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Abstracts.

On the Velocity Distribution round an Aerofoil
at High Speeds, 1.

By

Isao IMA1, Rigakuhakust,
Member of the Institute.

-

I. Intreduction.

§ 1. The object of this paper is to obtain analytical formulae
for the velocity distribution round an arbitrary aerofoil section
which is placed in a uniform flow of a compressible fluid. For this
purpose, a new method of M2expansion is developed, which con-
sists in expanding the velocity potential and stream function in
series of powers of M2, M being the MACH number of the un-
disturbed flow. Historical survey of several methods of M32-ex-
pansion—JANZEN-RAYLEIGH’s, PoGGI's, and the present author’s
methods—is given in this Intrcduction. '

II. Fundamental Equations.

§2. The steady two-dimensional irrctational flow of a com-
pressible perfect fluid cbeying the adia” atic law is governed by the
simultaneous equations:

w=239 -39 (2.4)
ox 9y

(1) For convenience, the content of my previous paper will also be giveu
here. Report No. 275.
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where (x,y) are the cartesian coordinates in the plane of fluid
motion, (u, v) the components c¢f velceity, ¢ its magnitude, @ the
velocity potential, ¥ the stream function, p the density, v the ratio
of the specific heats, and U, M, p. are respectively the velocity,
the MACH number, and the density of the undisturbed fluid.

§ 3. Let us now introduce a pair of complex variables:

z=2x+1y, z2=2x—1 . (3.1)
Then Wé gét from (2.4) and (2.12)

U—iw = <———z——) = 21@, (3-3)
G ‘

u— w—_—(—+z )117 9;P= 3% (3.4)
P 'c)z

respectively. Hence we have

;37 _ P 30 (3.5)

We now define a complex velocity potential :
F=@+i7, ' (3.6)

just as-in the theory of an inecompressible perfect fluid. (3.5) can
then be written in the form : :

aF (1 rL)a"’ . (3.7)
az P / 02

Next we assume that the various quantities in the field of flow
ean be expanded in powers of M2 Thus

D = Qo+ M2D,+ M@y + - - -, (3.8)
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P = o+ MO+ MA@t -, (3.9)
F=F0+M2F1+M4F2+"' . v (310)

Then ¢% = u?+ 1% = 4(3¢/32)(3¢/32) can be expressed as

¢ = ¢+ Mg+ Mg+, (3.12)
"where
q%]:4<_a_(09‘ a(p_N+ 8(171 a(pl—\L] +._.+E¢N 6(?0), N=O, 1, e
09z 09z 092 0z 0z 0z :
’ (3.13)
Further, we have, from (2.8),
1—- P = M2+ Mipy+ - - -, (3.14)
Poo
where . :
1( 4 ) 1 ¢ 2—'Y(q2 )2
= (% 1), pp=" G 2TV (D _q) . (31516
=\ = e s\ __( )

Substituting (8.8)—(8.16) in (8.7), comparing the terms .avolving
the same powers of M2 on bcoth sides of the equation, and then
integrating with respeet to 2, we have '

Fy = KP;?QN" FPLL R B + pn2 20 )dz+(—;N(é),N: 1,2, ...
0z 0z 9z _
(8.20)

Here Gn(z) (N=0,1,2, ---) are arbitrary analytic functions of 2
only, which chould be determined by the appropriate boundary
conditions. These formulae would enable us to find, in succession,
&1, @y, ~--and ¥y, ¥, ---, starting from @, the velceity potential
for the flow of an incomwressible fluid.

1. Mathematical Preliminaries. Conjugate
Fourier Series.

§4. Let ¢g(z) be a funetion analytic on and outside the uni’i'i’lE
eircle: z=¢". Then g(z) can bz expanded in a LAURENT series :
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9D =e+2+24...,  |z|=1. @.1)
oz 7 ‘
On the unit circle : z =¢*, we have, on putting ¢, = a,+1b,, ‘
9(e®) = R(6)+11(6), (4.2)
where 7
- R(®) = ao+§l(an cos n8+b, sinnb) , 4.3)
(6) = by+ S (b cOS NO—a,, Sin n6) . (4.4)
n=1

Using the FOURIER coefficients associated with the function R(8) we
construct a FOURIER series :

R*9) = 5;1 (an Sin nf—b, cos nd), (4.5)

which is called the conjugate of the FOURIER series R(#). Then we
have at once

R{6) = ao+I*(),  I(6) = b—R*(6). 4.6)

It is shown that the conjugate FOURIER series R*(f) asscciated with
R(f) can be obtained by the formula :

B0 = — L {"[R(p+6)~R@)] cot Zdp. . (4.13)
27 Jo ; 2

Further, if we put

PO)+iQ0) =) Coe™®,  C, = A,+iB,, 4.14)

n=-o

where A,, B, are arbitrary real constants, then we have

P{0)=Q*(0) = Ao+2R 3 Ce™, (4.17)
- Q*0)—iQ(6) = —iBo—>. (Ca—T-n)e™. (4.18)
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IV. Zero-th Approximation (Incompressible Fluid).

§5. We now consider the boundary conditions which should
be satisfied by the complex velocity potential for the uniform flow,
parallel to the z-axis, past an arbitrary profile. From (3.3) and
(3.4), we have " : '

F _ 30 , ,3¥ _ l<l+L)(u—iv) . (6.1)
3z 9z = 2 [

Hence we get following conditions :

(1) =0, on the profile, - (5.2)
(i) Ly, asz— o, (5.3)
0z

(iii) 0F[3z 1is one-valued and continuous throughout the region
outside the profile.

It is well known that the region outside an arbitrary profile
P in the z-plane can be conformally mapped on the region outside
the unit circle in the Z-plane by means of a suitable ‘Wwnalytic
function of the form :

z=c_1Z+co+%+--- . (5.4)

Here it may be mentioned that a practical method of finding such
an analytic function has been proposed by the present author [3].@

Now, by considering (3.19) and the conditions (i), (ii), (iii)
above, the zero-th approximation to the complex velocity potential
for the flow past P is readily found in the form:

Fo = flz) = z(éiﬁz+%ié)+m log Z, (5.12)

where we have put c.; = 4¢® and « = /27U, [y being the circula-
tion round the profile P, and the undisturbed velocity U is con-
veniently taken as unity.

(1) The number enclosed in square brackets refers to the literature given at
the end of this paper.
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V. The First Approximation.

§6. From (3.20), we have, by the use of (3.13), (3.15), and
(6.12),

L dF((AF, 1(df g
F=- déj( AL Adz d2+Gi@) (6.4)

which may be rewritten in the form :

| = 1 df [r {(ﬁ){_%m-_l_ d—Z}dz'-i- 2iro log ZZ]

4 dz dz 7 dz

_%U;{%—im%%%}dz+ixo log ZZ]+§1(5) . 613

where 2, is an arbitrary constant, while §,(z) is an arbitrary analytic
function of z. - Taking account of (5.4) and (5.12) as well as of
the conditions (ii) and (iii) in §5, we can readily see that dg/dz
is analytic and one-valued in the region outside the profile P and
dgr/dz—0 as z— . Hence dgi/dZ = (dg:/dz)(dz/dZ) is analytic and
one-valued in the region outside the unit circle in the Z-plane,
and dg:/dZ —0 as Z— o. Thus, g should be of the form:

— 7 a; , QA , .
1= %KlIOgZ‘*‘Z‘}'.Zz"}‘ , | Z]|>1, (6,16)
where «; is a real constant as will be shown in the following section.

§7. Let us now consider the equation (6.13) on the profile,
that is, on the unit circle: Z = ¢® in the Z-plane. The constant z, ;
may be conveniently taken to be on the profile, thus corresponding b
to Z=¢%. (Usually it is most convenient to choose 2z, as the ;e
trailing edge of the profile.) If we put Z = ¢®, we have dz = dse*,
ds being the line element along the profile and » the angle which
ds makes with the positive direction of the =z-axis. Further, on
account of (5.2), we have

A& = 08),  Fie") = ¢:(6), ...

Putting Z=¢" in (6.13) and separating the real and imaginary
parts, we get '
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0(6) = P@)+R(0), 0= Q1(0)+Il(é) . (1.4,5)

‘where we have put

Py(6)+iQ(60) = L 4% 90 ‘“”j {( dc%)zd@ w+2xo}de

4 df ds dé / ds
s (d‘”" +1co>d¢9, (7.2)
9:1(e*') = Ey(6) +11,(6) - (7.3)

Qi(6) is obviously a periodic function ¢f 6, and therefore 80 is 11(6)
on account of (7.5). Hence, putting Z=¢" in (6.16), we can see
. at once that «; should be real. ’

" Now gi—ix1log Z is cne-valued and analytic in the region [Z]>1
and becomes Ri(0)+xif+iL(f) when Z =¢; therefore we have,
by (4.6),

R(6)+ x8 = L*(0) . (7.6)
Substituting (7.5) and (7.6) in (7.4), we get finally
0,0) = P(O)— Qt@)—wf, (7.7)

which is just the required formula. In fact, each term on the
* right-hand side of (7.7) is a known quantity, since (7.2) gives Py(6)
and Qi(f) and hence its.conjugate FOURIER serier @i*(f) by means
of the formula (4.13). & is for the present indeterminate, but in the
case of the profile with a sharp trailing edge it can be determined
by the well-known assumpticn of - JOUKOWSKI. Thus, assuming
&i(0,) = 0, we have

w1 = Pi(60)—Q1'(60) , (7.8)

where 6, corresponds to the trailing edge.

VI. Second Approximation.

§ 8. The second approximaticn to the velceity potential on the
profile can be obtained in quite a similar manner to that for the
first approximation. Substituting @ = (Fo+ Fy) ard ¢ = (I + £ FY),
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as given by (5.12) and (6.18), into (3.13), (3.15), and (3.16), we can

express p1 and p; in terms of f(z) and ¢i(2). Hence, by (8.20),
we have

Fo = X(pla(p! + P, 89 >dz+G—g(é)
2z 09z

16( g g ) df“ K?ﬁ) + 2’““% %%}dz_%’“’ log 22 ]

312 Z;” {< ) 2“‘0— }dz+2zxo log ZZ]

e s Oz o (G ey E e

+ 24k log ZZ]

+idi[r {[4@ i (df L dZdf . 1 dZ),

8 az L), \L"dz i )7 dndae Ty a1 ™

_

1! dgl : ¥g4_Z_ . __‘
16l§ (dz — ey 2 e tiluo +4s) log 22

1
+'y+1 U (gf> —3ik ; Zf}dz%—SwologZZ]
2

— _%g[r{ df )~ 2ier Zl}dz+2ixologzz]

3
[ (8o

-+

& —ie Yzt i log ZZ]+g2(z) (8.4)
where §x(z) is an analytic function of z to be determined by the
boundary conditions. Just the same reasoning as before leads to
the conclusion that g»(z) should be of the form :

b, , b

+ - l1Z|>1, (8.9

g2 = ilczlogZ+Z 7

where «; is an arbitrary real constant.
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§9. The state of affairs along the profile can be obtained ’by
putting Z = ¢* in (8.4). Thus we have

@o(6) = Py(0)— Qz (6)—rob , (9.7)

where P2(9)+71Q2(9) is given by (9.8).

VII. Result.

, §10. For the sake of convenience, let us now summarize the
‘various formulae obtained for the velocity distribution round an
arbitrary profile P which is placed in an otherwise uniform flow
of a compressible fluid. Although in the above deduction we have
assumed that the undisturbed stream is parallel to the z-axis, it
is not essential. To generalize the results to the case of the
undisturbed stream making an angle o with the z-axis we have
only to make the substitution:

w— o—a, o—>dé—a,

' as is obvious from the geometrical meaning of » and 8.

b Let the region outside the profile P: 2z =2zp in the z-plane be

i conformally mapped on to the region outside the unit circle:
Z = ¢® in the Z-plane by means of an analytic function :

z=c_lZ+co+—ci+—02—+---, c_, = Ae®, (10.1)

Z Z?
the profile itself being represented by
xp = ap(6), Yo = ysl6) . (10.2)

The velocity on the profile is then given by

40 do do p
) = == =22 22 10.3
| 10 = e = a6 as (10.3)
where
i dxp dyp ds ;. ‘dS dze \? d’yp 2
dxp | =05 ju g0 that 98 = P ) 4 .
I w0 g a0 ° 0 ~/ 20 ) 0 )
' v (10.4,6)
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Also
0(6) = Oo(6) + M20,(6) + M*PL0) + - - - , (10.6)
with ‘
- Do(6) = 24 cos (0—a+8)—«ld, (10.7)
@,(6) = PO)— Q) —«ib, (10.8)
04(0) = P0)— Q3 (0)—«20 , (10.9)
where
1 do df ju-of® [( 4P d9 eiv-9 19, ldg
PO+QO) =4 30 3 j { 46 /) ds ok }d
ég—cos(ﬁ a+3d), (10.10)
P,(6) +1iQx(6)

16{ ‘?Z")(ﬁi) }%(Z" gz 1“"““j {(d%)zﬁﬁ ciw-e) 4 o, }da

l d d(po g -z(w 2) d9 -’L('U u)[\g { d(po 1(m—a) } ]
"32d0\dp ds ) ( + 2o db

e o8

dg _i(w—a)j { dwﬂ\ da (w—a) }
X == e 2 0
s e ( 70/ ds + 2k d

1d(Dod0 o waj [I d(DodH ot
+ = o( ) ( ) __
8 do ds . "<d93§e 1>

dor  dQ }d(ﬂo a0 ... ]
_4 1 —1 I 7( )
(da a9 ") 7 ] L

+%[Qf(e)—ml(o>]— 1P(0)+iQu (61"t 1; cos (6—a+5)

2 \2 . 8 3
e (oo
8 C

(10.11)
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When ¢dd/ds has a simple analytical expression, the velocity
~ g(6) can be obtained by a straightforward analytical calculation with
the aid of the above formulae. This would be the case for the
general JOUKOWSKI profiles. In general, ¢*df/ds has no simple ex-
pression for an arbitrarily given aerofoil. .In such a case, however,
the functions zp(f), yr(6), and hence ¢df|ds can be found numeri-
cally by some method, e.g., by the present author’s method [3].
The above formulae will then furnish a purely numerical method
for finding the velocity distribution q(6). '

VIII. Application to the Flow Past a Circular
Cylinder in the Presence of Circulation.

"§11. In this case the z-plane and the Z-plane coincide, and
therefore we have A=1, 8=0, zp = ¢®, the radius of the cylinder
being taken as unity. Hence

ds/df =1, L , (11.1)

‘Assuming the direction of the flow at infinity is parallel to the
- g-axis, we have « = 0. Thus, by (10.7)

Po(f) = 2 cos 0—kO = e®+e ¥—k0, (11.2)

the circulation round the cylinder being 2kw. Substituting (11.1)
and (11.2) in (10.10) we have :

P(0)+iQ(8) = ) Cue™® .

n=—oco

= —leafe——ike%u(l+lk2)ew+§ Comt,  (13)
12 3 . 3 2 n=0 .

whence, on account of (10.8) and (4.17)

0(6) = 2R 31 Cem® = — - cos 30+ sin 29+(3+ k2> cosd,
n=1 6 3 3 ;

(11.4)

which is in accordance with LAaMB’s result. Further, we have
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Ol 22 | 12\ 4, . 1 .
—q0) =2sinb0+k+M §+k sin 9~§kcos2€——§sm 30;,
which agrees with PoGGI’s result.

XI. Summary.

§12. On the basis of a new method of M2%expansion, analy-
tical formulae are obtained,. which give the velocity distribution
on an arbitrary wing section placed in a uniform flow of a com-
pressible fluid exactly to the order of M*, M being the MAcCH
number of the undisturbed stream. These formulae would be of
particular value for the purely numerical work, though in some
cases they will also enable us to find analytical expressions for the
velocity distribution. Examples of the application of the formulae,
both analytical and numerical, will be given in forthcoming papers.

On the Velocity Distribution round an Aerofoil at
High Speeds, II. Circular Cylinder and
Circular Arc Aerofoil.

By

Isao IMAl, Rigakuhakusi,
Member of the Institute.

I. Introduction.

§1. In this paper the formulae obtained in the previous
paper are applied to the case of a circular cylinder with arbitrary
circulation and that of a circular arc aerofoil at zero angle of
attack, in order to see the manner in which their aerodynamical
characteristics are affected by the compressibility of the fluid.
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II. Fundamental Formulae.

- §2. The various formulae obtained in the previous paper are
reproduced here (see §10 of the previous paper).

III. Circular Cylinder.

§3. The first approximation to the velocity potential. We

may assume, without loss of generality, that the undisturbed velocity

. is of magnitude 1 and parallel to the positive z-axis and the radius

of the eylinder is 1. Then we have 4=1,8=0, a=0, df/ds=1,
¢v = ie®. Hence, by (1.10.7)?, we have '

Do(6) = 2 cos —k6 = e*—kO+e (3.5)

97k being the circulation round the cylinder, and (1.10.10) becomes

| . 11 e A (4 oo\ (8 Ao ge g
 P(6)+i@,(6) = 4{§e it (§+2k>e +(§ dik+k zk)

] +(2+ »gz’k 20+ z’kﬁ)e~i“—(§ PR e
» (3.9)
"Hence (1.4.17) and (1.10.8) give ‘
0,(6) = —% cos 36+ g—k sin 20+ (::f? + k2> cos @ (3.10)

§4. The second approximation to the velocity potential.
Remembering (1.4.18) we get from (3.9)

2

o — Lo (201 10 e
HO—iQ(0) = —ge +“<3 + il )
(% —Zipr ke Lk )eo.
6 3 4

Substituting (3.1), (3.2), (3.5), (3.9) and the above expression into
(I.10.11) and making some reduction, we have

(1) For example, (1.10.7) denotes the formula (10.7) in the previous paper [4].
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P 2(9) +1Q(6)
) Loy 2B (11 2705
= 1){"6 *390"% (240+160 /) |
\

127 \ \ 'LO
ks 200 4 1915, 144 e
480" T 64 (240 go” Tgt )ty

80 288 \144 1440

887 . 611\, (37, 71 oy
ito+ BL i3\ 4 e, Lpd\giop e (4.4
(1440 T ¢ gt +8 )e (4.4)

i+ 1
q”6

Hence, by (1.10.9) and (I1.4.17), we get |

D0) = (v—1) {— cos b— 23 k sin 46— ( 11 27lc2> cos 36
120 80

127 13 23 , 19
(BB e 1)
+ (240+32k2) n 2041507 16" T4 )(0

+ 4% cos 59— k sin 46— ( 631k2> cos 36

+k<%+%k2>sm20+(ig ;ékz Lk)eoso.  (4.5)

S 5. Velocity distribution round a circular cylinder. The
velocity on the surface of the cylinder may be expressed in the
form :

q(0) = qo(0) -+ M2q,(0)+ M*q.(6) + - - -, (5.1)
where qn(0) = —ddy/dd (N=0,1,2, ---). Thus

q0) = 2sinb6+k, ’ (5.2a)
Q(0) = ; sin 36~~k cos 26+( 3 + kz\) sin @, (5.2b)

11 81 .
6) = (v—1)} 1 sin 56 k 46— ’c2> n 26
q( ) = ( 8 -8in + cos (40 20 sin

127 13 L1901
— {127, kz) 29 2+ L5t sin 0
(120 16 )" +\1,o 16 4 >m )
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i sin 50+ 5915 cos 46— ( 63110 ) sin 36
8 36
887 61 0 37 71 5 .
k<060 36]6 ) cos 20+< Ic +- k > sin @ . (5.2¢)

For the calculation of the critical MACH number we must first
find the maximum' v_elocity in the field of flow, which is clearly
given by

Omax = qo( 5 >+ qu,( 5 +M4q< )+ (5.3)

- where
(]0(;) =24k, (5.42)
.QI(‘%"> = %+%k+k~ , ~ (5.4b)

- 7149, 11,, 13,. 1
)= (-1 ke e 1o )
qz(z) ( )(120 30 5" "16° 4

‘ 281 1477, . 3313 61
) + S R S k“ 5.4
120+ 360 720 36 4 (5.4¢)

8§ 6. Circulation and lift. It was first shown by GLAUERT that
the well-known theorem of KurTa and JOUKOWSKI can be extended
to the case of compressible fluids. Thus, when a cylinder of any form

- is placed in a uniform flow of a compressible fiuid, it will ex-
., - perience a lift: L = p.UI', where I" is the circulation round the
cylinder and p. and U are respectively the density and the velocity
of the undisturbed flow. Therefore, in order to see- the effect of
compressibility on the lift of the eylinder, we have first to determine
the circulation I"= 2#k. For this purpose we shall assume, with
HasiMoTo and SiBAOKA [1], that stagnation cccurs at fixed points

(0 = —a, w+0a) on the cylinder, independently of the MACH number,
a so that g(—a) =0. Then, remembering (5.1) and (5.2a, b, ¢), we
have
k= kot M?,+ M4k, + - - -, (6.4)
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where
ko= 2sina, : (6.52)
k, = (%1 :g) sin a) sina, ) (6.5b)
{('}’ 1)(23 8 — sin? )-i— 18365 {; 1118207 sin? a—zll—’; sin? a} sina - |
(6.5¢) -
The lift coefficient, Cr, of a circular cylinder is given by
L or
Cr=-—"r =2 =27k, 6.2
Tooon w7 ©2)

where | = diameter of the cylinder =2, U = 1. Similarly, the lift
coefficient, Cro, for the case of an incompressible fluid is

CL{) = 2'7Tko = 4qr Sin a, (66)
Hence
c. _ k ) f ) .
_=__1+M2 512 +M4 v—1 —
Coo T 12 " ( )<48 5 ST ‘
1357+1127 ~Usintafr e 60)
90~

720 360

§7. Critical Mach number and available maximum lift. The
critical MACH number, M, , is defined as the MACH number of the
undisturbed flow at which the velocity of the fluid first attains the
local velocity of sound at some point in the field of flow, and
therefore it is given by

Y+1 e Y—1 _ 1
L 2 M’ @

where @max iS the maximum velocity in the field of flow. If the
fluid velocity U is increased, the lift of the aerofoil will also in-
crease, until, at last, the critical MACH number will be-reached,
at which the lift will stop increasing and rapid increase of the
drag will set in. Thus, we may define an available maximum lift,

N
7T SRR
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Luax, Of an aerofoil as the lift at the critical MACH number, so

that ‘
Lmax = PooU*F* ’ (7.2)

where * denotes that the value at the critical MACH number should
be taken.

Substituting (6.4) and (6.5a, b, ¢) in (5.3) and (5.4a, b, ¢) and
making some reduction, we get

Groax = 242 sin a+Mz<%-+% sin a+ 4 sin? a + g sin® a)

+ M4[(,y_1)(i72_10 + 1&%9 sin a+%4 sin? a4 %5 sin®a+4 S_in.4 a)

i 2182101 " 73%?2)1 sin 4+ 3138103 Sinfat 4128007 sinta

+4 sin4a~i—'; sin® a]+ cee, (7.3)

which, in conjunction with (7.1), gives the ecritical MACH number
for a circular cylinder. ’

§ 8. Comparison with the result of Hasimoto and Sibaoka.

- It is confirmed that the author’s expression for the velocity potential

is exactly the same as that to which HASIMOTO and SIBAOKA’Ss more
general expression would reduce when attention is confined to the
state on the surface of the cylinder. It is found, however, that
HAsmMoTo and SIBAOKA’s expressions for the maximum velocity and
the lift contain slight mistakes, which are expected, however, to

- produce no appreciable error in case of numerical discussion.

AT

=
IV. Circular Arc Aerofoil at Zero Angle of Attack.

§ 9. First approximation. A circular arc aerofoil in the z-plane
(Fig. 1) is derived from the unit circle in the Z-plane (Fig. 2) by
the transformation functions :

r=c+1, c=-1 (Ziisng). (9.1,2)
4 cos B _
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Then the chord and camber of the circular arc aerofoil are respec-

%tan B, while the leading and trailing
. edges correspond to 8 = —p and § = 7w+8, Z = ¢® being the unit
eircle. (9.1) and (9.2) give

—(1-1\gr = €=DXC+D), :

tively given by l =4, f=

whence

o 1,0 B
[e‘l.ﬁ_}_ (e?.ﬂ e 'Iaﬂ)]e 18
o e = —qcos B8 2

ds 7 (eie —.e’if‘)(e"“ + eﬂs) (9-5)

Since z = (cos B)'Z+---, we have 1=1/cos B, = 0. The angle of
attack being assumed to be zero, we have a = 0. Hence, (1.10.7)
becomes

Of0) = 2 cos f—rif , (9.8)
cos B

where «9 can be determined by JOUKOWSKI's assumption in such a
manner that the velocity should remain finite at the trailing edge.
Thus (d@,/df)e-_s = 0 gives xo = 2tanf, so that

do, 2

de cos B

(sinG+sin 8) = —° (1 + ee=#)(1—ee")e? .
cos B
9.11)

Introducing (9.5), (9.6), (9.7), and (9.11) into (1.10.10) and making
some reduction, we have

P(6) +1Q4(6)
1 (1

= (P24 e HP)e% —1—(53‘““’—276“3 +27¢™ % —be™%F)e"
dcos gl12 124

+ f—S—(em—- 166%® 4 30— 1628 4 ¢~ 4iP) i

" 9%(365"”* 1476 + 534¢%* — 7826~ +199¢™5* + ¢~5)
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+ 4—1§(—15e‘““ + T8¢%* —250 + 2286'2.':5—'396'“5—26-&”)8“"9
+ %(3&“* + 256 + 50e~ —9(¢ %" + 11e-*31"B + g~ TF)g %0
+ %(ezw—2+ e~‘~’if*)e-3f‘~*} . (9.15)
Substituting this into (I.10.8) and taking aecount of (I.4.17), we get
?,(6) = tan 3{ —% sin 8 cos 39+%(5 sin? 8+3) sin 20
+ % sin B(sin? 8+ 3) cos 6} —u0, (‘9.16) |

where «; can be determined by JOUKOWSKI's assumption so that
(d@1/dB)._s = 0. Thus

K= tanB(l’*'%

sin? B~% sin? ;8) . 9.17)

§ 10. Second approximation. The procedure of obtaining the
second approximation for the circular arc aerofoil is quite similar
to that for the circular cylinder. But, in the case of a circular
arc aerofoil, special consideration is required by the fact that
(df/ds)e~, as given by (9.5), is not a polynomial in ¢®. This some-
what complicates the matter. '

We may naturally consider a circular arc aerofoil as the limiting
case of a general JOUKOWSKI profile derived from the unit circle,
Z = ¢, by the transformation

z=C+-£17, E=t+aZ, (Gxl|<a) (10.1,2)

since (9.2) is obtained from (10.2) by the limiting process: ¢, — i tan g,
a—secS. Now, for a general JOUKOWSKI profile

o . <1+ &o -10)
a0 i . T
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e GO R OIS
(10.3)

which reduces, on making the above-mentioned limiting process, to

ab e _ —iB{ 1 0 ~2iB) < 2i8
dse 1cos B e 1+4(e2 +2+e%*)e
_31;(831213 +eia_e»iﬁ_e—sis)e-?i9+ . } . (10.9)

This being a series of negative powers of ¢, first few terms are
sufficient to find positive power terms of Pu(6)+iQx(6), which only
contribute to Ps(68)— Q.*(6).
§11. Result. The result of the analysis can be summarized
as follows. ‘
Putting Z = ¢ in (9.1), (9.2) and separating real and imaginary
parts, we have

2  (1+sinBsin ) cos
cosB 1+sin?B+2sinBsing ’

(sin B+ sin 8)? (11.1)
1+sin? 8+2sin Bsiné ’ )

mp=

,yP = 2tan B

for the coordinates of the circular arc aerofoil. The velocity poten-
tial on the surface of the aerofoil can be expressed as:

P(6) = Do6) + M2D,(6) + M*D:(6)+ - - -, (11.2)
where
Dy 6) = 2 cosO0—we 6, (11.3a)
cos B

¢(0) = tan /5‘{—— é sin 8 cos 39+(-§— + 2 sin® B) sin 26

+ (A; + % sin? ,3) sin B cos 0}-—;:10 , (11.3b)
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&.(6) = tan 5‘[(’74— 1){4—10 sin® 8 cos 50~(—§13~ +é% sin? /8) sin? 8sin 46

1 7 . 2 . .
—{ >+ sin2@+ -2 sint ) sin B cos 36
<6 3 B 5 B B

19,9 19 . ) 12 @ i
+<1§+ 1 sin? B8+ Osm B)sin®*Bsin 20

+ (1 + ig sin? B+ 141 sinf’ B+ 111—(1) sin® ,6‘) sin B cos 0}
1 ., (1 43 2‘).2.
+ = sin® B cos 50— + == sin sin 3 sin 46
40 s 8 360 g o
7 .43 ., 29
~ 4+ 2gin®’ B+-— sin* 8} sin B cos 38
(24 72 o 360 B> R
+ (3~ + KA sin? ,8+% sin* 6—% sin® B) sin 26
29 13 sin? 8— ig sin? ,8~—%~Z sin® _8) sin B cos 6]——/c29 .
. (11.3¢)
Also the circulation, 7', round the aerofoil is given by
I27m = & = wo+ M, + My +-- -, (11.4)
where
e = 2tan 8, (11.5a)
e = tan 8(1+2 sine g— 1 sind B) . (11.5b)
.3 6
x; = tan ,6’{(')’+1)(13 Z;(l) sin? ,8+ 10 sin® 8— 416 sin® ,8) sin® 8
+i +-; sin? 3‘16810 sint B— g sin® 8+ 1670 sin® ﬁ} . (150

The veloecity along the aerofoil is given by ¢(8)= —(d@/d8)(db/ds), and
takes the form:

- q(6) = qo(6) + M?q,(60) + M'q(0) + - - -, (11.7)
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where
q(0) = 1+sin* 8+2sin Bsin g, (11.92)
¢:(6) = sin B(1 +sin®8+2 sin B sin )
x {—11é sin® ﬁ+(1 +§ sin? 5) sin 6+ sin @ sin? 9} . (11.9b)
gs(6) = sin B(1 +sin? B8+ 2 sin B sin 6)

x [(’7-1-1){—(—}1— sin B+ sin? B+%£- s1n5/8+8—10 sin’ ,8)

1 . 1
+ (- sin? B—-—
o 10

sin? ,8+% sin® ,8) sin 6

(sm ,8+2 sin® B+ - E 4 sins ,8) sin® @

+ (2 sin® 8-+ —S— sin* B) sin® 6+ sin® B sin* 9}
1 . 17 . 74

— + L gintg—1L sins g— 17 7>

( sin B n° s 8s1n,,8 72051n,8

+(%—li sin® B igg in* B— ig sin® B) sin 6
(—smB—%?sn B— Osm ﬁ)swze

+ (2 sin® B +i—é sint ,8) sin® 8+ sin® B sin? 0] . (11.9¢)

Putting 8 = «/2 in (11.7), we have for the maximum velocity in
the field of flow

Qmex = Q(;> = Qo(2 >+M2q1( )TM4QZ(§> «ee,  (11.10)

where

QO(%) = (1+sin B), (11.11a)
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ql(l) = (1+sin B)?sin B(l +sin B+ 2 sin® B-l sin® B) ,
2 3 12
, (11.11b)
qz(lé') = (1+sin B2sin B
13 2 5 g 3 3 : 4
x| (ry+ 1 = sm B+ r3 sin? B+ r sin® B+ FY sin' B
ig sin® B+ 230 sin® ,8——810 sin’ B)
+ %+-§- sin 8+ Z sin? 8+ % sin? B—-gé sin? 8
109 s g 17 e ‘EW]
260 sin® 8— 45S né B+720 éln Bl.
(11.11¢)

Finally, the lift coefficient of the aerofoil is given by KUTTA-
JOUKOWSKI-GLAUERT’s theorem as

L r ’
Ch=——" =" _= 11.13
T vn e T (11.13)
Henee
Co 1y pef g ppore g .. (11.15)
Lo Ko KQ
and the available maximum lift, as given by (7.2), is
Luex_ — pre tan ,9\1 MR MR ) (11.16)
'n'pwczl Ko Ko

§12. Clrcular Cylinder as a limiting case of a circular arc
aerofoil. In the limiting case of 8= #/2, a circular arc aerofoil
degenerates into a circular cylinder. But, in this case, the forward
and rear stagnation points on the surface of the cylinder should
coincide at a point 8 = —/2, since the flow is assumed to be
smooth at the leading and trailing edges of the aerofoil. It is
shown that the formulae obtained for the ecircular cylinder and
circular arc aerofoil are in perfect agreement in this limiting case.
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This agreement may be considered as an evidence of the correct-
ness of the formulae. :

» §13. Comparison with the thin aerofoil theory. Extending
the idea of PRANDTL-GLAUERT’s linear theory, the present author
has recently developed a new method of successive approximation
for treating the compressible fluid flow past an arbitrary aerofoil.
Thus, if a uniform flow of a compressible fluid is streaming past
an aerofoil whose thickness, camber, and angle of attack are small,
the disturbed velocity will be also small, say of the order of e.
Hence the velocity potential ¢ and stream function ¥ may be
expressed as @ = x+ditotc, ¥=y+Y1+ypt+---, where ¢,
Vi, ¢o, V2 -+ are respectively of the order of ¢, €, --- It is
clear that the first approximation (¢ = x+¢:1, ¥ = y+yn) is es-
sentially the same as PRANDTL-GLAUERT’s linear theory. The present
author has proceeded to the second approximation, and obtained
the general formulae for the velocity distribution round an arbitrary
aerofoil as well as the lift and moment acting on the aerofoil [6].
As an example, the formulae were applied to a general JOUKOWSKI
profile. Since a circular arc acerofoil is a special case of a JOUKOWSKI
aerofoil, it will naturally be expzcted that the results would agree
with those of the present investigation.

Now, a circular arc aerofoil of chord 2 and chamber ——% tan 8
is expressed by
Xp = cOS Y, yp = Bsin? 3+ O(8%) , (13.1)
where the camber, and therefore B, is assumed to be small. Ac- .

cording to the result of the above-mentioned investigation [6], the
velceity on the aerofoil is given by '

2
=1 Iz—gz—vﬁ sin ‘9—; 1M12w2<1+ 711‘ 1MJ14‘2>’92COS 2.
Vape - -

(13.2)

From (11.1), which gives the coordinates of the aerofoil of chord
4, we have, dividing by 2 and expanding with respect to 3,

%p = COS o-éﬂ sin 26+ 0(8) - (13.3)

This document is provided by JAXA.



On the Velocily Distribution round an Aerofoil at High Spceds, I1. 171
Comparing (13.1) and (13.3), we have
0 = 3—pBcos 3+ 0(B) . . 13.9)

Introducing this into (11.9) we have

g = 1+28sin 8—G(1—2 sin®¥) + 05 , : (13.11a)
g, = Bsin 9— (1 —4 sin? §) + O(&) , (13.11b)
G2 = 25 sin 0-(1 + %1_)52(1—4 sin? 8) + 0(&) . (13.11¢)

If we expand (13.2) with respect to M2, it will readily be seen that
the first three terms are exactly the same as (13.11a), (13.11b),
(13.11c) respectively. This agreement may also be considered as
furnishing some evidence of the correctness of the results obtained.

§ 14. Numerical discussions. a) From (11.15) we have

g’: S 1AM M b =kt O D (141)

Lo Ko K0

Table 1 gives the values of camber (% tan ,8) . xilko , Kaolkoe, ralkos

wolxo for some values of B, taking v= 1.4 for air. Table 2 then
gives the first and second approximations to C./Cr, for some values
of M and B, PRANDTL-GLAUERT’s factor 1/1/1—M? being also given.
These are graphically shown in Fig. 3.

b) Table 3 gives qo(7/2), qi(7/2), qao(m/2), gaa(7/2), qo(m|2) = qa7[2)
+(v+1)ga(/2) as functions of B, taking v = 1.4 for air. Using this
table, we can determine the critical MACH number M, from (7.1)
and (11.10), and the available maximum lift Lp.. from (14.5). These
are shown in Table 4 and Fig. 4, where Myo, M1, M, are respect-
ively the zero-th, first, second approximations to M, , that is, the
values of M, obtained when adopting qo, go+ M?q,, qo+M?q1+ Miqe
a8 Qmax -

¢) Table 5 gives xp(6), qo(f), ¢:1(8), ¢=(0) as functions of 6 in
the special case of @B =10°, corresponding to the camber of 0.0882.
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0(6) = qo0) + M?*q:(0), qu(6) = qu(6) + M?qi(0) + M*qs(6) are then calculat-
ed for M = 0.6, and shcwn in Table 6 and Fig. 5. It will be seen
that the convergence is very good for the lower surface of the
aerofoil, but not so gocd for the upper surface-in this case of
M = 0.6 where the critical state is approached (M, = 0.615).

V. Summary.
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[ B LB iR ,—3i3),-510 L L ] 10.4 )
——I(e?' Bt il —gmiB—pm30 )p-804 f (10.4) ‘

Lih e ORBEREEOMICEEEING., S TEIT §4 TEE@ D, 0.0 TR
Bk P(0)+iQ(0) O T €™ OEBZROHOHI i L. Ziik (2.4b) OFE
CBSLT Y (dojds)e ™ & LTix(10.DDOXTRADOEEH (W2OHH ¢ OHEZT) &
én%fc’wf'%}fzgﬁ %. /iqweo 51C LT P(0)+iQ:(0) DT 0:.(0) OFELFIHAKT T
SERICRITCTE 2.
SRR 0, HElE HiTKkOEICE & O TRET.
§11. # 2
(9.1), (9.2) ICEHEWT Z-¢® L= FHRIREIRICAT 2 &, RIGLERE 0 2B
< A
2 (1-+sinBsing)cosl
TP os B 1+ sin® B+ 2sin Bsing A1.1)

g g (sin G sin 0)*
yeoT Lt BTG B+ 2sin B sin 0

\©m<§@éﬂ%.%Lfﬁmﬁﬁﬁ®%§£?v?»@%@%mm«gn&:

Juy
-
s

GCO) - B0+ MEO,(0)+ I BoL(0) -+ a
fL ‘

(1) #HEREH LA I EEICH—EDIC 3o TRRHRP oW LT d: Lires. [B] ¥R X.
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D,(0) = B cos 61—y, | | (11.32)
C1 1,5 ...\
@,(0)= tan B{— §sin B cos30 +(~2- + 5 s’ B) sin 20
77 .o\ 1 : ,
+ g+ i’ B )sin Beos f— 0, (11.3b)
0:(0) = tan B[( +1 ){l;iu“ Bcos 50—(i + 13 e B) iu® Bsin 40
: T 10 ° FTR"
( é + ~——Sln2 B—i——— sin B) sin 3 cos30

1
+ (_9 + _g. 2 3-{- sin? B) sin® B sin 20

+(1 + fg 2 a+ AL 1 sind B+ b sine 3) siuBcosﬁ}

40 sin® B cos 56— (—}; + —,,%% sin® B) sin® Bsin4f
—( 24 sin® 8+ "690 sin? [3) sin 3 cos 30

: . 29 . .
+ (% + —4— sin® B+ % sin® f— “:/Tj“ sin® B) sin 26

+ (—'Zg——l- ‘L sin® f— sm B— l_i sinf B) sin f3 cos 0]-—1590. (11.8¢)

ZBMROZIZVOER I' 1%

‘—)I;—[-ilczxol-i-ﬂflxl—i—M"xg—{— ------ , (11.4) 4 ‘
BL ' :
=2tan f, ‘ “(11.ba)
14
k= tan B (1 +—% sin® B—% sin? B), (11.5b) ~
k. = tan [-?/{(7“}-\1)(-16i + —% sin® p+ 1—)O~ sin? B—IE—O sin® B)Si112 B
+ = 3 + Sm B— sm B— D sin® B-i—-li—sius B} (11.5¢)
4 9° 360 ’
TR~ bEis.

27T (9.5 L?:i*)

a6 o (e*®+4sin B)? |
ds COSB‘ (e®—e=*)(e®4¢"7F) l

_ cosB 1+ sin®B+2sinBsing
2 |sin B+ sin 6| . (11.6)
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@.1), (11.2) it Xk b EIRZEREOBE ¢ X 0 LRIEH LT
() =qo(0)+ Mg (0)+ Miga(6)+ - (11.7)
OB ICEIEEND., T AT :

dd, di do, do do, df

90(0)‘—_:‘: ﬁ 13 QI(G)*:F dﬁ d ’ (0) =F =7 dﬂ dS ceere (11.8) -

“H2T, FE (=), (+) ti%ﬂ%ﬂ?ﬁ@kﬁ&()f?ﬁvc%ﬂg?%. (11.3a,b,¢), (11.5 3,
be) (11.6) X b

go(0) =1+ sin® §-+2 sin Bsin 0, | (11.98)
7:(6) = sin B(1+ sin® B+2sin Bsin 6) '

x {_ o sin 3+(1 +Z sine B)sin 6+ sin fsin 0 } (11.9b)

g:(6) = sin B(1+ sin® B+2 sin Bsin 0)

X [(T+ 1){ (i sin B+ sin® B+ sin® B+ Wsm’ B)
+ ( sin? B— —+—sin? §+ —“Sln ﬁ) sin §

TP S W |
+ (sm B+2sin® B+ 381115 B) sin® @

+(2 sin® B+ —g-sin" ﬁ) sin® f-+ sin® {§ sin* 0}

—(—}1— sin B+ % sin® ,B— %siné B——%Sin’ B)

»JD

+(4 sin® f— 180 sin? f— -—smGB)Smﬁ

+(—;— sin 8 + % sin® f— 1‘870 sin® B )sin® 0 -
~1—<2 sin® B + ————sm“ B) sin® 6+ sin® 3 sin? 0] (11.9¢)

%VC a_ﬂ/Q &%Hﬁ'ﬁ*ﬁg% Gmax 'Z’?“.EHIZ)

Gmax = (9) 90( ‘)> + M* 91( )'f'.ﬂ_[“]q (7})+ """ , (1110)

90(§)f(1+ sin 3%, (11112

L

( ) -(1+ sin §)° \mﬁ(l-F sin B+ Qm‘ B*‘ sin B) (11.11b)
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q(£> = {1+ sin #)*sin B

[(T+1)(4 sin B—r———sm B+ —<m B—{—*-&m B+ 40 §1n53

. 20 <1n6 B— 51117 B)

—

+ 4 + 2 sin [‘H' q111‘ ﬁ+ —<1n B—-‘ sint f— },gg sin® f

— —=sin® B+ 7‘-,12% sin” 3]. (1111¢)

ke, ERERICE] },,j] ¥ L 278X Kutta—Jouko“sh -Glauert OEMITX D

L=p<UT, (11.12)

\f\iol%{}irkénk\ﬂxﬁ{@ U=1, Iﬁlém;aoéf‘&zi =4 THZ ﬁ 5, Bk Cr 1%
L 1T

Oy — Tl = 5 =7 (11.13)

o

e L LT (11.4), (11.5abe) XHpiE L. fida\Witiic s 2850 & O
g, Bihicz g ERicswT M=0 L LTRLLD -

Cr,=mko— 2 tan B. ) (11.14)
(11.13). (11.14) kb
G _yppp B S E e S
CIO
:’1+Mﬁ(% + %sim A= ~1l~.éin4 5)»

+]I[*‘{(7’+1)(L3~ 120 B+ %m“ﬁ 862111 B)ﬂm f

,—

)
o

+3 —4—<m (- 36610 1)8 sin -+ ?%6si118 /3}+ """" .oQ1ass

B K & Dmex & 34UE, IRERRE O 1ok (7.2, (14 kb

Lmax - M2 tan B(HM* LMy, 4751 ) (11.16>
lTpooCoo'l
ML My ZEES Mach T 2
§12. Emﬁ@ﬁmaLrﬁenaﬁﬁ

EURE B2 i 2 OHA BT 2 5025, coBsEEFcHE T2 0L
$ R B~ U T B v B LRSI O\ T ki & W CHEERERT S 5%
CIEBSEDTH e, BmERELTHLNLD Bt oW T ATEBRRIEEASE b 52T
a2 \CED 225 RN ERT DT LT D. o Tk AHIEWTEHE T
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@mﬁm%T%%ﬁﬁkkﬁbiﬁ.
2T 2 THIROREIREZGE 4, RO CHEES
2
_ _ ~ sin 28
b 25 BEHOSA & HET 2 icidmEP R 1 OERELE~208FFTH 5. £0OT
Bick §11 OEARICEWTHEERT v o ¥V RCIFROR LI 1/R="),sin 28 %5
Frw, 2T B~ a2 EaMRE LUE, (11.4), (115abe) itk

L {2 e+ Blany oo (12.1)

L

chiz (6.4), @5Mm)mkmfa w2 & L7ckER L5 Am -7 5.
iz (11.9a,b,c) OEFKIT Yosin 28 ¥iHT B—n/2 H 2R E & X

90(8) =2(1+ sin §), ' o ‘ (12.2a)

Y

m(ﬁ):2(1+-ana)(-3%;4~{§snla+-qu 0) (12.2b)
4:(0)=2(1+ sin 6)
l( +1)( ég(l) 60 sin 6+ 19 —sin® f+ vs*qm 36+ sin? 0)
——éiﬁ—%%—ana+ 5? gt ﬁgsmea+shﬁo}. (12.20)

—% (5.1), (5.2ab,c) ILEWT a=n/2 &&F, k& (121) THABNDT L L BET
i, HEERSEOR

9(6)f~qo(6)4—ﬂ11h(a)4—31+ ()L
O KIEZEND T LD D, WLA%w)%W)qW)@(UZHM)fﬁmgny
Fic (122ab.c) CHWT §—x/2 2EFE
| 31 2867

. 1()0/ ] COE T [}
—N—TI {TQO ATzf'( 1)JJ1'4 (12.3) .

Gmax 4+

BBLNLD. (7.3) TFEWT a=x/2 LTS, T/ (11.10), (11.11a,b,e) ITHEWT = =
"d2&Lf%HLﬁ%(HB)m%f%t&mﬁgm%b%ﬂ%.
gic, (11.15) Itk wT Bf;t/? LT

CL . 2 Il (I APOU B BN IF £ S S o . D

%%HEE(GULCLMTa 72 ERFIEBLILE.

MLDW< Effic¥E 4 3 A5 & HINEE Kﬁf%ﬁﬂ&@ﬂ(&%tﬁa@mfﬂméw
—FT 3. zoiﬁﬁmﬁwf%@ELM:&z@%h&%ﬁéT%%ﬁmM@n%.
§13. HEIPR aomﬁ

MUKBICET 2 wE LTk, TOMXT }U?a?’c I BEdBoMIT, WiE 2 Prandtl-

7
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Glavert O —KMFHmHD 5. chEEEORCRES, K, ﬂ!ﬁmxéti&ké (lhwe &%
LT NS ¥ —KOER/ (BEINEVITNOBECE L T) LE~, ,qulzizm-
BTz b0TH 5. REERZCOMREBE~NE L THRL LCOZFISEL IR Y B Lk
[6]. #O5—Elss Prandtl-Glavert OHERICHE T 2. s FHC B TR CTEER
FIEE MBS, BEORY 3455, =~ 2y MCHT 2 -BANEE e, TOHRR
WL LCOEMOMRICEEREC OV TR SO HIE LTI T, ik e M BIFERCSY
245 o SERLCHET 2. R#HIE LTiE, —i Joukowski BR—pEHS Joukowskl %
BT Lo TEMNARAYFEEHR S AT 5. ﬁ%t@)&? LY 8 B\
L7 [6]. AR 7ER—iX Joukowski Eﬂ@%%ﬂﬁ%fa& LTeZN2hb, ?%EE
DR L T ORI OFERE LB TNEES H‘*ﬁ'f%~00)«t4’:ﬁybi?% BNBTHH A,
BE2 Kb tan B O BIIRZ
_ap*+ (yp+cot 23)* = cosec? 23

EBFRACEEING. WERD, #DOT B BhEW 0L LTEDORE yp LOWTH
biX . '

. yp= — Cot 2B+ 1/ cosec? 26— ap®

=p(1—ap*)+0(B*).
"ot oEIMEIT 27 '

' ap— cos ¥,
13.1

. yp=fsin® 9+ 0(5?) } 8.1)
@%5mz9%wﬁﬁ&Lf%mfza%fé%

X THIIC g~ 7egmae [6] @ XA, S 0 @[E]Eﬂlﬁi&ﬁ@@ﬁ"ﬂ \Zﬁ*li

28 1 om0 4l I ): Y 3
G A YT e \Ut T 1o e (8
O BEALNS, Tk M COVWTEMTIERSCROMRBELND ¢
q=1+2B sin 9—B2(1—2sin® &)
+ 2 {B sin 9 —F(1—4sin® 9}

—HU“‘{ ~—Bsin g — (1 +— T+1 )Bg(l — 4 sin? 29)} +O(M°). (13.3)

—0, AP OER (11,9 a,b,e) IKEWT f O=FRY ErEiRETILE
' qo(0) =1+2B sin 6+ 52+ O(F*),
q:(6) — B sin §+ 3% sin® 6+O(ﬁ3)

99(0):%38inﬂ“(_11 T+1>l3 ( + 71+ 1>B sin® -+ O0(5°).

KiC 0 % 9 CEREINTEEEV., E~ZEINEE 19D cH~ABNZ. wE B ¥
2nE LT (A1.1) YEETUE GZERZOHA2TH 2T LITHIET )
ap = cos §—"[sfsin 20+ O(S?). (13.4)
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.'(13.1), (13.4) &)

cos = €os 5—§sin 20+ 0(B). (13.5)
T 0 TDOWTENS! T
A cos 0 = cos 9+ 0(B), ¢
woT .
6~9+0(B). _ ‘ (13.6)
#ic
' sin 20 = sin 29+ O0(B), (18.7)
cos B = cos (§40—) = cos 9— sin - (—3)+O0((§=)*)
= cos ¥— sin ¢ (8—3)+ O(53). (18.8)
(18.7), (13.8) ¥ (13.5) AN TRZE L sind THIE
, 6= 99— cos 9+ 0(F). . » (13.9)
¥ ()
sin 6= sin (§—B cos §)+O0(F) = sin 9—f cos® 9+ 0(F*)
‘ = sin 9—F(1— sin? 39)+0(BE). , (13.10)
q0=1+23 sin 9— (1 —2sin® )+ O0(B*), (13.11 a)
g1 = Bsin 9—BH(1—4sin® 9)+O(B), (13.11 b)
@:v%ﬂﬁnﬂ—(l4~L}l)ﬁ%l—45mgﬂ)+0(ﬁ) ’ (13.11 ¢)

| i g, ik (13.3) ric—%T5. ThixbEtEEY M Eﬂﬁimi%ﬁpmi@%
I HRIBOME L FBELEVOTH 3.
$14. B ERER

§11 ClkHix Ok H~je?s, T O Tk Fh e LT BEN L &EimE 172 TR
5. :
(; x) Mach > S NREA I icEM LT 20E (11.15) I L DT

CI I’I Ko N
— A=t ... 4.
e Rt s (4.1

DR 5IcH~biS. TAT ‘ _
2 = ko (7 gy (14.2)
EE X &k, KoolKor o 1/150 X B, WOTREY Yatan f B OHEE RS, $F1FECx B
DR« DIETCEH L TR D Yatan B T ki/ko, Kalkos Kaolkor Keilfo O 7T, ALK
LLTRERYED 1=14 LBVTDHD
RiC fo07, B—C°, 10° 15, 20° OEDHA, M =0, 0.1, 0.2 CHLT Cr/Cr O
EramLg2konry. AL
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# 1 £ (r=1.41)
6 K9 stan b a_ Fn BT
. o Ko Ko Ko
0° 0 0.5000 " 0.3750 0 0.8750
90 0.0175 0.5010 0.3765 - 0.0013 0.3797
4° 0.0350 0.5041 0.3811 0.0053 0.3938
6° 0.0526 | 0.5091 0.3886 0.0119 0.4172
8° 0.0703 0.5161 0.3991 0.0212 0.4500
10° 0.0882 0.5251 0.4125 0.0332 0.4922
15° 0.1340 0.5555 0.4579 0.0753 0.6385
20° 0.1820 0.5963 0.5185 0.1351 0.8426
30° 0.2887 0.7031 0.6727 - 0.8101 1.4169
45° 0.5000 ~ 0.8958 0.9244 0.7076 2.6225
90° oo 1.2500 1.2014 1.81256 | 5.5514
Cr, ) K,
P IR E /AL 14.3
( OLo 1 + Ko . ( 2 ﬂ,)
CL K o
((7’—) ~1+ M e | (14.3b)
Cro /1 Ko Ko A

oml, wmEL TN Eng YU REH SEEFE% T2, 7213 Praudth-Glavert o
—RKIEH T, FmOED

T ' (44

TH D, z Dl YZ)EF 2FiTHEA~TH 2. FTIEITIE 9, -10° 3—20° it DWnT Cr/Cr,
~M o EE L, MitE (CL/Cudn, Kid (Cr/Cron, 8t Q-2 T 5.
F7eHESR Mach Bk ) LOMSCH L CEBER LA TH 2. EhroWihkiEy, R
RO BT L oL, HO 2O LHE D OKRE W LD EKXZF W RIT Prandtk
Glavert OATZE H OHE R E GEIRIRC DWW T ) IR WiEDE: L TR )2z & 48
%, BES Mach Fk 0\ Mach BUoB LTl —-EBLE B HEPOEZF L =L,
’j" SRS CHEORE TR OSSR T 22 LA TE 205 I MIENG. T O

L 0 O{Eléﬁ\“"tﬁﬁb'fﬁc:@gfﬁiﬂ’imovf b BRES LT LLDEEND
ﬂhz).

(b)) EES Mach % §7 TR~ Lo THEBE LYe. TiEs (LD Itk v(U=11)

r+1 . —1 1 - =
T S max WTT_ T —0. .(14.0)

4

T AT qmax & LTI, (10.10), (1111 ab,e) Tk b

n ,
90(7 ) go(%)+]l[;kﬂgl(.z_), 90( )+ M ql< >+ My g(%)

FRALT My TOWTIRNTIRTAE Y TN I My, Moy, My TERIHE, THOEHE
. Mach B0, H—, HTEPMICHAE SRV CORBERING 2 9(7/2), 9,(x/2),
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, , . ; f>0° | =6’
M T 4 ‘
) V1—-M* ; (01‘,/01;0) l CLlCron | CLlCrdr 1 (CrfCrodi
. 0 1 1 1 1 1
0.1 1.0050 1.0050 1.0050 1.0051 1.0051
0.2 1.0206 1.0200 1.0206 1.0204 1.0210
0.3 1.0483 1.0450 1.0480 1.0458 1.0492
0.4 1.0911 1,0800 1.0896 1.0815 1.0921
0.5 1.1547 1.1250 1.1484 1.1278 1.1534
0.6 1.2500 1.1800 1.2286 © 1.1833 1.2378
0.7 1.4003 1.2450 1.3350, 1.2495 1.3501
0.8 1.6667 1.3200 1.4736 1.3258 . 1.4967
0.9 2.2942 1.4050 1.6510 1.4124 " 1.6861
1.0 oo 1.5000 1.8750 1.5091 1.9263
" CB=1¢° 8=15° g=20°
- CrfCrdt | (CLlCLOu | (Cr]Crd1 | (Cr]CLodn (CrlCLo (CL/CL())II
0 1 1 1 1 1 1
0.1 1.0053 1.0053 1.0056 1.0056 1.0060 1.0060
0.2 1.0210 1.0218 1.0222 1.0232 1.0239 1.0252
0.3 1.0473 1.0513 1.0500 | 1.0562 1.0537 1.0605
0.4 1.0840 .1.0966 1.0889 | 1.1052 1.0954 1.1170
0.5 1.1313 1.1620 1.1389 1.1788 1.1491 1.2017
0.6 1.1890 1.2528 1.2000 1.2827 1.2147 1.3239
0.7 1.2573 1.3755 1.2722 1.4255 1.2922 1.4945
0.8 1.3361 1.5377 1.3555 1.6171 1.3816 1.7268
. 0.9 1.4253 1.7403 1.4500 1.8689 1.4830 2.0358
1.0 16251 | 2.0173 1.5555 2.1940 1.5963 2.4389

geo(m2), gos(m[2), go(m[2) 1ZEE 3FITRT. AL

brd T T
%(g) = Qa0 (.—_)>+ (r+ 1)%(;)

thE, r=14 (BR) 2 LTH 3.

BRI N Lmex & (11.16) 1T XD

%Fﬁb’cﬁl’ﬁéﬁl% J[;'r‘m A"jﬁr\la J K2y Lmax ’2%43‘2&0‘%4[§Kﬁ?

Lmax

a

ﬂpaccao-l

__:31*22 tan ﬁ(l ~+ 47'1[*22 ”?' + 47‘[*24
0

Ks )
Ko

(14.6)
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o
Cee
7.4 N ¥ B
~\ 3‘/‘% .
\"l/ 3
135 ,,' ,f
A
A 14 ,
3 / / \
'1 I/ d ’/ 9
:I I'v /, "
v
]25 J’Q A P
"y
7/
/i
7
715
71 =
J.05
.0 p
! 07 08 M
% 3 5]
7 ] %
B q(,(ﬂ/2) 91(”‘/2) ‘]20("‘/2) 921("/2) (12(“/2) .
N 0° 1 1 0 0 0
20 1.0710 0.0387 0.03007 0.00108 0.0327
4° 1.1444 0.0857 0.06893 0.00507 0.0811
6° 1.2200 0.1418 0.11819 0.01328 0.1501
8° 1.2977 0.2080 0.17967 0.02735 0.2453
10° 1.8775 "0.2854 0.25531 0.04921 0.3734
156° 1.5846 0.56340 0.52028 0.15399 0.8899
20° 1.8010 0.8726 0.92177 0.36936 1.8082
30° 2.2500 1.8633 2.26594 1.39032 5.6027
45° 2.9142 4.3678 5.75755 5.52161 19.0096
90° 4.0000 10.3333 ; 15.9278 " 26.7833 80.2078
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£ 4 %
P
(3 -Z‘[AGO Ju»‘ﬂ ! J[*g -—Tﬁ:f%—
0° 1 1 1 0
20 0.9220 0.8920 0.8754 0.04300
40 0.8539 0.8086 0.7876 0.06351
6° 0.7940 0.7410 0.7191 0.07472
80 0.7411 0.6843 ‘ 0.6628 0.08110
10° 0.6939 . 0.6358 0.6152 0.08470 -
15¢ ©0.5962 0.5397 0.5219 0.08749
20° 0.5204 - 0.4681 0.4530 0.08648
30° 0.4126 0.3696 0.3581 0.08244
45° 0.3164 ~ - 0.2821 02745 0.08156
90° 0.2294 0.2065 0.2014 . oc
L'lal
7 pcrl
07 -
—
’ L max
T puch |
i S 005
”””””” Mxo i
——- = My,
M2
0 C
0 10 20’ 30
— .
% 4 -

(¢) Sxtkic, BMEEBOBESHOTELHNDIC F-10° E3RICH LT 0(0),
0(0), u(0) XFVE LFe. THBEHESIFCRT. MUAEE LTEPRIEREE D, 7=
Lé&Lf@a.&ﬁﬁﬁi@%%@ﬁ@%@(ul)KIOf

- 2 (14 sin Bsin ) cos
P T Cos B 14 sin? B+2sin Bsin §

THALNZ., OBV KICTET. HFoRFALIE M OEBOMECHT 28 EM
¥ (1) ko THSBET 22 B TE S, T\ TR Mach B My, —0.615 ITE
Wil M=0.6 o8 L CHEEMIOE 0, $5— H SR TRIED
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Fals L.
5tk B,

SEEA DRI ERET D 2525, BPIHO» LREEH 6 ERUH 5 Fo
ZIECE B=10° DEMEBOR Y KWETRLTH 5.

Qo(6>’

~>

IF

g1(0) = o(0)+ M2,(0), -
Qll(a) = go(ﬁ)‘i‘ ﬂp{h(@)‘f‘ﬂf@g(ﬂ) )

RO THTERZIEMOBEIEBD TRV, IR LTED LI E—

0P &b x bk, % T BRREMED

SERLE

HELOLOLTHEL VEELLERNLTHS. b0
&b, WEOPITEREEFIKEICIER T W e b I BHEROBENA R L v DTH o,
Mach B ) 2 & EFIUEEDS H—EDA DT cER
5. BOTFEICOWTRIAMEDIBERIE LA E b b 5.

LTER~BWOTCEEND 5L

¥ 5 (=10, v=1.4)

0 - wp(6) 2.6) 9C0) - F2O)
0° 0.9857 1.0802 -0.0001 -0.0299
90 0.9499 , 1.0845 0.0308 -0.0057
18° 0.8946 1.1375 0.0655 0.0283
27° ©0.8217 1.1878 0.1028 0.0721
36° 0.7335 1.2343 0.1413 0.1240
45° 0.6319 1.2757 10.1789 0.1812
540 0.5192 1.3111 0.2137 0.2391
63° - 0.3974 1.3396 0.2434 0.2924
720 0.2687 1.3605 - 0.2662 0.3355
81° 0.1355 1.3732 0.2805 0.3637
90° 0 1.3775 0.2854 0.3734
6 | ap(0) 7:(6) 7(6) q:L0)

00 0.9857 1.0302 -0.0001 -0.0299
-go 0.9998 0.9758 -0.0264 -0.0453
-18° 0.9903 0.9228 -0.0479 -0.0536
—97° 0.9552 0.8725 -0.0648 -0.0566
-36° 0.8930 0.8260 -0.0775 -0.0562
-45° 0.8028 0.7846 -0.0865 -0.0539
~54° 0.6848 0.7492 ~0.0926 -0.0508
-63° 0.5407 0.7207 -0.0966- -0.0477
-7920 0.3743 0.6999 -0.0989 -0.0453
-81° 0.1915 0.6871 -0.1001 -0.0437
-90° 0 0.6829 -0.1004 -0.0432
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0 q.C6) q1(0) il | e | al® l qn(e) o
0° | 1.0302 1.0302 1.0263 1.0302 } 1.0302 1.0263 0°
90 1.0845 1.0956 1.0949 | 09758 | 0.9663 0.9604 -9°
— | |
18° 1.1875 1.1611 1.1648 |  0.9228 | 0.9056 0.3986 -18°
27° 1.1878 1.2248 - 1.2342 | 08725 | 08492 |  0.8418 -27°
‘360 1.2343 1.2852 1.3012 k 0.8260 *1 0.7981 0 7908 -36°
45° 1.2757 1.3401 1.3636 | 0.7846 .  0.7535 0.7465 -45°
* | 3
54° 1.3111 1.3880 14190 | 07492 |  0.7159 0.7093 -54°
63° 1.3396 1.4272 1.4651 | 07207 | 0.6859 0.6797 -63° -
72° 1.3605 1.4563 1.4998 |  0.6999 |  0.6643 0.6584 -720
81° 1.3732 1.4742 1.5213 ‘ 0.6871  0.6511° 0.6454 ~81°
90° 1.3775 1.4802 1.5286 |  0.6829 1 0.6468 0.6412 -90°
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$15. MOBX TR, WEUWKBO-HEAKNONCEhN e EERBOKEEE Y M 3
TREBICHAZARYE N, THYER LB ERREOLE Y TIRS-0R T OR

KOHMTH 5. MLEKZZOZE ) FEOAk 2 2OWERNE 2 0L L, 7 HNR

BRYEEBETD 25588 0° O L aXF ¥E~S.
BT DWW T REEICHEAS « ZERRIROBIHS S 245, FEREOMBIE L The BT 3.

7o S RIROBAZ R Mach 3, 5 HEEORCZENENLR I MBI ZIOTINEETEL

TEWwnie. L LB EEMNCIEA LeEErRT2 50T L bk 5.

BEIRER ) ©Od 2RO P TR HEA L OTH 3. HAKEREM SO REC Ik 85-—3T
(M 2TERE) OFBALLTEINTHEVT L EE~Z L, A0 LLHEIILELS LR
WASE AP Yk 2T R EERICERO THEELETS S 5. thldhbTtldil, F

FOWICH LT (ZOhOEAEINGETNLIE), V2w 3 M & 10 2RERE

£ 0° OHEHMMEOLAIELT 2L MBEINI NG, TOMEXEERNIC Y K& REWRSD

BLE~NLND, TOMLTEIEIEROBES, RCBHHENO M 3 oRFEARXEX

Wie. FlBlERICE, HEx O R b OHAIC Mach B & TihE O 5 LT B0,
Bt Mach R UHIRAHNBR D K L OTE S B2 L P~ 21, K b2 0.08816
OEMBIC DWW TEBERECHMBEAE ¥ 1707, Bt Mach i Mach BTIZRE0D 1

Hild FEICHA~ TEIEBOKAIESS ), BOMRIEOE 0 O bELCBENDE

LDSERD biLTe.

COMLEHEBTE Y, B2 THEBREYG O FEE -, MEEYRS LcKEE %
CHECE AR R S, RIEREEIC G RS ST EOMM N R IH . T G R
DEYRT .
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