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Theory of Airscrews.
By

A

Sandi KAWADA, Kégakusi.

The paper is an attempt to elucidate the mechanism of the action

of airscrew in the air, based on Prandtl’s theory of aerofoil.

Fundamental Equations of Airscrew in General.

Let us make the assumptions that :—

“a) the air is without viscosity or compressibility

b) the number of blades is sc large that it can be regarded as

practically infinite.

¢) the drop of pressure in the slip stream due to its rotation is

negligible.

Taking the airscrew as fixed the air is considered to be moving
with velocity o, the velocity of the aircraft refered to air at infinite
distance. ‘

As the air draws near the plane of rotation of the airscrew, the
velocity of air is accelerated and at the plane of rotation itself the
velocity is v+ I,

After passing through the plane of rotation the air is still acce-
lerated and finally at infinite distance from the plane of rotation it

has the velocity v+ W,/
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362 Sand/ Kawada.

Fig. 1. Pattern of airflow.

At the same time the air acquires a rotation I¥, at the plane of
rotation and W/ in the slip stream.

Take a ring area included between 7 and 7+d7 at the plane of
rotation, then by the circulation theorem of Kutta-Joukvski we have,

if 4F is the elementary force on the blade element
AdF=pNI'V dr

The direction of this force is normal to the resultant velocity V.
The axial and tangential components of this force are thrust and tor-

que forces respectively

w,

dT:'dF._“.”_“V—szl'(w_ w,) dr (1)

dQ=r .dF. _“_‘%V:_: pNTr (v+ W) dr (2)

From the consideration of momentum, thrust and torque are respectively
dT=z2mwrp (w+ W,) W/ dr (3)
d0=z2m r¥! p (v -+ Wo) W, dr _ (@)

Next equating the kinetic energy generated in the slip stream to the

work done by the airscrew we have
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w dQ=mrdr p (v+ W) {(W +oY+ W/ —2*}
w0 dQ=mrp(v+ W)W+ W/ rt2v W/)dr (5)

Since compressibility is neglected the equation of continuity gives the

relation
2wy (v+ W) dr=2m ! (v+ W, ) dr' (6)

We have obtained so far 6 equations fer 7 unknown quantities.

One more equation can be obtained from the following consideration.

Imagine a circle in a plane parallel to the plane of rotation of the
airscrew having its centre on the axis of rotation and take circulation
round it.

By virtue of the theorem of Lord Kelvin this circulation must have
a constant value on each side of the plane of rotation of the airscrew.
The value of the constant differs on each side.

In front of the airscrew it is obviously zero.

Now take the circle sufficiently remote from the plane of rotation
where the air is not yet influenced by the airscrew.

Then the circulation is zero and consequently the circulation round
any circle in front of the airscrew is zero.

Considering from the vortex theory of aerofoil the inflow velocities
W, and I, etc. are induced by the blade and the trailing vortices.

A moment’s consideration will show that the velocities induced by
the blade and the trailing vortices have opposite sign in front of the
airscrew and same sign behind it.

This, together with the absence of the induced tangential velocity
in front of the airscrew, necessitates that the velocities induced by the
blade and the trailing vortices are of the same magnitude.

Hence behind the airscrew the induced tangential velocity is twice
that in the plane of rotation where the blade vortex induces no velocity.

Applying the theorem of constancy of circulation in the region

behind the airscrew we have
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S 2 W, ds:SVV,’ as'

Sz"z W, rd 0:SZ"WJ Y 0

0 0
2 Wor=W/7+ (7)
Thus we have 7 equations for 7 unknown quantities i. e., d7, dQ, W,,
W,, W, W, +'|r.
In the following sections we will solve these equations for different

cases of airscrew.

PART 1. AIRCRAFT AIRSCREW.

1. Solution of the Fundamental Equations.

For the aircraft airscrew the values of W,, W, etc. are generally
small. Hence the terms higher than the second order of W¥,[v, W,|wr

etc. can safely be neglected. We have immediately from (2) and (4),

W) = Nr @
27 7!
From (7)
v NI
W="o— W/= (9)
27 47 7
From (4) and (5) we obtain
2 wr! W/ =W,24+ W,>+ 20 W,/
W (Wi +29)= W, (2 or' — W)
W) (2 wr' —W,")
Wa,': 1 W, 13
2v(1+ 2 )
2v
:wa (1_ 1. NIT 1 Nwl') (10)
2y \ wr' 4wy v ATU

This document is provided by JAXA.



Theory of Airscrews. 365

From (1) and (3)
NI (wr—W)=z2mr (v+ W) W,/

2wy W/
coli T )
w7 2! 27
=2
2

I— _
am v \ wrl  gqmy v 4w

_ Nol'( I NI I ’wl‘) (11)

v+ W, and v+ W,/ are almost independent of 7, therefore integrating

(8) from »=o0 to » and #' we have
@+ W) r*=(v+ W) »"*

L’z(__“ W, )%
” v+ W/
_ Nol’

8 v*

(12)

=1

Putting the values of W, and I¥; above obtained we get

d'[:pN[(wr— N )a’r (13)
4T 7

d0=pNTr (v-}- Nol’ )a’r (14)

ATV

2. Profil Resistance.

For the real air which is viscous the frictional resistance of the
blades, or more generally the profil resistance must be taken into con-

sideration.
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This force acts in the direction of the resultant velocity and the
axial and tangential component of this force modify the expressions
of thrust and torque respectively.

The amount is for each blade
dR=-"1_¢,pV?t dr
2

where t=Dbreadth of the blade
¢;=coefficient of the profil resistance of the aerofoil
corresponding to the blade section or coefficient of

the resistance for aspect ratio 1: Q0.

The axial component of which is
AR, =1 c,pVitdr 2 =1 c,pVtvdr (15)
2 V 2
The tangential component is

dR,=-1 cfsztdr—%:—I—cfthwrdr (16)
2 V 2

And the resultant velocity is

YV @ ar— W =V a7

Therefore the expressions of the thrust and torque become, neg-

lecting the small quantities of second order

AT = [pNI'( wy— Uzl )__1_ cfpj\fvtl/-yz-l-wz 7* ]dr (18)
AT ¥ 2
Nol

dQ:[pN["V(v—l- )-I—chpNt wV v+ o ]dr (19)
2

AT U

Thus the assumption a) at the beginning of the present paper is
amended. Consequently the only assumptions in the equation (18) and
(19) are the multiplicity of the blades and the neglect of the drop of

pressure in the slip stream which is very small.
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3. Most Efficient Value of Circulation.

In the expressions of 7" and dQ thc terms due to the profil re-
sistance are very small.

Therefore the circulation for maximum efficiency when the profil
resistance is neglected will not differ appreciably from the correspond-
ing one when it is taken into consideration.

Let AW be the work lost in transforming the torque into the thrust

when the profil resistance was neglected.
Then

r=R
AW:S (0 dQ—2 dT)
=0

R T
S [pNI"wr Nel” +pNI v Nr]a’r (20)
0

ATV 4m v

The work supplied is

No I’
wQ= SO[pNer(v-{— @ )]dr

ATV

For simplisity’s sake suppoze that the second term i.e. the axial
inflow velocity is independent of the radius.®

Then we have
R
wQ:S pNIwr (14 1) v dr (21)
0

where (14 ) is a number slightly greater than 1.

By the calculas of variation the required circulation is obtained

when

(1) That the supposition is justifiable will be seen from the following circumstances:—

(a) the axial inflow velocity is generally below 10 percent of z.

(b) when the tangential inflow velocity, which is very small, is neglected the
circulation giving the maximum efficiency is /" =const, i. e. axial inflow
velocity =const.
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8 (AW —N 0Q)=0

where N is Lagrange’s factor

Therefore
pNI wr Nol +pN v —‘ZI——N pNowr(1+u)v=0
2T v 2m ¥
2w AN 2P (1 4+ ) ot
I'= 7 ,(2 /z) 2 (22)
N v’y

or putting A=N (14 ) we have

2T A 22 @
I': - * 9 9 o (22)
N o’y

The substitution of I" in (18) and (19) gives the following values for

thrust and torque

-+ IV ea
y T’[ AL 1]
I sy, (23)
o=0! [I 4 Vean ] (24)
e 8T APYr,

where

Q’:PWRZixq"l"z
[
'\!/‘A:I—.__X_(L < - _1>
2 @ 1+3°
¢2:1+_)\'_(2_L < . )
2 ® 143
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o=V1+s*+ log, (,5+]/I+.:z)

I

o=V {1+ - o,
2

The maximum efficiency becomes

_ ¢ Neay
T A
7 mcmr._—_'_—‘Z}—“zl!,‘i . AT ¢‘Pl (25)
(‘)Q \!,‘2 1 + (‘f NGG'Z
8T AP,

The valuz of the constant N can be obtained by solving (23) or
(24). Inthe expression of 7" as the first term is predominent we have

approximately

T = pm R* v* .

A= T = 7. (26)
pr R* P 29
where 7T,= ___“7: —=thrust coecfficient.
ipvimR?

4. Effective and Apparent Angle of Incidence.

Owing to the existence of the inflow velocities, both axial and

. .. . . v
tangential, the angle of incidence is not i=6—¢g~* - but a smaller
w7

angle o which we will see below.
Let W, and W, bz the components of I, and ¥, normal to
the resultant velocity V.

Then we have

w” Nol’ wr

r '
wan: M’a.

sy V
W, L= N o
tn % arr 7
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Wyt W= DT
AT Ur
I—o= NV V= AT radians
AT U 4T UK
:—M—x 57.4 degrees. (z7)
am or

Generally, the lift coefficient is a linear function of c.

Ca:[1 Ct'¢+[2 (28)
Now
r=_ . tv (29)
2

From (27), (28) and (29) we have

Caj
= O
Ca = (30)
T+ —-—+-X5740
S7w v

X

In the above expression ¢, is cffec’ive and ¢, is apparent lift

cocfficient.

Wa

Fig 2. Forces and velocities at the blade element.
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5. Theory of Tandem Airscrew.

To simplify the problem let us make the following assumptions.
a) The front airscrew of the tandem arrangement is not influenced
by the presence of the rear one.
: b) The rear airscrew is in the steady slip stream of the front one.

c) The contraction of the slip stream of the front airscrew is

neglected.

The assumption a) and b) are always justifiable when two airscrews
arc sufficiently separated. It can be seen that the assumption c) has
only a very small influence on the result.

Let the quantities with dash relate to the front airscrew and the
quantities without dash to the rear one.

Then the element of the blade situated distant » from the axis is
equivalent to the corresponding element of the airscrew with the trans-

lational velocity of

N'e! I
2m Y

e

and angular velocity of

]
+A[‘

oyt

@

The meaning of the sign is as follows :
(=) when two airscrews are rotating in the same direction.
(+) when they are rotating in the opposite direction.

Therefore the thrust and torque arc respectively

d]‘zl.P‘MI—’(CO}'i Z’\/"f I / . j\/‘F )

27 7 a0 ¥

— L cpNtwV et 4ot ] ar (31)

<
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dQ:[pNFr(v-}_ N T n J\/*wf’)

2m U 47V

(o)
~
[

+— ¢ pNt 0r* Vo 7+ o° ] dr (32)
2

Let us seek the most efficient distribution of circulation by the same
way as was seen before.
After calculation we have the following result.

27y AP wr n NI Preo 7
N AR AT N v* 4 20%?

(33)

Supposing the front airscrew is working at the maximum efficiency

we have

Ji— 277 N Pel

N e

For further simplification let us suppose
w'=w

Then when the two airscrews are rotating in opposite direction

we have
)2 228 !
I— 277 . 7:u w:’,,J]I'*‘d,, w,ro.l_} (34)
N 72+ w?r? V+otrt N

For the airscrew of the aircraft v is small compared with o 7.
(D272 ,U‘l
Therefore writing ————==1 we yet obtain the circulation
o~ r 4 v
giving very nearly maximum efficiency.

Then we have

no2mr NP oer A 3
F: * o at)a o{l—_—} (33)
N P+ w7’ A
When the direction of the rotation is the same we have
9 2 ” 7\”2 7\.’
r=-"r..2% wf‘,{l‘*"——} (36)
N el A
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Substituting the value of circulation above obtained in the expressions

of thrust and torque we have

: N eo,
0 [ PESWPA J (37)
Neo
Q:QU[I Cf—i] 48
+ 8T N Yy (38)

The maximum cfficiency becomes

— S N e,
LT A
N moz. = "‘\E'l“ . 2 = ¢‘!’“ (39)
Y, I, Nea,
ST N PYra

where

To=pm R*0* Ny @y,

Oy=pm K* Ao @Y,
Ao — I st
)
Y 5 -+ o 1+7
\lf2:1+( A +7\’)‘2-—-I._. = _;)
2 \ @ 1+ 3
r
7\0=7\’$7\~———T"—, A= 7,
2@ 2@/

q):l__f?loge (I +Z"')

I 9
p'=1——5 log. (1435)
a=V'1+3 +—I—~logc (z4+V1+2%)

— 1
o=V (1 + 5 —— oy
2
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= (m .
€ v (mean)

Let us compare the maximum efficiency of a combination of an
airscrew-engine when it is solitary and when it is in the rear of ano-
ther airscrew under the supposition that the velocity of advance is
same in two cases. We have obtained in Section 4 for'maximum

efficiency of a solitary airscrew

¢ Neo,
N s = ¥ _ am N ¥/ (40)
T g Neo '
87N\ Yy

Therefore if v 1s the ratio of the maximum efficiencies we have

[ Cr N ea, —_Cr N ea
y—= n maz. . ﬂ ‘pll ) 4 TN (p'\l"l 4T 7\, Q)\II‘ !
n max., 1#2 \1,2! I+ _Efﬁffgw 1+ CINGO'Z
8T N Py 87 A oy
crVeo L N eoy
. dr!
In the above cxpression 4 A @y and 47N oYy
ce V €as, . _}__c):Neoziﬁ
8w A Py 8N\ oy

are very nearly equal and as the engine and the velocity of advance

of the aircraft are supposed identical in both cases we vahe

Yo [

while we have
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1 —(._>\_°$)\,' )(_L = “,.._1>
Yy 2 @ 1+

ke 1+<2ﬂ‘_+>\’ )(z—f[_ ‘:;>
2 @ 143

RN
Neglecting the second order of (ﬂ +/ )(2—----1-_ - Z—— ) which
@

2 435"

<

2
N
(921

is small we obtain

__\h_:[—<_7\_’,‘_:*_‘7\l )(L 7,3'2 ’ —1)__ 'AO__‘_)\I )(2__1— ’3,'.‘0)
Ve 2 @ 145 \ 2 @ 1435°

Thercfore

V=
— Mo
Now
T
7\0;—,.‘ Tc :_,y_‘(‘iu,:ykl
29 2@
Therefore
=2 f(e- L2 ) 1)}
Y 2 @ 1+3°. @ 1+
M
2
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v=1—N\ {(--—L Z:~>$(_E_ = ., —I)}
@ 145 @ 1+5

If », is the ratio of efficiency when the direction of rotation is same

and v, when opposite we have

!
n=1—-N=1——"" (41)
2

Vo=1 —N (3~_2_ __S____)
@ 1+3

! 2
—1— 71"' ( —__2_. - - ) (42)
2@ @ 1+z5

We see that the maximum efficiency falls off when an airscrew
is in the rcar of another one. .

In Table 1. and Figure 3. the values of v; and », are calculated.

The variable z is transformed into #[zD which is more commonly

used and is equal to m/s.

Table 15 Values of »; and w,.

Te=o0.2 1 Te=0.4 { Te=0.6
vln D : :
. v, { % i vy l vy i vy } v,
0.4 0.893 0.905 ; c.786 o.810 [ 0678 0.714
o.g 0890 0.9c6 0.779 081z | 0 669 0.719
0.6 0.8%6 0.909 o772 0.818 i 0.6358 0.726
0.7 | ©.882 0.911I cy6s | 0823 | 0646 0.73%
0.8 0.878 0.915 0.756 0829 | 0634 0.744
0.9 0.873 0.917 0.746 0.835 0.619 0.752
1.0 0.863 0.920 0.736 0.839 0.695 0.759
1.1 0.863 0.923 0.725 0.846 0588 0.769
1.2 0.857 0.930 0.714 0.857 0.571 0.786
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10
TL= 02 v,
0.9 prrmrremee
. vy
&
Q B——
.g ¥
3] .
o8
% Te= 0.4
g ‘,\ ‘7' _/
g LAY
T.=
g os e
\
0.5
0-4 0.5 06 0.7 08 _ 09 10 N 12
V|nD TFig. 3.

From these we see that in the tandem arrangement tﬁc maximum
efficiency of the rear one is always smaller than the front one.

The amount the efficiency falls off is greater for the smaller values
of v[nD and if the two engines are rotating in the same direction the
drop of efficiency is still greater, especially for large values of v[nD
contrary to the former case.

In both cases for large values of 7, the amount of drop is great.

From these we draw the following conclusions :

1° The direction of the rotation of the two airscrews must be op-
posite.

2° Efficiency of the tandem arrangement is the greater, the greater
the value of v[nD and the smaller the value of 7, or in plain words

the faster the aircraft for given values of # and D.

6. Theory of Contra Propeller.

Let us consider two airscrews placed very closely to each other

This document is provided by JAXA.




378 Sand: Kawada.

and rotating in the opposite direction. Suppose that they are identical.
Then at the plane of rotation the axial inflow velocity must be
Nol’

2TV

and the tangential inflow velocity must be zero.

Therefore the elementary thrust and torque are for each of them
a7l = [ pNlw y——t ¢ pN WV oyt ] dr (45)
2

Nol

2T v

dQ:[pNF;‘ ( v+ )4——1— o pN to PV 0+ o' 2] dr  (46)
2

We obtain as in the preceeding Sections the circulation corres-
ponding to the maximum efficiency
e AT ?
No-

Putting this value of circulation in the expressions of 47" and 4Q

we have
T=_1 pvt R* {w)\——l— IV ea-l} (47)
2 2
o1 7 A 1
O=—p R {77'7\ 1+— )+ —c;Neo, (48)
2 © 2 4

And maximum efficiency
1
TAN———c; IV €0
vl 2 7 '
o 7r7\(1+—-)—°—)+AI— ¢y NV eoy

2 4

(49)

7 mas. —

In the expression of thrust the term due to the profil resistance
is exceedingly small. Therefore we have

1

R
7=\ oWl or dr="_pNI'0 R'=—"—po* Rm
Jo : 2 2
P S} (50)
._I_p'zf'n'2 R?
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The maximum efficiency becomes

'n'TC—--I— ¢e Neoy
N maz, = T - (51)
WTC(I +—“)+L ¢; N ec®
2/ 4

As a special case, suppose that the rear airscrew is standstill and

it is so arranged as to nullify the rotation in the slip stream.
Then we have an arrangement known as  contra propeller ”.
The thrust of the rear airscrew is small compared with that of the
front one. For it can be regarded as an airscrew of very slow rota-
tion. The thrust can be positive or negative according to the case.
Now consider the front airscrew. As the inflow velocity caused by

the rear stationary airscrew is very small the thrust and the torque are

dT= [pNer-—L ¢c; pNulV vt 0?72 ] ar (52)
2

dQ:[pNFr(zH- Nol’ )-}-Lc,pNt wr"/m] dr (53)

4 v
The circulation for maximum efficiency and the value of the ma-
ximum efficiency are

F_ 2N U

Vo (54)
2T A——1 ¢y IV eay
7 ez, = - (5 5)
A 1
2T A (I +—),+__— ¢t IV eoy
2 4
as A= 7. we have
2
L p ¢y NV eoy
2
N maz. = T = (56)
T TC(I + - )—(—_I— ¢y IV ey
4 4

For the comparsion with a solitary airscrew the neglect of the
term due to the profil resistance in both cases will not introduce much

divergence.
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For solitary airscrew neglecting the profil resistance we have

. 7, ( 1 z* I)
- _— CR 7. o
. I . c
7 maz. 0y ;ﬁp 2 - +2 - =1-" (D)
14-——° (2——— —-_f‘_)
4P P 143z
and for airscrew with contra propeller
I . 7,
7 maz. (2)=——‘7—“':.—' I——= (58)
I4+—° 4
4
Similarly for coaxial airscrew
I . 7T,
7 maz. (3)::"‘_—71~ =1- 2 (59)
14+—°
2

Whence we know that the contra propeller is always superior to the

solitary airscrew and the coaxial airscrew is superior when
-
Pl —.
2
For coaxial airscrew it is more reasonable to compare with the
solitary airscrew having twice the value of thrust coefficient.

Then we are to compare
7,

7 maz. @y =1 — (60)
29
and
7. .
N maz. y— 1 — 26 (61)

Therefore also the coaxial airscrew is superior to solitary one.

In Table 2, 3 and Figure 4, 5 the ratios of efficiencies are given
as function of v[n D.

We conclude from these that the contra propeller is not so effici-

ent for aircraft (with small 7,) as for ship (with comparatively large
7).

(1) lecting the higl ders of < ( r = >
negiectin 1 her or 2 .
g £ . 49 P 1432
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Table 2. Increase of maximum efficiency of airscrew with

contra propeller.

ojn D Te=0.2 Te=0.4 7¢=0.6
0.4 1.005 1.008 Lo1g
0.5 1.0c6 1.012 1.018
0.6 1.007 1.0I5 1.025
0.7 1.009 1.020 1.032
0.8 1.011 1.024 1.040
o9 I.o14 1.030 1.050
10 Loly 1.036 1.060
L1 1.020 1.043 1.070
1.2 1.024 1.050 1.082

Table 3. Increase of maximum efficiency of
coaxial airscrew.

vn D Te=0.2 T:=04 T;=0.6
0.4 1.007 1.018 1.033
0.5 1.011 1.020 1.046
0.6 1.016 1.036 1.063
0.7 - 1.020 1.047 1.083
0.8 1.0235 1.058 1.103
0.9 1.031I 1.072 I.130
1.0 1.037 1.086 LI56
LI ‘1.043 1.100 1.190
12 1.050 1.118 1.225
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7. Extension of the Above Theory to the Case in
which the Number of Blades is small.

When the number of blades .is small the circulation drops off
near the tip of the blade and the requirement for the maximum
efficiency in Section 4. can not be realised. Whence the drop of the
maximum effic ncy results.

Therefore the airscrew with small number of blades can be regard-
ed as equivalent to an airscrew with infinite number of blades with its
radius reduced to a certain extent.

Let R' be the radius of this equivalent airscrew and suppose

R'=R|k

Then the expressions of thrust and torque are respectively®

T:T'{ _M} (62)
4T APYn

0=0 {.;_M} (63)
8T A@r,

and the maximum efficiency
¢ Nea £

Yy 47 APy 64)
maz. — . )
K Yy I+ ¢y NV eoy kF (64
8m A,
where
7= ;2 p wR* v Agpn

(1) The profil resistance is not irfluenced by the number of blades
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I 2
p=1——3 log, (1427

~1

2
N

2
g Z 1 R
TR T R o

=V1+5 +——log, (s 4V 1+5)

0'2-_"1/([ +gz)3 __0"1_
2

The value of 2 depends upon the value of z and V.

The value of £ can be obtained either by the analysis of the ex-
periment or from the theoretical consideration.

To obtain the value of % from the experiment, airscrews must be
designed for given values of 7, and z to develop the maximum effici-
ency. |

The value of R/ must be then calculated from the condition that
the maximum efficiency is equal to the calculated one of airscrew with
radius R’.

This calculation must be repeated for each value of 7, and z.

From theoretical consideration®, Prandtl gave as the value of £

I

1.386
I_'_—r——————‘—' 6

This was obtained from the following consideration.

k=

The distribution of the circulation of the multiplane which gives
uniform down-wash was calculated, and the circulation near the tip of '
the blade was assimulated ; with this the value of £ was calculated.

This seems to give very good approximation.

(1) Betz: Schraubenpropeller mit geringsten Energieverlust, Zusatz.
Nach. von der K. Ges d. Wissensch. zu Gottingen, Math-Phys. KL (1919) 193.
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According to him the circulation above mentioned is

R-r N

d=_2 o5 7 R (66)
T

In the above expression the circulation remote from the tip was taken
as unity.

Therefore the circulation for maximum efficiency becomes @

2
F: 2T . }U (1):’ . o) (67)
N 2+

8. Comparison of the Theoretical Consideration with
the Results of the Experiments.

As first example, let us calculate the value of maximum efficiency
of the airscrews tested at various laboratories.

The value of the coefficient of profil resistance is difficult to know
in eéch case.

In the next example the value of ¢, was taken as 0.016 which is
the mean value of ¢, for the angles of incidence practically used.

The value of ¢, was then so adjusted as to bring the calculated

and experimental efficiencies into coincidence.

Table 4.
. 7 max, N max.

Airscrew v Ze (calculated) (measured) cf
Durand No. 3 2 0.208 0.82 0.81 0.018
Durand No. 32 2 0.465 073 0.71 o.017
Durand No. 11 2 061 0715 0.70 0.017
«A” N. P L. 4 o.51 0.73 0.705% 0.020

Assumed value of cy=0.016 The value of 4 max. was calculated from (64).

(1) For near the tip where w® »? is very large compared with 2?2, the expression

2r 7 AV2w?
N vyt

is nearly constant.
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The values of ¢, thus obtained are given in the last column of the
Table 4.

The values obtained are all reasonable ranging from o.c17 to 0.02. '

The next example is a comparison of the distribution of thrust
and torque obtained from the measurement of the pressure distribution
on the airscrew blade with those calculated from the theory.

The experiment used is that executed at the National PhYsical
Laboratory (Report and Memoranda of Advisory Committee for Ae-
ronautics. No. 681 March 1g921.)

In the first calculation, the drop of the circulation near the tip of
the blade is neglected, and in the second (circulation above calculated)
x ® was taken as circulation.

The real circulation will lie somewhere between these two.

The calculations are given in Table 5. and in Figure 6, 7 the
values of d7[dr and dQ|dr are compared graphically.

We see that the coincidence is fairly good except the region ncar
the tip of the blade. '

Table 5. Comparison of the values of &7'|dr and dQ|[dr

from the theory and experiment.

7 =9.1 metersfcec. w=100 radians/sec,

Section | # z 9> [Zg-1 Ky - cai ‘a r or AT
wr 4y 47 v

A 0.57| 0.c473 | 12.5 9.00 | 3.5 |0.5¢6; 0.70| 0.563|0.772] 0.215 1.35
B 0.508| 0.0662 | 14.05| 10.2 3.85{0.80 | 0.86| 0.643| 1.16 0.359 2.01
e 0.445| 0.0808 | 15.10| II.5 3.46 | 0.93 | 0.81| 0.573| 1.07 0.376 1.84
D 0.384] o.0915 | 17.10| 13.3 3.8 1093 | 0.85| 0.577| 1.05 0.434 1.33
E 0.322| 0.c96> | 2040| 158 | 46 |1.00 | 0.97| 0.644|1.04 | ©0.514 1.82
F 0.259| ocoss | 239> 193 | 46 |1.00 | Tog| 0692)0.90 0.552 1.57
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Table 5. (continued)
calculated (¢=1) calculated measured
Section
dT|dr aQldr dT(dr dQ|ldr dTdr dQ/[dr
A 10.95 I.1§ 5.54 0.582 7.2 0.74
B 14.6 1.64 117 1.31 12.4 1.37
C 11.8 1.30 I1.0 121 114 1.26
D 9.97 I.Io 9.78 1.08 99 1.16
E 8.24 0.9I4 8.24. 0.914 8.7 1.00
r 5.72 0.634 5.72 0.634 6.2 0.71
K;
150 &
X
A
X~ o
/A
/ ) "
1.00 A
3 / ®
3 A
E "
- / A
<
£
‘g Pay
= " o
& 5'9 .
A measured values,
x calculated values neglecting the tip effect.
O calculated values considering the tip effect.
@) -
0.2 0.3 0.4 05 08
Radius. Fig. 6.
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kgm/m.
L5
Pay
(o]
A
(o]
R X
1.0 A /
&
g ®
E o
[
B
g /
b 4 :
B B
5
B, (o]
8
= 05
A measured values.
x (O calculated values,
(o}
02 0.3 o4 05 06
Radius. Fig. 7. '

PART. 2. AIRSCREWS AT A FIXED POINT.
(HELICOPTER AIRSCREW)

1. Solution of the Fundamenfal Equations.

In this case the airscrew is stationary i. e. =0 and the equations

become

AT =p NI (0r—W,) dr

dQ=p NI'r W, dr

dT=z2mrp W, W, dr

(68)
(69)
(70)
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dQ=z2mr¥ p W, W} dr (71)
2wy Wodr=2m ' W, dv (72)
dQ=mrp W, (W, + W,?) dr (73)
2Wyr=W+ | (74)

Neglecting the higher orders of W, |w» and supposing W,, W, to
be independent or 7, #' in (72), we arrive at the following solution

after the similar calculations as those in Section I. of the first part

Wazl/—Nw[——‘y Wol =2W,= l/jv—_w_r
2]/ m l/ w
we=2L gy M L (9)
4T 7 2T ¥
v

/

Therefore the axial and tangential components of the frictical force
are respectively for each blade

dleaz_I_ P vVt l/]vioi—' Cly';-_l_ crp wril —]/L_—‘i—,“ ar (76)
2 2]/ Lis 2 21/ Ly

th:___I_(;fp ijrdr_".—__icfpwzi’zfdr @77
2 2

Hence the expressions of thrust and torque become neglecting the

small quantities of the second order

a’T:[pNI'(a)r— ALk ‘)——;-CfPNt“’r—%@’L]dr - (78)

477 2V ar

VN ol | _é_ ¢ pNVt o 73] dr (79)

2 T

d0= [pNP
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2. Most Efficient Value of Circulation.

As W, is very small compared with o » except for small values
of » and this part of the blade is occupied by boss having no contri-

bution to thrust, d7° can be written :

V' Neol’ )
—_—

a’T—_—[pNer——;- ¢ pVE rJ ar (80)

2 w

The part of thrust and torque due to {rictional resistance are small
and their influence is negligible on @7° and ZQ whether the distribution
of circulation is one or the other.

Bearing these circumstances in mind the required circulation is such
that

R N
T:S (pNI wr—term independent of [') dr

0

—=constant
T - (81)
R
wQ:P::a) S (PNI rﬂ]_
0 2V ar
+term independent of I’ ) dr =minimum
By calculus of variation
8 (wQ—-AT)=o0
pN wr—2n 3 pNwr l/jvfi—:
2 oV
=167 32
9N N (82)

where M is Lagrange’s factor.

Putting the value of I’ in (78) and (79) we have
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2 YN 1 2
T=pN I?”_ w £ _1 cpNt l/jy_“’_ T R
9N oV 2 2 2V o 37\1/ Neo 2
87 pK*® . pNt o R?
ox 7 6
_ 8w pf“ (I-—cf 3NewR7\) (83)
g\ 16 T
3 N : ‘
Q=pN 647? . l/]\/'—w . K - ¢y PNVt wg—R-——
27 Nsows 2V 2 2 4
167 pRZ( 27 Nt 0* R* N3 )
27N w & 128 7 (84)
3 New R\
I—c 22—
T _ T _3» 167 (85)
P oQ 2z 27 New® ROA3
e, L2 2
128

The value of A can be obtained from (83) solving this as an

equation of A.

1 3¢ Nt wR I A
A 167 AN 8mER

Or putting 7/=T|wK*

1 3MNteR 1 9T

=0 86 ‘
A 16 7 A 8p (86)

If we neglect the frictional resistance we have

V20
V' T
and 7'[P becomes
T|P= 3 A V2 P
2 v 7!
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or T=(2mp)? (PR)?

(88)

This is the theorctical maximum value of thrust obtainable with

given power and diameter of the airscrew under the suppositions that

a) the number of blades is infinite

b) the rotation of the slip stream is negligible

c) the frictional resistance of air is negligible.

3. Effective Angle of Incidence of Blade Element.

The effective angle of incidence is

W,

— -1
A T

V' Nol'
oV
NI

47 7

=0 z‘g"l

Wy —

V' Nol

2V

w7

=0—zg~"

while we have

I LI
I'= ctV=—c,twr
2 2

I
\/Nw —c lwr
2

oc:B—tg“ 2V
wr
14
=0—zg! Y Neat radians
2V 2mr

(89)
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Thus we have an important property of an airscrew at a fixed

point :

Angle of incidence of each blade element of an aivscrew at a fixed

point is independent of the angular velocity.

4. Airscrew with Finite Number of Blades.

393

Airscrew with finite number of blades can be regarded as equivalent

to an airscrew with infinite number of blades with its radius reduced

to R'=R[k as was said in the Section 7 of the first part

where

F= .

[ 1.386
NV'1i4gz®

._ circumferential velocity oR

mean translational velocity V' Nol
oV
6\ 0R . .
=——"—"  for optimum airscrew.
T

Then the values of thrust and torque become

+_ 8 pR? {I—c_, 3 New R\ :
O\ &2 16 7

0 167 pR? {I—{-c 27 New® R3O\ £ }
T 2\ okt 7 128 7
—¢ 3 New R\ #°
T _ T _ 3\ 7 167
P wQ 2 L e, 27 Ve’ ROV
7

128 7

(90)

(91)

(92)

(93)

In the Table 6 1 give the values of 7P, both experimental

and theoreotical, of the airscrews tested by Durand and Lesley.
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Table 6. Values of 7|P.

Airscrew 7]P (experimental) TP (cr=0) 7T|P (cy=0.02)
Durand g o.Io 0.16 0.14
Durand 10 0.123 0.17 0.14
Durand 20 o.Iog 0.148 0.13
Durand 24 0.124 0.174 0.137
Durand 8o 0.0725 0.I52 0136

5. Effect of Side Wind on the Performance of
Stationary Airscrew.

In Section 1. T have obtained the following formulae for the ex-

pressions of thrust and torqu:

dT:[sz['(wr— NI )——i— ¢ PNVt w7 ilj/v———izl—‘-] ar (94)

4mr 2V T

dQ:[me_'fN__‘f’_L+ !
2

2 ™

c; pINt w2r3] dr (95)

In the expression of thrust the term due to the frictional resistance
is exceedingly small. Therefore neglecting this and the term due to

the rotation of the slip stream we have for the thrust :

dT=pNl wr dr (96)

The term due to the frictional resistance in the expression of the
torque is retained, for it is comparatively large.

Now let us make the following assumptions :

a) The instantaneous tangential velocity of the blade element at
radius 7 is wr+ucosf; the existence of the velocity component

#sin 6 along the radius of the blade is neglected.
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395

b) The aerodynamical force acting on the blade element at each

instant is equal to that on the corresponding element when the airscrew

is supposed stationary and rotating with angular velocity w7+ cos 6.

In the expressions (95) and (96) w7 and circulation I” are function

of 6 (see fig. 8)

Fig. 8. Airscrew in side wind.

Therefore

dT=_1 SzﬂpN['(wr+uco;0)d9dr
2

0

while we have

otV = !
2

r=1
2

Cqt (@r+u cos 6)
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2r
AT=_1 S pN L ¢ t (wr+ucos 0) d9 dr (97)

27 ), 2

“

The effective angle of incidence ¢« and hence ¢, of an airscrew at
a fixed point is independent of the angular velocity. (Section 3. Part 2)

Therefore ¢, is independent of 8 and we have

1 s 2, U
AdT=pN cat(w v +——)dr
2 2
2
:pN11(a)r+ a)Ir 217) dar . (98)

In the same way we can obtain the torque

dO:LS-” pN -1 . tr M (w7 +u cos 0)* d8 dr

2m Jo 2 2Vigry

2n
+__£__S % ¢y PNV tr (wr+u cos 0 d3 dr

27 Jo
:{pNFV—l—/—‘/—V—a’;F——}-—I——cf e LAY
2 ar 2 2w 7’2
where I'=circulation when there is no side wind = ! Calwr

In the above calculation we have supposed that #<w » and there-
fore the expression of ZQ is only true for outer region of the airscrew
disc area.

To obtain the total thrust and torque let us limit the integration
to this region only.

Let us integrate 47 and dQ from r=u[w to r:R, the radius of
the airscrew.,

L=t us suppose I '=constant.

Then we have

F 2
7=, o1 (or+- L) ar

@y 2

w
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R”—_”i
:p[VF{w ’)(y + “ log a)R}
2 20 2
= pNI oR? {1— I_, ’I—Zog,u,)} (100)
2 w
where p= ©k

(24

If #=o0, integrating from »=u|w to »=R as before we have

2
TO:L]Y_IZLR__(I-— Iz) (101)

2 I

I—-l_,—(l—[oglu)

T|T,= M (102)
L
7
Similarly
V Nl 2
Q:pNF__N(."__I;i{[__.}T([—IogM)}
Vg 2 =
+._I__(;prjw2R‘(I+._];__i) (IO3)
8 e #4

while we have seen that for optimum airscrew at a fixed point

— 167
oNwlN
Then
Q—_—pNIR”l/__jy:a’__L{I——I;(I——Iogy)

2V i
27Ne)»3w3R3('I 1 2 } (10
_—— 4
o= 128 7 \ + pwoout 104)

and the torque when =0 is, integrating from z[w to R:
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Oy T LI0L (1
41/ T I
27 NeM®* R® ( __1_)
+c - \1 " } (105)

73,3 P3
1——I~.;(1—10g#)+61 27 NN o' R (1+ ! ! ) ~
75

e I 27 NeNo® R* I )
T 128 wt

(106)

From (102) and (106) we see that the side wind increases both
thrust and torque. In table 7. I have calculated the values of 77,
and Q]0,

Table 7. Values of 7/7, and Q|Q,.

I Y/To Q/Qo
Ig .ol 1.0I
10 1.02 1.017
8 1.035 1.025
1.0% 1.04
4 1.09 l.o7

6. Resistance of Airscrew in Horizontal Movement.

In this section let us examine the resistance in the direction of the
side wind,

This resistance must arise from the inequality of the compoment
force in the direction of side wind on the opposite blade.

The difference must be the resistance.

Call F this resistance. Then
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JF=22 «cos0

p

2 ™

+—I—cfpz’\/'tm"’rz} " _ i
2

w7

— S
P 2 m

R S AT I

+- L tp Nt Rs(l__l_)}_u_
2

P
¢

o
If we suppose as bxfore

[=_167
ON N
T 3,3 3
F—_32pTu {100' 27 Ne N’ R ( ___I_)}
27 M0 U7 pEG 1287  \ (2
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(107)

(108)

(109)

From the last formula the power necessary to the propulsion of a

helicopter will be easily calculated.

For example take a helicopter with following characteristics :

Total weight of helicopter...........
Radius of screw .

Number of revolution...............

Power ............ ... ... ... .......360 H P.
Number of blades of screw ..........2
Mean blade width .......... ..0.2 Radius

.1500 kgs.
..3.00 meters

.600 per min.

The powers necessary to overcome the resistance of the airscrew

proper are calculated in Table 8.

Table 8.
Speed H. P.
30 m/s 8.2
50 22.8
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Next let us find the angle of inclination of the airscrew shaft to
the vertical of the same helicopter necessary to overcome the total
resistance by the component of the thrust.

The result is given in Table 9. We see from this that a helicopter

can attain sufficient velocity of advance by an adequate inclination of

the airscrew shaft.

Table 9. Angle of inclination necessary to the propulsion.

\’zl(;):;z:c(’f Parasite resistance Angle of inclination
o kg. 45'
50 2°—20'
30 m/s.
100 4°—40’
200 8°—25'
o 2°—10’
50 | &
50 mfs,
100 6°
200 9°—40'
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List of Symbols.

R=radius of airscrew.

t=breadth of blade.

0::51ade angle.

z=apparent angle of incidence.

o=effective angle of incidence.

I =circulation round the blade.

N=number of blades.

cqo=lift coefficient for 1: 0O aspect ratio.

¢y=resistance coefficient for I: 0o aspect ratio.

v=velocity of advance of airscrew.

w=angular velocity of airscrew.

V =resultant velocity of air at the blade.
W,=axial inflow velocity at the blade.

W, =tangential (rotational) inflow velocity at the blade.
W, =axial added velocity in the slip stream.
W,!'=tangential added velocity in the slip stream.

p=density of air.

7, =thrust coefficient.
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