Fi1GURE 10. A photograph of a measuring apparatus.

source side pipe (ac) can be moved on the rail to be able to connect the muffler
element of arbitrary length (Fig. 10).

At the beginning of experiments, muffler element is substituted by a straight
pipe and input voltage to the speaker is controlled by the output voltage of the
microphone, then the sound pressure at the microphone position is held constant ‘
for all frequencies.

The oscillator is of electronically sweep type one. The controlled electric voltage
was recorded on the magnetic tape from 100c¢/s to 3,000¢c/s, which has been the
source of sound through the experiment.

The controlled sound pressure at the output of the microphone is shown in Fig.
11, thus the intensity of the incident wave to the muffler is held constant for all
frequencies. When the muffler element is inserted between a and b then the me-
asured curve presents the attenuation directly.

As muffler elements, aluminium cylinders whose axial lengths 50cm, 30cm,
diameters 20cm, 12cm, 8cm each were prepared. The thickness of their walls
were 1.0cm. By sliding pistons and conducting tubes, various types of muffler
elements and their combination could be constructed easily.

This document is provided by JA)i(A.



Fundamentals of Acoustical Silencers 229

4080
8
S 30
2
8 20
< .

1o

0 r—— — N ‘\IL

-10 |

50 100 200 500 ™ 2 3KC

— —» Frequency

Figure 11. Controled out put sound pressure.

IV. EXPERIMENTAL RESULTS OF SEVERAL UNIT ELEMENTS

(1) Cavity type. Attenuation of a cylindrical cavity was measured by the
method mentioned above.

The recorded attenuation curves are shown in Fig. 12, the axial length of the
cavity was varied by a piston. Theoretical values calculated from formula (3)
agree fairly well with experimental curves (Fig. 13), but when the length of the
cylinder is below 3cm, namely it is smaller than the radius, there appears parti-
cular attenuation (Fig. 14), which is a two-dimensional phenomenon.
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FIGURE 12. Attenuation characteristics of cavity elements.
Full line : axial length of a cavity, 20 cm. Dotted line : axial length, 40 cm.
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FIGURE 13. Attenuation characteristics of cavity elements for various ratios of cross
sectional areas. Circles are measured points, full lines are theoretical ones.
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230 J. Igarashi and M. Toyama ‘G{

Even in the case where an axial length is long, the attenuation at high frequen-
cies depends also on the wave phenomenon in it, and the effects of the modes are
different according to the positions of the inlet and outlet of the cavity (Fig. 15).

As predicted from the formula (3) the maximum attenuation of the cylindrical
cavity depends on the ratio of the cross sectional areas of pipe and cylinder. Ex-
perimentally, it was verified as presented in Fig. 16, the measured values of the
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FiGUurE 14. Effect of radial modes on attenuation of cavities having
small axial lengths.
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FiGure 15. Effect of positions of input and output tubes.
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FIGURE 16. Attenuation maxima for various ratios of cross sectional areas.

maximum attenuation are plotted for the various ratios of cross sections. They
are zero at m=1, and become larger when m becomes larger or smaller.

The experimentally observed values correspond faily well to the theoretical
values up to m=100. This chart is very useful for practical designing of the cavity
type muffler.

(2) Resonator type. In actual design the resonator is in most cases the combina-
tion of a cylinder and a tube with holes.

The guide tube with two holes of diameter 10mm passes through the cavity.
The results of the attenuation measurements for various position of holes are illus-
trated in Fig. 17. The resonance frequency of Fig. 17 (b) agrees well to that cal-
culated from (6) when the holes are located at the center of the cavity, and the
length of a cylinder is short compared with wave length. The resonance frequency
thus calculated from (6) is 199¢/s. But when the holes are at the ends of the cavity
(a), the resonance frequency observed is 175¢/s, this shift of the frequency can be
explained by the equation (5°) and Fig. 7; namely the location of holes must be
taken into account in this case. Moreover, in Fig. 17(a) the second resonance ap-
pears in the attenuation curve, which is explained also by Fig. 7. The calculated
values in these cases from (5') or (5) agree fairly well to the experimental re-
sults as presented in the figures. Another figures (c), (d) in Fig.17 are the measured
results of the elements whose holes are positioned separately. They can be ex-
plained by parallel connection of four terminal matrices, which will be reported
in Part III. Fig. 18 is the relation between the attenuation maxima and the area
of holes when resonance frequency is held constant. The diameter of the cylinder
is 12cm and that of the guide pipe is 3.5cm, numbers marked in the figure are
the number of holes of 3.0mm diameter. Appoximately, the attenuation increases
6db when the area of holes doubled.

(3) Cavity with internal tubes Cavity type elements present periodic attenuation
characteristics as shown in Fig. 13, for kl=x, 27, « -, attenuation is zero, namely
acoustic waves pass through freely. But when a tube is inserted in the cylinder,
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FIGURE 17. Attenuation characteristics of resonators.

(a) Holes are at an end of a cavity. (b)
(¢) Holes are positioned separately,
an end. (d) One hole is at an end and the other is at an another end.
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FIGURE 18. Attenuation maxima of resonators for various areas of holes.
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FIGURE 19. Attenuation characteristics of an internal tube type cavity.

additional attenuation is observed at the frequencies to which the effective length
of the tube becomes odd multiple of a quarter wave length. In Fig. 19 attenua-
tion curves for various tube lengths are illustrated. For the cylinder length L, an
internal tube of L/2 improves attenuation characteristics at f=ec/2L,3¢/2L, - - -,
and that of length L/4 improves them at f=¢/L, 3¢/L, - - -, then by two internal
tubes L/2 and L/4 at both sides of cylinder, the pass bands of cavity type element
are perfectly improved except at f =2¢/L, 4c/L, - - -, and broad band low-pass
filter can be obtained (Fig. 20). Exactly speaking, the tube lengths should be a
little shorter that L/2 and L/4 by an amount of end correction of the tube.
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FIGURE 20. When effective lengths of internal tubes are a half and a quarter of
cavity length, attenuation characteristics of a cavity are improved.
For comparison, result of a cavity is illustrated.

(4) Absorbing material. In practical muffler, absorbing material such as glass-
fiber, rock-wool, steel-wool has been frequently used. But the theory and systematic
measurement have not ever been established. When one or both ends of the cylinder
is covered by felt of lem thick, the attenuation at the pass band increases greatly
(Fig. 21), but at the attenuation band, little. The amount of increase at the pass
bands are plotted against frequencies in Fig. 22 by changing the length of cavity.

Absorbing material at the circular wall of the cylinder is also effective for
increasing the attenuation, and the pass bands at the low frequency shift to the
lower parts. The amount of attenuation at the pass band is plotted for various
lengths of absorbing material (Fig. 23). It depends on the frequencies of pass bands
but not on the order of the pass bands. The third type is a most frequently used
structure, the absorbing material fills up the cavity and the perforated tube
penetrates through the cavity. When the absorbing material is removed, the
attenuation characteristics depend on the total area of holes in the cavity. When

1
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FiGURE 21. Attenuation characteristics of cavities with absorbing
material (Felt 1 cm).
Full line : empty, dotted line : material at one side, chain line:
material at both sides, long chain: material covers circular wall. ( )
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FIGURE 22. Measured attenuation at the loss free points of a cavity.

Dotted line: material at one side, full line: material at both sides.
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FIGURE 23. Increase of attenuation at loss free points for various
length of felt attached at the circular wall.
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the ratio of the holes to the area of the surface of the tube in the cavity is greater
than 40 percent, the attenuation curve is similar to that of cavity itself. But when
the ratio decreases, the attenuation curves become irregular as are shown in Fig.
24. Experiments were performed for various perforation ratios and some dif-
ferent density of material. ‘

In Fig. 25 attenuation characteristics for the perforation ratio 45% to 29 are i
presented, when the density of the material held constant. Fig. 26 is the relation
between the density of absorbing material and attenuation for perforation ratio
45 and 2 percent. When the ratio of perforation is large, attenuation increases
as the density of material increases, but for small perforation, it decreases as the
density increases. In the former case muffler element is considered to be a cavity
type, but in the latter case that is a resonator type and the absorbing material
in the cavity affects the attenuation characteristics inversely. For small perfora-
tion element absorbing material is not effective at all. Summing up Fig. 25 and
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FiGURE 24. Attenuation characteristics of cavities with internal perforated
tube (absorbing material is removed).
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Fig. 26, in Fig. 27 it is presented the relation between the attenuation maximum
and the perforation ratio, density of the material as a parameter.
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FIGURE 25. Attenuation characteristics for various perforation
ratios of tube. Density of absorbing material is held constant.
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FIGURE 26. Attenuation characteristics for various density of ab-

sorbing material ; perforation ratios are 45 and 225 respectively.
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FicUurg 27. Relation between attenuation and perforation ratio;
density of absorbing material as a parameter.

4odb _
10~ =10~ L=4cm I
30 ":IE_—.]_H |
20: 35 _ ~ e
10 - / \ [ |
. — Y \ |
100 200 500 IK 2 3KC
40 !
30 £=30cm ;
20 AN 1
p = Vam A ¥ |
g 0 ~ ! | |
2 100 200 500 1K 2 3KC 1
s 40db ;
= =
2%30 £=76cm
20 / f\ Vo WY.N n!\
N g AV i AT il
AR
%00 200 500 'K 2 3KC
Frequency

FIGURE 28. Series connection of cavities, for various lengths of
connecting tube. Circles are calculated values.
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V. COMBINATION OF THE ELEMENTS

The attenuation of a single element is in most cases 10-20db at the maximum _ ;
value. Series connection of these elements are expected to exhibit higher attenua-
tion value. Some examples of cavities are presented in Fig. 28, maximum attenua-
tion is nearly the sum of the single cavities but detail response depends on the
length of the connecting tube. Theoretical values calculated from (4) agree with
measured curve fairly well. Resonator type elements are frequently used to eli- |
minate specific frequency band. In Fig. 29 attenuation curves of four resonators,
adjusted to different frequencies are illustrated. Series connection of these ele-
ments show broad band attenuation characteristics.

Combination of a cavity and a cavity with internal tubes is also presented in
Fig. 30.
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FIGURE 31. Series connection of three cavities with internal tubes.
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Series connection of thee cavities with internal tubes of different sizes have
good attenuation characteristics as Fig. 31(a), and Fig. 31(b) present similar re-
sults except higher frequencies. This difference seems to be caused by the effects
of radial modes. As an automobile engine muffler, however, (a) is not effective
at all, owing to the generated noise by air flow, and (b) attenuates engine noise
fairly well as illustrated in Fig. 32. Generated noise caused by high speed air
flow will be discussed in Part (II).
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FIGURE 32. Attenuation characteristics of Fig. 31 (a) and (b) as
practical mufflers of a automobile engine. Full line : muffler (a),
chain line : muffler (b), dotted line: muffler removed.

VI. CoNCLUSION

Attenuation characteristics of acoustical elements such as expansion chamber,
(cavity) resonator and deformed types of them have been studied theoretically
and experimentally. They can be expressed by four terminal matrices in equivalent
electric circuit. Sound pressure and volume velocity and the attenuation charac-
teristics can be obtained without any difficulties, even for the case of several
combination of these elements. }

A method of measuring attenuation characteristics was developed, and frequency
response of various elements was measured.

Results obtained are as follows:

(1) Cavity type. Maximum attenuation of this element depends on the ratio of
cross sectional areas of cavity and connecting tubes as equation (3) indicated,
observed values agree well up to the ratio m=100. Moreover, attenuation corre-
sponding to 1/m is equal to that for m.

When the radial length of the cavity becomes large compared with the wave
length, one dimensional theory can not be applied.

Some examples of these cases were presented.
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(2) Cavity with internal tubes. Loss free points of a cavity element can be im-
proved by inserting tubes of proper lengths, one should be a half length of the
axial length of the cavity and the other is a quarter of it.

(3) Resonator type. Resonance frequencies of calculated from equation (6) are
valid only when the dimension of the cavity of the resonator is small compared
with the wave length, otherwise, the wave phenomena in the cavity should be
taken into account.

(4) Absorbing material. Absorbing material packed in the cavity as in Fig. 25
showed good attenuation characteristics, and when the areas of holes are large,
attenuation increases as the density of the material increases, but when the areas
of holes are small attenuation decreases as it density increases.

Concerning the acoustical silencing devices, the following papers will be publish-
ed shortly.

Part II. Noise generated by high speed air flow in the acoustical elements.
Part III. Determination of four terminal constants of acoustical elements.
Part IV. Attenuation characteristics studied by an electric simulator.

Aeronautical Research Institute
University of Tokyo, Tokyo
December 10, 1958
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