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Abstract.

It was found that when mild steel beams of cross-section asymmetrical about
the neutral axes are bent, there are two yield points. Generally one side of
the neutral axis yields before the other. The first yield point corresponds to the
bending moment under which one side begins to yield, while the second yield
point corresponds to that under which the other side begins to yield.

The conditions of yielding were investigated. The first yield point is given by

Scde = gy S ydS,

where ¢ is the normal stress across the cross-section, g, the known particular stress
for that material, y the distance of the elemental area dS on the cross-section from
the neutral axis. The integration is effected over one side of the neutral axis.

The condition of the second yield point is also given by a similar formula.
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274 F. Nakanisii, M. Ité and K. Kitamura.

1. Introduction.

In an earlier paper ‘““On the Yield Point of Mild Steel”®, the
yield points under torsion, bending, and tension were explained. 1In
that case, however, the yielding under bending was investigated only
with beams of cross-section symmetrical about the neutral axes.

In the present paper are investigated the yield points under uniform
bending of mild steel beams of cross-section asymmetrical about the

neutral axes.

In the previous investigation the following facts were established
with reference to mlid steel beams of symmetrical cross-section:

I." The material is elastic almost up to the yield point.

2. At the yield point a certain part of the beam yields suddenly.

3. The yielding on the tension and compression sides occurs

simultaneously.

Fig. 1.

(1) Report of the Aeron. Research Inst.,, No. 72 (1931), pp. 83-140.
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4. As shwon in Fig. 1, the form of the part that has yielded re~
sembles a wedge, its point being at the neighbourhood of the

neutral axis.

5. Such parts appear one after the other under constant bending

moment.

6. Sometimes, the bending moment at first attains a certain higher
value, the so called oberefliessgrenze. But for the yield point
we must take the constant bending moment under which the

yielding spreads.

7. The stress distribution in the yielded region, where there are
many parts that have yielded as in the middle part of the beam
in Fig. 1, may be regarded as being uniform, while the stress
in the elastic region, free of such yielded parts, as in the right
hand part of the beam in Fig. 1, may be considered to be

proportional to the distance from the neutral axis.

8. Accordingly, the bending moment at the yield point may be

expressed by the formula

M,,=jayds=ayj;y1ds, .............. (1)

where M, = bending moment at the yield point,

o = normal stress across the cross-section in the elastic

region,

oy = normal stress in the yiclded region, which is the

known particular stress for that material,

y = distance of the elemental area dS from the neutral
axis, the integration being effected for over the

entire cross-section.

This document is provided by JAXA.
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2. Experiments with Beams of Asymmetrical
Cross-Section.

To beams of cross-sections, as shown in Fig. 2, cut from the same
mild steel bar, uniform bending moment was applied very gradually and
the amounts of deflection § (shown in Fig. 3) measured. The dimen-
sions of the test pieces together with the results of the experiments
will be found in Table I. Figs. 4-8 are examples of diagrams showing

the relation between bending moment and deflection.

111l _I l;" |
! he | l é g

Fig. 2.
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Fig. 3
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TasLE 1.
! I |
1. 1I. i 1. 1v. V. VI. i VI
Dimensions 1 First | Gy Second Gy ! Ratio of
Test in mm i Yield | Yield | Deflections
n  Point in Point in ’ at the Two
Piece i in ! in i Yield Points
b, hy be he cm-kg [kg/mm~ cm-kg | kg/mm? iExperi- Cal.cula-
{ ment tion
I
Ne. 251 | 10-03 ' 10-04 680 27-0 27-0
252 || 10-01 | 10-02 680 27-1 27-1 |
253 6:04 ! 6-02 | 13.51 | 4-02 525 28.8 570 26-8 i 1-80 1-74
254 | €04 6-01 | 13:55| 4-02 | 500 275 565 26-7 E 179 | 1-74
fi
255 | 4-04| 8-04|16-00| 3-99 ‘ 540 27-8 645 26-7 ' 2:64 | 2-63
256 403 | 7-99 16-03 | 4-03 533 27-5 628 260 | 2-66 2-63
|
257 | 2-23| 1000 [ 1803 | 349 400 i 26.7 520 26.2 } 434 | 426
258 2-20| 9-c0|18-04| 3-54 ! 385 | 261 515 26-3 ' 4-41 4-26
| i i
259 1-81 5 10-00 | 20-00 | 2:02 | 270 : 26.5 330 26-3 ! 6-34
260 1-805 10-00 | 20-03 | 2-03 || 269 | 26.8 330 26.5 6-34
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282 F. Nakanishi, M. Ité and K. Kitamura.

3. The Two Yield Points.

It will be seen from Figs. 5—7 that the slope of the curve changes
suddenly at two points, which we shall call the first and second yield
points. ‘*

There has been no experiment, as far as we can learn, in which

these two points have been clearly observed. But, if we apply uniform

bending moment very slowly and measure the deflection minutely,
we shall always find the existence of these two points. The first
yield point especially is very clear, since above this point, there is
much time effect on the deflection, while there is almost none below
it.

Ui) to the yield point the material may be considered to be elastic;
the normal stress is approximately proportional to the distance from
the neutral axis. Since in the present case the shape of the cross-
section is not symmetrical about the neutral axis, the magnitude of the

stress on one side of the axis is comparatively greater than that on the

other. Consequently the two sides do not yield simultaneously. The ¥
yielding occurs first on one side, followed by that on the other after 2
the bending moment has somewhat increased. The first yield point
corresponds to the bending moment under which the first side begins
to yield, and similarly the second yield point corresponds to that under

which the second side begins to yield.

As explained in the earlier paper mentioned, the condition of yielding
cannot be given merely by the state of stress at the point where the
stress is greatest. It is affected by the entire stress distribution. That
part where the stress is greatest will naturally be the first to yield.
This yielding changes the stress distribution and a new distribution
results. When the shape of the cross-section is symmetrical about the
neutral axis, this new distribution is also unstable and the yielding,
under the constant bending moment, spreads immediately from the two

sides to the neighbourhood of the neutral axis.
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. When the shape of cross-section is not symmetrical, the manner of
yielding is quite different, since in this case the stress on one side is
comparatively great while that on the other is yet small. The part
where the stress is greatest will similarly be the first to yield, resulting
in a change in the stress distribution. However, the stress on the
other side being still small, the new stress distribution does not yet
reach that state under which the yeilding would spread: in other
words, the new state of stress is yet stable. Thus, for the yielding to
spread, the moment must be increased.

Further increase of bending moment will cause the yielding on one
side to spread gradually, and the stress on the other side, which is
still elastic, becomes greater, until finally the stress distribution on the
elastic side will reach that state wherein yielding occurs. This is the
second yield point.

As the yielding on one side has already spread considerably, the
yielding of the other side will immediately reach the neutral axis.
Such yielded regions will then appear gradually along the length of the
beam, as a consequence of which the deflection increases. Since the
yielding spreads in the manner described, the bending moment after
the second yield point will be constant until the yielding spreads to the
whole length of the beam. This will be seen from Figs. 5-7, the
bending moment-deflection curve being horizontal after the second yield
point.

Fig. 9 is a typical diagram showng the relation between the bend-
ing moment and the mean curvature of the beam. A and B are
respectively the first and second yield points. From B to C the curve
is horizontal, and from C the bending moment increases again.

Figs. 10 and 11 are strain figures of the longitudinal sections of
beams, the cross-sectional form of which is shown in Fig. 9. Fig. 10
shows the state between 4 and B in Fig.9. It will be seen that
although the yielding on one side has already spread considerably,

there is yet no trace of it on the other. Fig, 11 shows the state be-
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284 F. Nakanishi, M. It6 and K. Kitamura.

tween B and C in Fig. 9. It will be seen that there are two regions,
that is, a region like C in which the yielding has spread throughout
the cross-section, and that like B in which the lower side has not yet
yielded. Region B corresponds to state B in Fig. 9, and region C to
state C. Under constant bending moment, regions like C spread

gradually lengthwise, and the mean curvature increases along the line
BC in Fig. o.

M

o~

Fig. o.

Fig. 10.
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Fig. 11.

The surface of such parts as where yielding has occurred is some-
what rough, and visible without etching if viewed obliquely. Therefore,
the manner in which yielding spreads can be seen by increasing the
bending moment gradually and looking obliquely at the surface of the

test piece.

4. The First Yield Point.

As explained in the earlier paper, the condition of yielding of
beams of symmetrical cross-section under uniform bending is expressed

by equation (1) or by

joyds=ou flylds»

where the integration is to be effected for over the whole cross-section.
In this case the yielding takes place from both sides of the neutral
axis. But the beginning of the yielding cannot be regarded as being

strictly simultaneous. Probably one side yields first, the consequent
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changes in stress distribution causing the opposite side to yield im-
mediately after it.  If so, the above equation is the condition of yielding
of one side of the axis. And yet the integration is effected for over
the entire cross-section, which probably is because the form of cross-
section is symmetrical about the neutral axis and the condition of
yielding is the same whether the integration is effected for over one
side of the neutral axis or over the entire cross-section.

In general, however, in beams of asymmetrical cross-section the

condition of yielding is expressed by

g oydS = oy gde e, (2)

where the integration is to be effected over the side of the neutral axis

that is liable to yield. The bending moment at the first yield point,
Ml y iS

M, = Sade, ....................... (3)

the integration being effected over the entire cross-section.

We can obtain the value of g, from the results of experiments with
rectangular beams and calculate the first yield points of various beams
by means of equations (2) and (3); and by comparing these values with
the experiments, it is possible to ascertain whether equation (2) is correct
or not.

Or, conversely, we can calculate the values of ¢, from the results
of experiments of varions beams by equations (3) and (2) and ascertain
the correctness of equation (2) by examining whether the values of o
thus calculated are constant or not.

Here the latter method has been used. The first yield points
obtained by experiments are in column III, Table I, and the values of oy
calculated by equations (3) and (2) in column IV. The values of ¢, may
be regarded as being constant. That is to say the condition of yielding

expressed by (2) may be said to agree well with experiments.
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5. The Second Yield Point.

By increasing the bending moment after the first yield point has
manifested itself, the yielding on one side gradually spreads inwards,
with consequent changes in the position of the neutral axis, while the
stress in the other side increases gradually, until the second yield point

is reached.

/
Vi

Fig. 12.

Above the first yield point, the wedge-shaped yielded parts are
scattered here and there as shown in Fig. 10, and, near the point of
the wedge, the stress distribution is probably greatly complicated. But
here we assume for brevity that the yielding has spread to a certain
depth, and that the stress in that yielded layer is constant and equal

to o,, whence the stress distribution will be as shown in Fig. 12.

Since the side which has not yet yielded begings to do so at the
second yield point, the following relation, exactly the same as equation

(2), will hold for this point:

oYdS = oy VydS , i (2)
J J

the integration being effected for over the side which has not yet

yielded.
As for the side in which the yielding has only partly spread, the

following relation must always hold after the first yield point,
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S aydS = oy fyds ) teeeeceetesaceecaaaan (4)

where ¢ = normal stress across the cross-section, which is constant
and is equal to ¢, in the layer that is assumed to have yielded. This
is proportional to the distance from the neutral axis in-the layer assumed
to be yet elastic, as shown in Fig. 12, the integrations being effected

for over this side of the neutral axis.

By means of equations (2)’ and (4) it is possible to find the positions
of the neutral axes and, consequently, the stress distributions at the
second yield points of various beams. The calculation may appear
somewhat laborious, as the position of the neutral axis gradually changes,

but it will not be at all difficult if we use the graphical method.

The values of ¢,, calculated from the experimental results by (2)’
and (4), will be found in column VI, Table I. They may be considered
to be constant. These values moreover are practicalfy equal to those
in column IV. These facts show that the second yield points can be
calculated from equations (2)’ and (4), assuming that the stress distribu-

tion after the first yield point is as shown in Fig, 12.

6. Ratio of Deflections at the Two Yeild Points.

The amounts of deflection at the first yield points, § , may be
easily calculated. Those at the second yield points, §;, can also be
calculated from the assumed stress distributions. The ratios 8,/8; are
shown in column VII, Table I. The calculated values agree fairly well

with the results of experiments.

7. Summary.

1. If beams of mild steel are bent, there are generally two yield

points.
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2. When the shape of cross-section is not symmetrical about the
neutral axis, one side of the axis generally yields before the other.
The first yield point corresponds to the bending moment under which
one side begins to yield, and the second yield point to that under
which the other side begins to yield.

3. The first yield point may be calculated from equations (2) and
(3). The values calculated from these equations agree well with

experiments,

4. The second yield point can be calculated from equations (2)!
and (4), assuming that the stress distribution at that point is as shown

in Fig. 12. The values thus calculated agree well with experiments.

5. The deflections at the second yield points can be calculated
from the assumed stress distribution shown in Fig. 12. The ratios of
deflections at the second yield points, calculated in this way, for those

of deflections at the first yield points agree well with experiments.
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