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The Characteristics of the Aerofoil with
Discontinuities along the Span,

with Special Reference to the
Effects of Cut-Out.

By

Tetusi Okamoro, Kigakust.

Research Associate of the Institute.

Abstract. |
The p?esent paper deals theoretically with the aerofoil with discontinuities along
the span like the aerofoil with rectangular cut-out, flap or aileron. It consists of thfee
parts. In the first part the approximate method of calculating the lift distribution

of the aerofoil w.th discontinuities is obtained, and it is shown that tht present

method may conveniently Le used in practice with satisfactory accuracy. In the'

second part the characteristics of the aerofoil with longitudinal slots are studied,

and as the special cases the divided jaerofoil and the aerofoil with cut-out are

%
solved. The calculated results agree satisfactorily with the measured results. In

the third part the characteristics of the aerofcil with rectangular cut-out are calculated,

showning that the calculated results agree satisfactorily with the experimental results.
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208 7. Oéambm'.

Part 1. Approximate Method of Determining the Lift

Distribution of the Aerofoil with Discontinuities.

§1.1. 7 ntrodzwﬂoh.

For the case of the aerofoil with sudden changes in the wing section
along the span, most of the usual methods of calculating the lift
distribution needs the great efforts, and yet the accuracy of the results
is considerably low compared with the cases such as the rectangular or
tapered aerofoils. The _sﬁdden changes in the wing section along the span
occur very often in practice, as seen in the aerofoils with flap, allerons,
eﬁgine nacelle or fuselage, and so it is desirable in designing aeroplane

to .-find a convenient method of the calculation for such cases.

§1.2. Lift distribution of the aerofoil of infinite span with a
discontinuity. ’

The lift distribution of the aefofoil, of infinite span with a dis-
continuity in the spanwise distribution of the geometrical angle of
incidence has been studied by Betz and Petersohn (Reference 1), but
the case in which the chord, the slope of the lift curve and the angle

of incidence change discontinuously along the span has not been studied.

Suppose that a discontinuity occurs at the origin, as shown in
Fig. 1, .and the sections in the ranges of y_ >0 and y< o have
' the circulations [j=c¢nVtay and

[ = ¢12 Vizaz, respectively, in two-

] o= I”’ dimensional flow, where c1=—;—6sz/aa,
-’T’/( t is the chord length, V the velocity

————— r
L+ ! . .
1 z and o« the geometrical angle of
‘ ' l incidence.
¢ Y - As the wing sections in the
Fig. 1.

; range of y_>o are in the velocity
field induced by those in the range of y< 0, the actual distribution of

circulation may be seen to have such a form as shown in Fig. 1, in

This document is provided by JAXA.



Characteristics of the Aevofoil with Discontinuities along the Span. 209

which '—=I} when y—>o, I'—[% when y—— o, and "= _I—(P1+F2)
2
at the origin if I is not too small compared with I7.

Then, the distribution of circulation can be written in the form

r=lthe> (1)
1+e

where p is a positive number determination of which is our aim.

The induced velocity wy, at any point on the span is calculated by

" the equation

_ 1 (3r dyf
4m J 3y y—y
(o - -py’
_=P(H Pz)f e . 2y,‘dy’ ....... (2)
4 : (1+e ™) y—y*

Putting 2 = l—(l——e"’”) , then we get
2 ' .

e—py e—py _g_» e'ﬂﬂ _
(I+e-17'll)2 = 4 (I—z) -: 4 (2.75—2‘5e py+0.75e"2py) 2’
Hence - w= Py -
47

where Iy = 0:6875 @;—0-6250 P2+ 0-1875 &3 (3)

and 0, = e ""Ei(npy)—e*Ei(—npy), (n=1, 2, 3)

Ei(x) is the expotential integral whose numerical value can conveniently
be obtained from the Table.(®

When the angle of incidence is not so large, the relation between
the effective angle of incidence @, and the geometrical angle of incidence

a is

(*) E. Janke and F. Emde; Funktionentafeln mit Formeln und Kurven.

[
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210 T. Okampto.

Substituting the equation

Totw)

Ole =— — ’
i) Viw

where [, is the circulation in two-dimensional flow, into the equation
(4), then we get '

I'wy = gy Vigy oy —Cuaptan Weg) - oo vvveeens ee. (5)

This is the fundamental equation ‘to determine the value of p. If we
choose a suitable positive value of py, A say, and if we denote the

corresponding point by y;, then the equation (5) becomes

-A
Litlae” _ p— Sy, -

14+e4 4m
Hence, =47rf,
culy
A R €
where E=_° .t

1 + e_A I(yl)
If we take A4 = 1-5(), then.we get

2
p=237 ... s (7)
culy
The comparison of the circulation distribution obtained by the present
method with that from Betz’s method is shown in Fig. 2.
Rewriting the circulation distribution (1) in the same manner as

Betz’s method, we get

P=P1+['2+I—11-—I"Zs,
2 2

(*) The point of py=1-5 corresponds mnearly to the point of the maximum induced
velocity.

This document is provided by JAXA.



Characteristics of the Aevofoil with Discontimuties along the Span. 211

I
where e=tanh—PY «c.evverisescccoenaneess (8)
2
I -
1 -
L ettt EE
g L7
7
/,
8
7
//
n 4----4--o=5 r .
I
T_O.G
- ,
— ——— Betzs method
== .2 <
-
R ot
~16 -2 -8 -4 0 + 8 22 .6
Fig. 2.

§1.3. Lifr distribution of the aervofoil of infinite span with t20
discontinuities. '

1.3.1. Aerofoil with a nacelle ov fuselage and aervofoil with rvectangular
cut-out. i ’

Suppose that the discontinuities occur at the points y = =+ 1y, and

the sections in the ranges of |y| >y, .

and |y|<y, have the circulations _ I
I1 = enVtay and [ = cipVias, re- == e==T
|
spectively, in two-dimensional flow, \ ' .
1
where we assume that /7 > [3 as shown -E-—— --~--:f—f— n
N . t l n
in Fig. 3. i ! l
[ ]
The circulation distribution can be Y% 0ty y
written in the form Fig. 3.
Ny o 8 ? -p(Ug¥y)
r=_n0=l | Litle ceeenns (9)

- 1+ e—z(y—m,) 1_*_ e-p(wyo)
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212 . 7. Okamoto.

The induced velocity at any point on the y-axis is

+00
w = p(pl—rz)f[ e P ~%) N e P+ dyl
4m o/ {1+ e PW Y2 L1y e~ PV 2 | y—qf
In—1I1
:u{l(ﬂ—vo)_l(y+uo)}, ..... ceccsesecans (10)
4T

where ‘the integral I has shown by the equation (3) in §1.2.

If we denote the point cdrresponding to the suitably-chosen value

of p(y —yo) by 1, then the equation (5) becomes

n—r; I+ F]e—p(”l+y°) . enty
I +e‘p‘”1‘”0’ . +e'1’(y1+1’o) - Fl—;p(Fl_Fz){I(ul—uo) I(ulmo)} ]

from which we get

qmk
ety ’

(11)

e'l’(ﬂl—‘.‘lo) .__e‘“l’(y1+y0) 1

where k= : (-9 — (i) —9 )
14 e PW1Y) 4 =P Y) | g72PY; I(yl-uo)—l(ulwo)

The values of 'pcntl calculated by taking p(y;— ) = 1-5 in the similar
manner as in the preceding article are shown as the function of yo/cut

in Table 1 and Fig. 4.

~

"TABLE 1. -
" Yol ety o 005 | o019 | 037 | 058 | 078 | 098 | 118 | 1-38 oo
Pty o 15-51 9-20 7-52 | 646 | 6.08 | 586 | 592 | 562 | 527
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/6

PCu t

/4

12 \
10

e ]

4 ) ) , Cnti
0 2 4. 6 .8 L0 L2 = 16

Fig. 4. . \

1.3.2. Aerofoil with flap.
Suppose that the discontinuities occur at the points y = + 1y,
and the sections in the ranges of —y,<y<y, and |y]| >yo have
' the circulations [ = ¢3Vteas and
r I=c¢yVtiay, respectively, in two-

It = s dimensional flow as shown in Fig. 5.

| i
, ‘I - Then, the circulation distribution
|

1
H_——T__—"}:'}L___T‘f can be written in the form
] h L
| 1
o = y =Dt et | (e Therew
° ° ‘ 14 e P-1p 1+ e PW+yg) .
Fig. s. :

Ceeeeiaeiiiiae (12)

The induced velocity at any point on the y-axis is

o0

w = p([‘z_pl) /’[ e—p(y'+yoi S P ] _d,y_L
4 _- {I + e—p(y’+yo)}2 {I + e—p(y'”llo)}Z y__y’

_ pnn)

{I(y+y )‘I(u-yo) } .
4 ’
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214 T. Okamoto.

If we denote the point corresponding to the suitably-chosen value of

p(y —yo) by 1, then the equation (5) becomes

['1 + 1_'26"1)(711*110) ([11__112)6_17(1/14'1/0)
rivre~ o -

I+e-p(y1—y0) I+e~p(u1+uo)
= =t )Ty —T )}
= [—22p(e— 1) Lapruy—Lag-u)s
4
from which we get
_ 4k
enl (
1
e-p(ulwo)_e-p(ulwo) 1 3)

where k= :
1+ € PWT) 4 @ PN 4 e Ty iy — Loy

This equation is the same as the equation (11), and hence the values
of p are the same as those shown in Table 1.

1.3.3. Aerofoz'l with ailerons.

Suppose that the discontinuities occur at the points y = * o and
the sections in the ranges of y>%o,
y<—yo and —yo=y<yo have the

B ' ‘ N - -
_/_ circulations =cnVti, [2=cVtwe
- Ly

' ' ‘- r and I, = ~]2-([‘1+ I), respectively, in
1 [}
“r"’}"’_' \ I two-dimensional flow, where we assume
1 L.
If : ! that [} >1%.
] . [} ’
% 0 Y ¥ Then, the circulation distribution
Fig 6. . can be written in the form
=0+ e ? W _ (In—I3)e "% (14)
1 + e"p(y-'yo) 1+ e‘ip(:‘l‘i"yo) ....... °
The induced velocity at any point on the y-axis is
_ ohi—Tw j [ e e dy'
o 4 {1+ P}z {1 e P wi y—y'

-0

In— m
= M{I(y-vo)"l'l(uwo)} .
4
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If we denote the point corresponding to the suitably-chosen value of

(Y —Yo) by y1, then the equation (5) becomes

H+ [;ne-(ul_yo) ([j1 _ l'm)e"p(yl"’yo)
1+ e‘y(yl"yo) I+ e"?(ﬂf*l]O)

= Pl'_*gl-lﬂp(rl—rm){ I(yl—yo)"I(ylwo)} ’

4

from which we get:

_ 47k
p=—,
cuty .
1
e"P(ﬂl"yo) + e—P(y1.+’lJU) +2 e—2py1 ( 5)
where k=

14770730 4 e 201 %0) 4 72 Ly g )+ Liyyrw,)

The values of peuty calculated by taking p(yi—wo) = 1-5 are shown
as the function of yo/ent; in Table 2 and Fig. 7.

TABLE 2.

Yol €13ty o 006 | 020 | 046 | 068 | 0-8s5 1.01 1.19 1.36 | oo

Pty 527 | 440 | 379 | 377 | 407 | 444 | 468 | -485 | 495 | 527

8
pCufl
6 — 1 *
asymptole 5.27
. \ e
~—~ | —
2
%
Culy
0o
0 2 .4 N3 .8 10 L2 4 L6

Fig. 7.
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§1.4. Lift distribution of the aerofoil of finite span with discontinuities.
The above-mentioned method of calculation can be applied as it is

for the aerofoil of finite span by placing Iy and [ with the equations
I = cthle?] V1= Ay, 7 and 3= ¢ Vt2a2{121/ 1— 72 Ap, 7",
according to Betz’'s method of representation, or
Il = C‘u Vtwq% A, nsinnd and I3 = ¢ Vtzocg;iAz,n sinnd ,

according to Trefftz-Glauert's method of representation, where » =y /b,
b = semi-span, and y = —bcosf. Then, we can calculate the induced
velocity and determine the value of p in the similar manner as in the
preceding articles.

As the first approximation, however, we may use the values of »
obtained in §1.2 and §1.3. Now, we compare the circulation distribution

calculated by the present approximate method with that by Fourier-series

= r :
T=é vt : o Fouriarseries method
K=.195 T ( 10 terms)
T 8
_ / - ! ]
/ 6 \\

V4 B A\

L0 ~.8 -6 -4 -2 g . .2 P .6 4y L0

b
Fig. 8. -Comparison of the circulation distribution calculated by the present
method with that by Fouries-series method with respect to the aerofoil
with cut-out.

method (see Part 3, §3.4) with respect to the aerofoil with cut-out of .
+=o0-3 and k= 0-195, where 7 is the ratio of the depth of cut-out
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Characteristics of the Aerofoil with Discontinuities along the Span. 217

to the chord length and k the ratio of the width of. cut-out to the
span. This comparison shows a good agreement as shown in Fig. 8.
It is concluded that the present approximate method may convenien‘tly

be used in practice with satisfactory accuracy.

Part 2. Characteristics of Divided Aerofoil.

§2.1. Aerofoil with the longitudinal slots.

The characteristics of the aerofoil with two longitudinal slots can
be determined by calculating the mutual interference between three
divided portions. We assume that the end portions 1 and 3 have the
same wing section and the central portion has a different wing section.

For the sake of simplicity we assume that the circulation distribution

of the aerofoil 1 or 3 and that of the aerofoil 2 when placed individually

are
N=Tg/1—7? and = leV1—8, ...... (16)

where 7 = =% , (= Y. , 8 the semi-span of the aerofoil 1, s, the
S1 So

~ semi-span of the aerofoil 2, and the origins of the 7- and &-axes lie at

the centres of the aerofoils 1 and 2 respectively.

The induced velocity due to this distribution of circulation is

obviously as follows :

for |yl<s, -~ w=1lo,
48
. ceveas (1)
for >81, w = —J{——y '—-I}
ly| o \ V=5
If the origin is taken at , PR 5
the centre of the aerofoil 1 as T ool ‘ b"_.__ﬁ\?z‘l‘]’&’ 4
shown in Fig. 9, the induced e 5y by b1 :
velocities on the aerofoil 1 due 2(s1+8)
to the aerofoil 2 and due to th¢ Fl.g' 9

aerofoil 3 are immediately obtained from the equation (17), i.e.,

This document is provided by JAXA.



218 T. Okamoto.

Wre = 2 — 1) ececcenons 18
BT T s V&P (18)
_Iu { Mo—" }
d w = g eeesecence
. at.l ° 481 W (Mp—nP—1 -1 | (19)
where & = m , £&= 2381 and M= 2(s1+ by) )
S2 Sg _ S

It follows that the total induced velocity on the aerofoil 1 becomes

w1 = Wi+ Wi+ Wi

— _1__'0_1__*_ Foz F()z Eo—E& I'n . To—" . (20)
281 4% 4% 1/(50—5)2"‘1 48, vV (—nf—1
Then, the circulation of the aerofoil 1 becomes
v 973 \.w12| 4- \’lU]a‘
I* =1+ 1.,
! ! oo 1%
N - L LR e
, do Vv
I { §—§& } I { T—7 }]
X —1,+ 1
[482 1/(50—8)2— 1 481 1/(?70—?7)2—1
Considering that
8y = ! Ve, «vevieeaneanns (21)
80& 1 +__cl,
2/
_ where ¢ = I—a—g}z—ﬂ— , Ay = 2:1 and ¢, is the chord length of the aero-
2 a 1

foil 1, then the above equation becomes

O
I#=IgV1—m7"+—2 2h oV T— P I o7 1}
1 " I+—c—l‘ . ll/("?o ’7)2—1
2ﬂ1
o
27] { C &—E }
+ TV 1 —m—— —1h, eeans 22
o VE—EF—1 22)
221
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28
where ;= 22 .
. tl

If the origin is taken at’ the centre of the aerofoil 2 as shown in

Fig. 10, the induced velocities

3
on the aerofoil 2 due to the A ‘2 7
. | o] |
aerofoil 1 and due to the aero- . I B
foil 3 are immediately obtained \p=—brts
from the equation (21), i.e., Fig. 10.
!
It Mm+7 N
Wy = — °1{ v ! - —1} ) eeeeeenas (23)
481 WV (1 +1P—1
' .
I n—7
Wog = — 01{ V_{_\_‘—l}, ......... (24)
481 WV —1nP—1
where 7 = Y and 7, = bits

Hence, the total induced velocity on
S1 S1 .
the aerofoil 2 becomes

We = W+ Wa+ Wes

~ Loy fa_ laf niy e S RO
48 281 48t \W(n+7p—1 vV (n—mP—1)
The circulation of the aerofoil 2 becomes
[ﬁz*__:[ﬁz_l_ 81—'2 . |w21‘+ ‘witil
dox 2%
~——  ol¢ — I m+n . =7
=1w1/1_52+_021/1__§2, 01{/_1 + 1 __2}.
* V(m+mp—1 vV (n—1p—1 .

doe 481V

Considering that

0 _ I Vi
b G
222
where ¢z = 1 3G and 2y = 3;2_ , then the above equation becomes
2 9a 2

3
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G
['f =TV 1— &+ 222 2 ryvhi—¢
142
212
N+ M—1 }
x + —2, 26
{1/(’71+ nNf—1 VvV (m—1p—1 (26)
where j’ = 2% The circulation of the aerofoil 3 can be immediately

obtained by putting —y in place of y in the eq. (22).
If we denote the lift of the aerofoil 1 by Lj, then we get

Ly = fpVI’l*dy—stlfl’l*dn

-5

o o
/
= Vel 1+— 24 {311_1}+_2@-_.&{312_1} ,
2 14T 144 fatm
221 2]1
.................................... (z7)
 Mg—1)
wher I f‘l/l—"iz e d7, ........ 28
© ' 1/(770'—"7)2-— I (28)
I; _fVI—nz s Y SO (29)
: vV E—Ep—1 ?
The lifts of the aerofoils 1 and 2 when placed individually are, respectively,
L1 = %'H'PVS] 1101 R = %’n‘PVSzF()z e essevssaes (30)
' It L, s ’ ' :
Hence A e (31)
I'n Li s

Therefore, the equation (31) becomes

0 C1
. ’
Ll = Li| iy {211—1}+ 2 Lssy {312—1} (32)
™ C1 L15‘2 Lo :
14 L 14+
2h 24

This document is provided by JAXA.




Characteristics of the Aevofoil with Discontinuities along the Span. 221

Now, we shall evaluate the integral I;. Since |7|>2and |7]|<1,

we get the following expansion

No—" Z 1-3-5. c.(2n—1) 1

vV (l—1P—1 ~ 2"n ! (m—m)2"

Hence I, = f1/1—?72dv7+ Z 1-3°5. (2%—I)fl/l —712

2"n ! (7)0—’7)2"

Put » =cosd. Then

1 ____ -
Vi—,, sinf 4o
Y1 (nofn)zn 5 ("70—'C050)2"I
. 20 '
Write f S B
: (770—- cos 0)"‘ (33)

The cases of m = 0 and 1 can be easily evaluated.

T

Go= [sin?0dd =" ...ccoiiiiiiiiiiina.

0 6[5111 - . (34)
[_sin0 M1

G = fﬂo—-cosede— (o= V1) e (35)

The values of Gy, G; ... can be obtained by the following recurrence

formula (Reference 2)

2m— K - I .
G, = 5. 20 Gm—1+4 : Gmsz-.... (36)
m—1i "i—1I m—1 ’73'“1
. .

Hence, the integral I; can be written in the form

_ w1305 (2n—1)
= +; e Gon evevenenn (37)
Secondly, we shall evaluate the integral I,. Since § = Y — 5y and
Sl+b1 . . S2 82

& =

, we have the following expansion
82
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Eo—&  1°3°5. . .(2n—1) 1
- > =1+ M ’
V/(&—€)t—1 ‘;?;; 2"n ! o m—np

where p = St and m = s+ b . Hence
Sg St

_ — 1-3-5...(2n—1) 1
I, = fVI n2[1+z o v%(m__n)%]dn

. <1433, (2n—1)f1 1—?72 ,
+ D 2ttt L) ————A i 8
2 T oanpl (’71~’7)2" (38)

The integration which occurs in the equation (38) is the same as G
when we put 7, in place of 7.
The lift of the aerofoil 2 is

s.2 ' +1

Lt = jpvr;dy = stZfr;*ds
) -1 )

62

+1
=PV82J ]oz'l/l—‘fz“i' I'n 1/1'—52
-1 I+—
) ) 222
Nn+7 h—" }
x —2 .
{1/(n1+77)2—1+1/(771—71)2-1 o
W +1
The integrals [ V7= 8 B M gt ana [VicE. Mg
¢ integrals J ' V (h+7P—1 ¢ an f vV (m—np—1 ¢

are the same, for the latter can be derived from the former by putting -

—y in place of y.

. — N
Write Ia—f"/l V(i p—1
(vicE T g
. f Vs 8 e . (39)
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Then, the lift of the aerofoil 2 becomes

Lf = LopVelig| 14 —2 *2 \ [‘“( I—) ..... (40)
2 G2 I'e

2

Introducing the equations (30) and (31), then we get

G
sz“‘Lz 14+ —2— _ L182{21—1> (1)
+-2 C2 Lle\
242
Since &= -2, 771=b1+sl, ’7=ﬂ~=i and v,,1=b1+81 &, so
‘ Sz 1 S v S2
“we have the following expansion .
Cm—7 _ < 1+3°5... (2n—1) A
—_— = ] . .
vV (m—7)P—1 N ;:‘1 2"n ! (&8P
Hence. 1.3°5- (27"—1)1)2”] 1= (42)
Z 2"n! (60— 5)2”

?dE which occurs in the above equation is of

The integral f
g ) (a—ep

of the same form as Gi, which has been seen in the evaluation of I.
The induced drag of the aerofoil 1, D} say, is obtained by the
equation

S1

= fpwlrf:dy y ecsecsececvcesancce (43)

Ze
Substituting w1 = Wi+ Wi+ W3
't = N+ dlhe+ 4l

in the above equation and ignoring the small quantities A2z,

AlMewis, dlMswre and 4lswis, then we get
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+1
D3 = fpsl {'wn I'f+ IN'(we+ ’LU13)} dn
1

4]
I 2 24
= —gpl gl 1— ~I1—1){ 1 ——==
8 ™ 1 + ﬂ.
221
O
’
_Slpoz(ilz I) I 2 221
Seltn \ 7 St ;4.0
211

Introducing the equations (30) and (31), then the eqﬁation (44) can be

rewritten in the form

o
2
D} = -Iﬂz— 1—(—2—11— 1) ——2h
2mp V2t T e
221

_ S%Lz(zlz_ 1) (S, -2k

s% L1 T S1 I C1

The induced drag of the aerofoil 2, D} say, is calculated by the

equation
32
5= [owlsdy ........ .
82
Substituting Wy = W+ W+ Wes

in the above equation and ignorin‘g the small quantities A7y ws,

Al waes, dlpswe and Al %5wes, then we get
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+1

.Z; = pSzf{’M)zz[?‘*‘Fg(Wm‘l‘Wga)}df

-1

/ C2
= Llapl} x—gszl"l(—%lg— 1) -3 2 0l @)
8 , S1Lez \ s C2 :
1+—
2/2

Introducing the equations (30) and (31), then the above equation can

be rewritten in the form

C2
2 2Ly 2 s 22
pp= Lo _ I—Eﬁ?_l(_x —1) =8 2% || (48)
T onpVig | SLe \m 8 4 0
212

§2.2. Aerofoil with one longitudinal slot.

If we put &, = 0; ;=0 and [ = O in the expressions obtained in
the preceding article, we have the
solution of the divided aerofoil as
shown in Fig. 11. 1 3

The induced velocity, the circula- j’i’_ﬂ""l"”’_"] ¢

tion and the lift of the aerofoil 1 are,

Fig. 11.

from equations (21), (22) and (27),
—_ la { To—" }
W =W+t Wp = ——{2——F—————==—=(y ecssssccsse
1 11 12 P V (—7f—1 (49)
o |
rf=Iy/i—m7»|1+ 24 { 777qj’7*2 -‘I} ... (50)
Lo v (1—7p—1 _
231
41
L*= YapVsiIu|1+ 2h 21,— 1) ......... (51)
g R
211
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The values of the integral I; are shown in Table 3 and Fig. 12 as
the function of k( = b)/b = by/(451+by)).

TaBLE 3.
l k -0 0-05 0-1 ’ ‘02 0-3 0-4 0-5 1 0-6 0-7 08
! l
| I 1.9728 | 1-8280 | 1-7557 | 1-6774 | 1-6351 | 1.6097 | 1-5936 | 1-5834 | 1-5766 | 1-5732

I,

2.0

- +7 2 ,)Zc_,’z »
\ . I,—‘_/1 \/F’Z—\R;Z_—qz‘)z?,‘ “
1.8 \ -

\\
\
16 e
/5 - -
o 0./ 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Fig. 12. :

The lift of the aerofoil 1 when placed individually becomes

L= évrp Vsl . )

Therefore, the ratio of the lift of the aerofoil 1 to that of the aerofoil

when placed individually is

4
*
gLt _ 4 2k (—2-11—1) ....... (52)
I+_C_1‘ ™
‘231
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- Then, the lift coefficient of the divided aerofoil, C; say, becomes
Cl=00C;, cevivrernaerorunncanonns (53)

where C, is the lift coefficient of the aerofoil when placed individually.

The induced drag of the aerofoil 1 becomes from the equation (45)

2
Dzﬂ-——%@ =l 2*1 )| R
™ 1 +,,

- 24

and that of the aerofoil 1 when placed individually is

The ratio of the induced drag of the aerofoil 1 to that of the aerofoil

when placed individually is

b
=D -, 1_£+‘231__(.Il—l) ......... (55)
D’i ™ I+“ﬁ— K 2 .
211

If C,, is the profile drag coefficient of the aerofoil 1 when placed

1nd1v1dually, then the total drag coefficient of the divided aerofoil becomes
Ch=CpptDCyy v veverearnennnnns (56)

In order to confirm the calculation, the wind-tunnel experiment is
carried out with regard to the divided aerofoil of k= o0-2, whose
original aerofoil is 75 cmx 15 cm rectangular aerofoil of Géttingen 593
section, under about 30m/s wind velocity. The results of calculation

agree satisfactorily with the expetimental results, as shown in Fig. 13b.

Original aerofoil Divided aerofoil
Got.593

[+/5 cm
re/50m-=

fe————

75 em

—30 cm—»}-/s Cmere—a§ crm—1

Fig. 13 2. Divided aerofoil tested.
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’
Cz
re = .
e el
10 :
v
/ ]
0.8 »
1 Gdttingen 593
06
// —o— Original aerofoil
o4 i . - e  Divided aerofoil, measured
02 K —— Divided aerofoil, calculated
0 i{ :
\ \ 0./ | o2 0.3
y,
-02 K\@- CX
O\Q“\\,\ L
~-04 R r—
-06

Fig. 13b. Comparison of the calculated result with the experimental result.

§2.3. Case when the two longitudinal slots vanish. (Aerofoil with
two discontinuities). ' ‘

When the two longitudinal slots in the aerofoil which has been
studied in §2-1 vanish, we have the aerofoil with two discontinuities

across the span as shown in Fig. 14.

Hence, putting s, = b; in the equa-

T
S ' ]‘ tions obtained in §2-1, then we get
!Tb,————zs,—e-« the solution for the aerofoil with .
’ two discontinuities.
ftg. 14. The induced velocities of the

aerofoil portions 1 and 2 are from the equations (20) and (25)

wy = [m_l_roz_n)z. §o—¢& '_Fm. o—"
251 4by  4b V(E—EP—1 48 V(—nP—1’ (
T T L B, 57)
ab 281 48 W(m+np—1 V(m—np—1)’
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where & = sl+bl Ny = Z—(SI—_H)—Q and 7 = b1+81‘
bl 81 S

The circulations of the aerofoil portions 1 and 2 are from the

equations (22) and-(26)

28
— A S— No—"
It =TIn/1—m+ 2 1 1/1—172{——-—___0 —-1}
s pa VP
221
o
! —_— N
T 24 Pm}/l_nz{ o 52 -—I},
M V(G—EF—1
2]1 (58)
&
I'f=TpV1—84 =2 [nWi—§&
I+—.
222
47 m—" 1
x + —21,
{1/(771+n)2—-1 Vin—mp—1 |
where 4 = 251 Z{ = 2bl Ay = _2& and 2 = 28 .
t t t

The total lift and the total induced drag of the aerofoil with
discontinuities, I and [);, are obtained by 2L + Ly and 2D} + D}

respectively, i.e

. 1
4
L =201+ 2'21 (~ 1)+ 2 Lesi(2) 1)
221

- Lib\w :
211
&
N le,(z 1) ........ (s0)
A
242
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: o
Di= ZDa I—(—z—h—I) I— 24
™ I+i
) 221
/ o
—%(312—1) I—-_b_l_-._i
BiLy\ 7 BN 'S
231
| o
2 ’
+Da I-ZS’Q—II‘A(113—1> - 2%\ (60)
1 L2 \ T . I+—62—
222
) , 2 2
Let L,=C -P—V-Sl, Dﬂ:C . pV S,
) A, Tir o,
2 2
L.=C, 25, Da=C, PV 5.
22 v o2

“Then, the lift coefficient and the induced drag coefficient of the aerofoil

with two discontinuities, referred to the wing area of the original aerofoil

S, are
o o
/
Cz=2Cz'& 1+_2£_<;2AII—1)+__&,._L_2_<_‘?,12_ I)
'S y.a T pp o Lot
24 24
G
7
Ly Lsim
222 .
o
Cx' = 2Cx__S.l_ ]—(_2_11—-]) 1——_21}_
4 11 S‘ ar . I+&
231
: o b
2 : /
—S‘L2<—2—12—1)'1—ﬁ- 27,
b%L] ™ S1 1
1+
24
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C2
o Y2
+ Gy 1_21;1&(,2_13_1) S, 2k
v S Sle T b1 I+—_C_2_
222
Substituting the following equations
C1 1
I+ — :
Losv _ (j_gy 2 Coe  Lest _ " 2h G
222 222
S1 1—k Sz S 1—k
—_— = , —2 = [(1—7 , -— = N
S 2 S ( ) by 2k
where k = b and r = tl;t{ , into the above equations, then we get
1
I o o
) /
C,=C,(1—k) 1+ 24 (ih ')+ R e v ‘)
! l ¢\ C 2
| L —
24 242
o
! c
FO M~ L B a2 )b (61)
- S B I+i Corve T ,
. 211
o '
Coi = Cop1—0) 1—( 2 11— 1) 1— 2
™ I+ __91_
24
) C1 / 4]
L —
k 2l G 212__1) 2k 24
’ \r _
A2 1+& Czlw ™ 1—k 1+£
242 24
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232
) 1+—"; c
+Cxizk(1 —7) 1—22. S z,w(_2_13.__ I>
21 [+,_.(_:1_ CZzoo ™
211

. G
wl—1=k . 22
W2k e
212

The lift coefficient and the induced drag coefficient of the aerofoil

without discontinuities or the original aerofoil, C, and C,:, are obtained

by putting L, = 0, t; = by = 0 and 2s; = b in the above equations.

a
Cz = —'-21 1+ 221 (
1 +'L_l
24
C,, =2C,, L LI
w

ifl——l) s

T

A

2h (L_ 1

1+—cl— m 2
221

\

‘where the bar sign denotes the values for the case of 28 =b.

Considering the following relations

1
1+ —
?_21 — ZRI
Czl I+——c—1—
211
2
c +-4 1
Tt 2 \ A
Cai 1+ A
211

then the ratios of the

41
1+—
CZg —_ 211 'CZgoo
Cop 142 Cae
212
G 2
1+ —
Cxiz — 2Rl Ingw
Coa | 142 |\C
' 222

lift and the induced drag of the aerofoil with

discontinujties to those of the original aerofoil, € and 9, are
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c, "t o
g=__cﬁ = 2% k)@ +— 24 -Cz2°°k(1~-r)62, ..... (64)
2z ‘ I.{-_fl_ I+—02— %10
24 242
C 1+c—2l 2_ 1—%-—671 * C,. )23
@___Eﬁ =] 24 )l(l—k)03+ 2 { z2°°} (1 —7)64,
xs I B -2 Czloo 4
221 222
C e et tei e ittt et e, (65)
where
o 2 ’
4
6,= {1+ 24 (211~1>+ 2h (1 —7)22= 212—1>
1+ LT I+— Core T
241 243
o
1+ 24 (iﬁ—I)
1+—c_L 4 ’
2h4
C2 G
,_,_ C - _
@, = {1+ A2 1 .021“{313—1) 1+ 24 (ih—l)
4l 1T Gt 4o
221 2]1
e
@3= I—(E-Il*1> 1 24
L . 1+~ﬂ~/
211
C1 G
1+ — -
A 24 'szm(ilz—l) — 2k | 2
2oL Gy —k 4o
212 221
' a
2L 24 L1
1+—£_1— & 2 ’
24
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234
C2 c /
+L =
0= {1—2%2. 2% . z'°°(£13—1> Ik, 2%
hopa G N 2k L0
221 212
a
2 I—L-{- 24 L-—_>
Ct m 2 .

The calculation is compared with the experiment carried out with
regard to the 75cm x 15 cm aerofoil of Géttingen 593 section with the

. - L o Cz{Cx
_ Gittingen 533
|'4 L2 P -
1 | ) ’
% . //
L Il k4 ,/ o =T
150 Ve
75G L0 %
’ /
/
/

Section A-B C’z/ /
. /
/
105 - 45 :
150 L/ o,

. /7

: // /

. /‘,

05
Lowen O™

| 754_ T &

e s / — 2 P 8 . 122 . 16
/ N D D R [ without cut-out

7

/ . ———  with cut-out,
},{, - calculoted

o with cut-ouf,
measured

-4

Figs 15. Comparison of the calculation with the experiment.
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rectangular cut-out of £k=0-2 and r=0-3, in which Cp./Ca.=1, 4h1=2,

A =1, lg=1-4286, X =2-8571, ¢;=cz=2-5656. The result of the

calculation agrees comparatively well with the experimental result as

shown in Fig. 15.

Part 3. Characteristics of Aerofoil with cut-out.

§3.1. The slope of the lift curve of the aerofoil section.

3.1.1. The determination of the slope of the lift curve of the
aevofvil section. '

The slope of the lift curve of the aerofoil section is usually deter-
mined from the data of the wind-tunnel test of the rectangular aerofoil
by correcting the angle of incidence by the equation

do. = Ce

—'n'l

(1+7). ‘

The value of + in the above equation is dependent of both the aspect

ratio and the slope of the lift curve, and hence the correction of the -

angle of incidence Ja can not exactly be predetermined. The usual

method of the determination of the slope of the lift curve seems to be

unsatisfactory and it is desirable to establish a proper method.
The distribution of circulation across the span of the rectangular

aerofoil is expressed by the equatioh
I'= IWmZAnsinnG.

In the above equation the variable @ is given by the relation y = —bcosé
and [ is the circulation in two-dimensional flow, which is expressed
by ¢ Vta, where b is the semi-span, ¢; is —Iz—(acz/iia),\”o or half the
slope of the lift curve of the aerofoil section, V the velocity, t the
chord length, a the angle of incidence.

If we determine the first four coefficients of the series by the
. following fundamental equation

Z(IJr—%- n )Ansinn6= 1
2

sin 8
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so as to satisfy the conditions of the aerofoil shape at the four points

0 = 7|8, 7/4, 3m/8 and /2, then we get
C C1 2
A; =]/ 1100+ 80-77917+280.4106 7)

Ci1 3 1
rsns(3] -

2 )
Ag = 21166+172641——+334394< )]jl)—, ee.. (66)

A5=L09449+44609 +26667< )]—5,

Ar = |o-28124 06085 + 8( )]—I—
7 0212005 03712 5

2 ) 8
+ 148-4905 i )

The lift coefficient of the rectangular aerofoil becomes

C.= %clocAl ................... (67)

Now, denoting the lift coefficient for the aspect ratio 2; and 4 at a
constant angle of incidence by [C.i, and [C.]s,, respectively, then we
get from Eq. (67)

[A1]72
(03, =103, {43

Differentiating this by «, we get

[Zgl= [ %Z_]) %11% ................ (68)
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If we take 23 = o and write[ 3C; ] = 3G 2¢; and [ E)Cz] = 2¢},
dot rgreo do O I,

then we get from Eq. (68)

Substituting the equation (66) into the above equation, we get

2 3
cl[ 7+1100 + 80-7791%+ 280.4106(—31—> + 296~9809(%) ]
1 1 1

2 3 4
5+6571+ 69-v1255% + 272-7756(%)+ 392-3704(%‘—> + 1484905 (%)
1
=1o2568'c{........‘........... ........ Cereaas ee.. (69)

The relation between ¢; and ¢ expressed by the above equation is

shown in Fig. 16. If we obtain the slope of the lift curve of an aerofoil

of a given
33 T T T T T T AT T T T T TS .
SV , /7; W
nd==a== B o s o e S e e il ik v L= ~»-_}:¢5-——7-
a0 - - Nﬁ";—-
29 i A
28
27
=
26
T /
25 —
L
24 —

2‘3/75’ ' L‘?D‘ 182 * 484 185‘ 88 * 190‘ 192, 194I 196 ' L‘?ﬂ‘ 200‘ 202 2(74l 2.05‘ 208 210 212 ' 2/442/6 ' 2./8‘ ?.E’UI Z??l &'4‘ 225. 2.23‘2.30
: s {dCz
H5E)
Fig. 16. The relation between half the slope of the lift curve of the aerofoil : *
section and that of the aerofcil of finite aspect ratio (» = 4, 5, 6 and 7).

aspect ratio, 2¢], from the result of the wind-tunnel test, then we can
immediately find the value of 9C../3a corresponding to that aerofoil

section from the curves shown in Fig. 16.

The slope of the lift curve of the aerofoil section, whose trailing

edge is cut away, obtained by the above method is shown in Fig. 17.
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It is found that the value of 8C,./da increases considerably as the

depth of cut-out increases and the rate of increase is independent of

68

Lo

9CZ o0
66| o
64 1
N ——f-= === ~—q4——1 —_;;-r—’-_ b — = =1~
62 /ﬁf
60
58
‘ /
56
2 o  Gottingen 533
54 / x  Gittingen 459
52* .5.5'4'3'2-10
0 . -t
— T=1/t
.48 :
0 o2 o4 06 0.8
Fig. 17. The values of ¢z / 9= of the aero-

foil section whose trailing edge is cut away.

1-5 m tunnel.

the aerofoil section.

For the purpose of finding
the value of 8sz‘/8a of the
commonly used aerofoil we
analyse the results of one
hundred and twenty aerofoils
tested Gdttingen 2-26 m
tunnel (Reference 3), R.A.E.
No. 1 Tunnel (Reference 4),
N. A. C. A. Variable-Density
tunnel (Reference 5), C.A.H.L
T-1 tunnel (Reference 6), Eiffel
( Reference 7)

at

tunnel and

A.R.I. Tokyo Imp. Univ.

The results of the analysis are shown as the function of

3.6
- ©  Géttingen
34 - ®  Roy. Aircraft Est.
- /F/af Plate o MACA V.D.T
32 1 1o=x ®  T-1 Tunnel of CAH.L
- © 1.5m T of ARL, Tokyo LU.
30t ® Eiftet—
28
i go%éo ® o o
)
26 ° o f’ ° loe §
5 g 1
s o H° D) ]
Y o o[,
24 *
2.2 1 1 1 A 1 i 1 1 M i f 1
0 2. 4 6 8 10 12 14 /6 /8 20 22 24
Max. thickness in per centof chord
Fig. 18. The variation of the values of ¢, of the aerofoils with the thickness ratio.
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the thickness ratio in Fig. 18. It is shown that the value of 3C../%a
- decreases as the thickness ratio increases. |

If we compare the results from the various wind-tunnels with regard to
the mean values of 9C../da taken in the range of thickness ratio from
0-10 to O-14, then it is found that the value of ¢ varies with the

wind-tunnel as shown in Table 4, and this variation is considered to be

TABLE 4.
Wind.-tunnel Test Reynolds | Critical Reynolds ‘e oL
number number 1
Gittingen 2-26 m T. 0-4X% 10°% 3-2X I0° 2-7137 0-864
R.A.E. No. 1 T. 0-2X 108 1-9X 10° ! 2-7899 0-888
N.A.C.A. V.D.T. 3-7 X 108 1.6 X 105 © 2.7077 0-862
C.A.HIL T-1 0:6~1-0X 10° 3-0X 10° 2-5872 0-824
Eiffel : 0-3X 10° 1-4X I0° 2-6379 0-840
A.R.I. Tokyo, 1-5m T. 0:3~0-4 X 108 3-6X 10° 2-5543 0-813

due to the differences in the test Reynolds number, the turbulence of
“the air stream and the static pressure gradient in the direction of the
air stream. Silverstein’s experiment (Reference 8) shows that the value
of ¢ increases as the test Reynolds number increases and Millikan-
Klein's experiment (Reference 9) shows that it increases as the turbulence
of the air stream increases. Table 4, however, shows that the result
from the wind-tunnel of large test Reynolds number and of much
turbulence does not always give the large value of c¢i, and hence
the effect of the gradient of. the static pressure is supposed to be of .

importance.

3.1.2. The effect of the pressuve gradieni on the slope of the lift
curvye.
_ We restrict the motion to the two-dimensional. If we suppose a
_sourk:e of strength m at the point x = —7; behind the body as shown

in Fig. 19, then the velocity on the g-axis becomes
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u=—vV+ 2. 1 ¢

2m 1+ % ‘

w (1N o
and the velocity gradient is L_ N x
1]

du m I
——— = ——— O
dx 2 (r+x) (70)

Fig. 19.

The relation between the velocity gradient and the pressure gradient is

from Bernonlli’s theorem

dp , 0 _
dm+Pudx O tevecennnnns e ’ (71)

Therefore, the pressure gradient at the origin becomes

f=p(—v+ m ) L (72)

27T

If we choose 7, sufficiently large, the above equation becomes ap-

proximately

Hence if the pressure gradient at the origin is known, we can determine

the strength of source by the above equation.

Consider the flow around the

circular cylinder of radius a placed in

Ay ~ @; >\ v the stream with the pressure g{adieﬁt -
0 ox which is produced by a source of
- strength m at the point 23 = — 7y as

shown in Fig. 20. Then, the potential

Fig. z0. function becomes

(z—21)(2—22)

2 .
w=—V z+g'.‘)_—%_1:1()g—z—+ﬂ?’~10g """ y see (73)
2

27 a 2m z
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where 2, is the inverse point of z; with regard to the circle, and the
complex velocity is

_ a? I
2L == 0,— 0y = —V<1—~— L
27

+;”fr—( - --——) . (74)

2—2 2—22

The force acting the cylinder can be calculated by ‘Lagally’s equation
(Reference 10)

P,—iP, ——-—’lpf( )dz+ f< )Prdo—ipf<%)lrotrldo,

.................................... (75)

where P, and P, are the z- and y-component of the force respectively,
the contour C is a large closed curve taken round the cylinder, R the
space between the surface of the cylinder and the contour C, and do
the elementary area of this space. :

The velocity at the point A omitting the source at the point A in
the calculation, v} say, is

2 N 2
27}{=~V(1—%>+ i’ om o 8 (76)
1

oy 2w ri(ri—a?)
Then, the force acting the cylinder is from (73)
P,—iP, = p(m—il)V+pmi} .

2 2 2
Therefore P, = mv & — P . L S —
e PP 2r m(d—a) :

p, = pvr—tm.
27T

The strength of source for a given pressure gradient is determined by
(72a).

2w dp

pV Cdr
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Hence, the lift I and the drag D of the cylinder are

o dp
V dx’

dp a?  z2mri(dp\?
D= —P,= 2+ . —=
2ma de 7ri—a* pV* \dx) .

L=P,=pVI+
(78)

It follows that when %<0 or the increasing pressure gradient exists
X
the lift and drag decrease and when % o0 or the decreasing pressure
X

gradient exists the lift and drag increase.

Secondly, consider the flat plate placed with the angle of incidence
" o in the stream with the pressure
gradient. The flow around the flat

plate is obtained from the flow
< e /‘ﬁ\ around the circular cylinder shown

T~/ Bz)| a . . ’ .
e in Fig. 21 by the conformal trans-

ol T~Hdx x,& ] a2
~~— formation £=z-+4 —_.
14 V4

The potential function of the

1
Fig. 2I. flow around this circular cylinder is
. 2,-10 > . _ .
w=—V zeza+ge_)_£logﬁ+ﬁlog(z_f'z&_@, (70)
A 2 a 2T <
. . N . 2 .
where 21 = — 7™ and 2, = —ree™ = —~—q'-»-e'“°‘. The velocity of the
1
flow around the flat plate becomes .
: ) 2 ,~it - ‘
@_ = Ve— 1, = {—-V(e“——a e )—-i. I
dc 2 2z
2
+ﬂ( I 4 r 1 } L (80)
2T\2—2 2—2 2 - .

Denoting the velocity at the point A omitting the source at A in the

calculation by ¥%, then we get from (75)
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P.—iP, = pm—i[)Ve* +pmbj.......... (81)
Writing 7% = v¥, —iv54, then we ge;c
P, = pVI'sina+ pmV cosa+ pmody
P, = pVI'cos oc~;pmV sin o+ pMvi4 - }
The lift and drag are |
L = P, cos oc—‘I-P,i sin et ,
D = P, sino—P; cos e,
and it follows that
L = pVI+ pm(vi cos e+ vy sine) ,
D = —pm V4 pm(v34 sin a—V¥, cos at) . }

If we determine the circulation so that the flow may leave smoothly
from the trailing edge, we get

I'= 4maV sin ec— zamrnisine ... .. (84)

az-—2ar; cos .+ 73

Assuming that the angle of incidence is small and the distance of the

source is large compared with the chord length, then we can neglect
2
the small quantities o® and % 4. Hence, the velocities vf, and w34

7'12
are from (80)
« ; 2 2 JTa)l 7
vl = —V+VE T !
4 { 3 2mr(ri—a?) 27n fr—a
, . Py (85)
v, = —{—Voc+vai—_1”“_L+ 1
4 ' i zar(ri—a?) 2ary) ¥2—a?
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and the circulation becomes

2amric

(rn—ay -

"= gmaVa—

The lift and drag are

L = pVI+ pm(vis+ovis) ,

D = —pmV —pm(via—e¥4) -
Substituting (85) and (86) into tile above equations, \,"ve get

i
(ri—a*Nri—a)

L = g4mapV?o—4ap Vma

apmia 7
x . (rR—ad)(ri—af’ (87)

az m az}'r%

i em n(ri—a)ni—a |

It follows that when m >0 or the increasing pressure gradient exists the
lift and drag decrease and when m < 0 or the decreasing pressure gradient

exists the lift and drag increase.

If we obtain the lift coefficient C, and differentiate it with regard

to a, then we get ' .

IO 6 W (my . n 83
YV V/(ﬁ—az)(rl—a)+2vr(V>(r§—a2)(ﬁ—a)2 (88)

If follows that when the increasing pressure gradient exists the slope of
the lift curve decreases and when the decreasing pressure gradient exists

it increases.
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§3.2. General equations for calculating the lift distribution.

In many usual calculations it has been assumed that the slope of
the lift curve of the aerofoil section is constant along the span, but in
the case of the aerofoil with cut-out the slope of the lift curve of the
wing section must be considered to vary along the span because the
slope of the lift curve of the section, whose trailing edge is cut away,

increases_considerably as seen in Fig. 17.

If we express the distribution of circulation by the following series

I = e Vipoo il ApSINTO, weeeeenenennn. (39)

'where ¢, o and oo are half the slope of the lift curve, the chord
length and the geometrical angle of incidence at the basic point of the

aerofoil respectively, then the fundamental equation (5) becomes

isin 0> A, sin nf +—01—°@ . mE’nA,,,sin né

t(’y) ’ 4b Cio
= 0w %W G, ....... (90)
C1o oo
Write p=cl°t°, et teeieeneeeaaeaas (91)

Ay - .
ZW) sinf = 3 B, sinné ,
o

b gin@=Cpcos2nd, \ . ... ......... (92)
t(u) )

c
) — S Dy, cos 200 .
C10

Then we get the following equations from the equation (90)
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af(c—La)+ o(Do—LD, )} o W
- =a-|2{G-cormpD)}

+ A (GG spD—Da} + -]

af(c-2c)+20(p—1)))
- o[ A4{(CoC+ (D~ DO}

+ %{(C&—Cs) + 6p(D4-—D3)} + - ] ’y
Aa{(Co“%CS + 3P(D0f%Ds )}
— By __4;{ (Co—Ci)+ p(Do— D))

—[Ae{G—co+ sppe=Di) + -],

An{<Co-—% czn)+ np(Do‘— %Dm)}
=Bn"‘—4;—-2{(02"“%c2n—2> + (n'—Z)P(DZ“%DZn-Z)}

(o o Jrorman(or o)

2 2

| _.“._%?«cgyé +1)+ P(Do-1— D))

__[‘iz;z{(cz— Conyg)+(n+ 2)20(D2—D2n+2)}

+A—:ﬁ{(C4_‘C2n+4)+(n+4)p(D4_Dzn+4)} + o .]’ J

(93)
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where

g = BI(DO——;_Dz) +|B0e—Dy+ 4D~ D) +%( DD+ |

2 2

182 = Bz<D0—” —’I)—D4) + [%(Dz—De) + %‘(D(;—Ds) + %(DG—DIO) + .- ]

& = B{ Do~ 2.05) + 24D,— D) + | B0~ Do+ B(D= D)+ - - |
2 2 2 2

B Dy Dong) + B24Dy— Do) + - - -

2 2

Bn = Bn(DO_‘I—DZn>+
2

+€—1(Dn_1—Dml)

B'n+4 (D4_D2n+4)+ .. .]

+ [—l}ﬂ(l)z —Dspi2)+
2 ’ i 2

If the plan form of the aerofoil is given or the coefficients B,, Czn
and D,, are given, then the coefficients A, are determined by the above
equations. As a special case, if the slope of the lift curve of the aerofoil
section is constant along the span, then Dy=1, Dy=Dy= --- =0

and we obtain Lotz’s formula (Reference 11).

"The lift and the induced drag are

L= —;——'ITCloPVthoQCoA1 ................... (94)
L SnA
D; = - i eetsceaaseann
e Ve A2 (95)
Write 148 = 23%43‘ ....................... (96)

Then, the lift coefficient and the induced drag coefficient are
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Cx.=gz—(1+8), Ceeeeeeeaaen teeiianane. (98)

s it

where ¢, = -—'“F the mean chord length, S the wing area, and 1 =
2 .

the aspect ratio,

§3.3. The characteristics of the aevofoil with vectangulayr cut-out in
whick the geometrical angle of incidence and 3 (o8 are constant and

the chord length varies discontinuously along the span.

We calculate the lift distribution of the aerofoil with rectangular
cut-out, whose cutaway section is similar to the original section, where

the aspect ratio of the original aerofoil

ty is 5 and the basic point of the aerofoil
lE T is taken at the centre of the original
i : aerofoil. " The calculation is carried

v o v out for the cases in which the
Fig. 22.

depth of cut-out is varied in 7=0-3
and, 0-6 and the width of cut-out is varied in k = 0-195, 0-419, 0-619,
0-832, 1-000 for each depth, where k is the ratio of the width of
cut-out to the span and 7 the ratio of the depth of cut-out to the
chord length. In this case a = ay and cw = Ciw) = 0-857r. Hence ti
follows that By =1, By = Bs= --+ =0and Dy = 1 ,Do=Dy=--- =0.
The coefficients Cp, are determinéd such that the boundary conditions
_of the aerofoil shape may be satisfied at the twenty points 8 = /40,
27r] 40, 3[40 --7r/2 along the span. The chord distribution expressed
by the Fourier series, taking the first twenty terms, is compared with
the actual distribution in Fig. 23. It is seen that the difference between
the assumed distribution and the actual distribution becomes remarkable

as the depth of cut-out increase.

The coefficients A, of the series expressing the circulation are
tabulated in Table 5, and the calculated distributions of circulation “are

shown in Fig. 24 and 25. ' :
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(c) 1=0-3 k=0-619 , (d) =0-6, k=o0-195

Fig. 23. Comparison of the chord distribution expréssed by the Fourier series
(full line) and the actual distribution (dotted line).

TasLE 5. The values of 4,,.

=0 T=0-3 t =06

k=o k:.195k2.419k=.619k=~832 k=1-200 |lg=-195|k=-419{fc =-619|k=-832| k= 1-00c

Ay 4 -0011)|4--0085|—-0069| + -0068|— -0030|+ -001 3| +-0174|—-0181|+--01 56 —.0066)+ -0017
Ays ||+ -0005)|-+ -0020|+ -0042|— -0029|+ -0002| + -0007||-— - 00€9| - -0084, — - 007 1|— - 0005| -+ <0009
Ays ||+ -0003||-+-0021|+-001 3| — 0018|0024/ +-0004] + -0010/+- 0038 — -0057| -+ -005 3|+ -0005
A7 |4 -0002]|+-0012|—-0032|+ 003 1|+ -0017|-}-0002| - -0038| — -0086| -+ -007 2|+ -0042| -+ -0003
A,y || + -0001{—-0020 + -0031 + -0005|—-0002|+-0001||—-0065]-}- -007 3|} -0020|—-0004|+ -0002

+-9140| 4 -8544|+ -7951|+-7477|+ 7079+ -6935/| -+ - 7679\ +- -6414|+- - 5431 | +-4623| + 4337
+-1101||+.1470|+ 1681 |+ - 1€02{ + - 1252+ - 101 3| -+ - 2003| + - 2408 +-2167/+- - 1334 +-0810
+-0233|— -0032|— :0010|+ 0258} -0398|+ -0247||— -0412|—-0296| + -0345|+ 061 5| -+ 0246
+ -0067|| 4 -0248| +- -0085|— :0078|---0100| 4 -0077 -+ 0502+ -0074|—-027 6|+ 0168} -+ -0089
-+ -0024||—-0094|} -0099| - -0052|—-0018| + -0029||— - 0259} -+ -0221| -} -0070|— - 0062|+ - 0037
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Denoting the induced angle of incidence by a;, then we get

o w culo sin né
= - = —0 nA'n.—‘—‘ ’
o Va 4b 2 " sin @

T _ Cw. tw
I, Cuw &'

,
C I o
and hence ) = W) . b _ o _ -2
C. s T o Vo
Lo S 7.0 - -
r - r
_I_ =03 _r : -
CVLo [52% e =06
K=0 A=35 (=0 [ A=5
a8 1 08 R
‘ W/_ >\ 195 _}—u
o asrs| Py / * oaro \
04 1000 04 —
02 02
0 0
0. 02 04 05 08 L0 0 .02 04 06 08 L0

- Y
b - &

Fig. 24. The distribution of circulation along  Fig. 25. The distribution of circulation along
the span. (The depth of cut-out, 1=0-3). the span. (The depth of cut-out, t=0-6).

‘The distributions of the induced velocity wy,), the effective angle of
incidence aey) and the lift coefficient of the section Czg) are shown in
Figs. 26 and 27. In the case in which the wing section is uniform
aléng the span it may be supposed that the stall begins at the point
where the maximum of the distribution of the lift coefficient of the
section occurs. Hence, it is supposed from the above figures that the
stall begins at the corner of the cutaway portion and it extends towards

the centre.
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6 06
T=056
A=5
14 kw0195 04
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ol 842 02 'T‘C,' ": 40619
ofd T=03 1‘1 2 / | : -02
i - hy : :
e | i A / Wi
P (e N ) = oez |
t 1 8 i I ¢ '
08 S . : : 02 > K=0 :\1\ : glt3
] 08 : ‘ : 02
+_\\: 000
' ' '
06 04 / : \ ; ‘
08 :/ F:\ D 04
04 06 '
04 < 4 0.6
02 a8
02 a8
0 _—)
0 az 04 06 08 L0 0 w0
— 0 02 04 06 0s 10
[} R
b
Fig. 26. The distributions of the induced Fig. 27. The distributions of the induced
velocity, the effective angle of incidence velocity, the effective angle of incidence
and the lift coefficient along the span. and the lift coefficient along the span.
(The depth of cut-out, 1=0-3). (The depth of cut-out, t=0-6).

The distribution of the induced drag is -given by the equation

4D _ 1 ez, L. Lo

dy 2 2¢0 [ o :
and it is shown in Figs. 28 and ol O%8F
h‘g =03
29. The induced drag of the ale, A=5
- 006
cutaway portion is very small T
0832
and it becomes negative when 04 e ;v—“’%
. . {295 | \ <000
the depth of cut-out is con- ) /j’/i/A N
siderably large. ooz — | :
The ratio of the lift of the , TN\ l
aerofoil with cut-out L to that
of the original aerofoil L at the -002
: 0 o2 o4 213 08 W0
given angle of incidence is — L
- Fig. 28. The distribution of the induced
g=L _ Aicutout " drag along th (The depth of
= T T T . . 4 rag along the span. e depth of cut-
L A, original
out, 1==0-3),
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whose values are shown in Table 6 and in Figs. 30 and 31I.
The ratio of the induced drag of the aerofoil with cut-out D, to

that of the original aerofoil D); is

3 — D; _ [SnAZ%]cut-out
D; [>InA%]original
008
olg
‘g & T=06
s A=5
0.06
t ) 0619
‘ — ;
‘ keo 4 [t
002 i : i/\
t ] ]
H 5 H +"1000
, Lot
: 0 H— ! N
\\\\ : !
o0zt N\ i N
\ |
-004 \
005
4] 0.2 04 0.6 08 .0
g

——

Fig. 29. "The distribution of the induced

drag the span.

T=0-

6).

(The depth of cut-out,

whose values are shown in Table 6 and in Figs. 32 and 33.
values of § in the equation of the induced drag coefficient are shown

TABLE 6. The values of ¥, ® and §

The

=0 T=0-3 1=06

k=o |k=-195/k=-419k=-619/k=-832|k=1"0%0 ift=-195|=-419/k=-619));=-832|k=1-000
£ | 10000l -9348 | -8699 | -8181 | -7745 | -7588 || -8402 | -7018 | -5042 | -5058 | -4745
D | 1-0000 -9155 | -8224 | -7325 | -6367 | -5890 || -8539 | -6873 | -5168 | .3310 | 2417
8 0473 || -0972 | <1381 | -1464 | -1116 | 0714 || 2669 | -4617 | -5329 | -3549 | ‘1244
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in Table 6 and Fig. 34. The maximum value of & occurs at nearly
k = o-55. '

L0 L0 § .
L a8 ™ E— L 08 \\\~k=a/95
TN T TN
\\ 0418
c6 06 N
\ 0619
T=06 |~——__] N\ 0832
04— —] 04 S
AN
: 1000
I N
0z 02 } “
AY
Y
3 A}
N
\\
0 0
0 02 04 05 08 10 g 0z 04 06 08 Lo
K — T

Fig. 30. The variation of the lift ratio Fig. 31. The variation of the lift ratio
L/ L with the width of cat-out. L /L with the depth of cut-out.

-

Lo

:-08 l\\ ' L:t;,s §\\\
\\ 1'\03 | e X\\\\\ 0419

T=06 \\\\ 0619
' N
04 04
N .
R \ \\\ 0832

02 02 -

]

k=095

— Sls
— |

ol . ]
o 02 04 06 08 L0 4] 02 04 06 a8 1

— — T

Fig. 32. The variation of the induced drag Fig. 33. The variation of the induced
ratio D,/ [);- with the width of cat-out. drag ratio D;/ E«i with the depth of
cut-out.

Now, we shall compare the calculated results with the éxperimental
results. The present calculation is based on the assumption that the
axis of the aerofoil is a straight line parallel to the span, passing

through the centre of pressure. Hence, it is doubtful whether the
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present calculation can be applied to the case in which the axis of
the aerofoil does not be a straight line as seen in the aerofoil with
cut-out. For the purpose of discussing this the effects of removing the
cut-out portion fore and aft on the characteristics of the aerofoil are
measured with regard to the three aerofoils shown in Fig. 35. The

" measured results are shown in Figs. 36 and 37, showing that the

o 150

0s
) g
) =05 ! ) 7 g

o p N

/ . 730
. ' / x of
04 -
2 € §
g
- 03 )
% ! 0
) 3
/ F &
02 Z 15

¥ 5 |
1 =03 . ! & 0
. /——-\\ ° llx i
0./ \ |— 50—~
. v 750
: - Secticn x-x

. Gijﬂ/‘ngen 593
g
0 02 04 06 08 10 0 C—_\ v

—k ! : —

Fig. 34. The values of & in the equation /
¢z .
Cg, = Y (1+438). 2

3 T ://///////////]///l//l/mm.

! L /. 1

Fig. 35.

present calculation can be applied to all aerofoils tested as long as the
angle of incidence is not too large. We shall compare the calculated
result with the measured result with regard to the aerofoil 1 shown in
Fig. 35. The lift coefficient, the induced drag coefficient and the pro‘ﬁle

drag coefficient of the aerofoil with cut-out are
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Gittingen 593 C_‘z Ccx’
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Fig. 36. The curves of the lift coefficient and the drag ccefficient
(referred to the area of the original aerofoil).
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Fig. 37. The polar curves (referred to the area of the original aerofcil),
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=08, C=0.D, C, =0 (—kn,

where the bar sign denotes the value for the original aerofoil. The

drag coefficient of the aerofoil with  cut-out becomes
C.=C, D+ C'xp(l-—kr) .

The results obtained from the above’ eqﬁations with regard to the
aerofoil with cut-out of k= o:2 and r =0-3 are compared with the
experimental results in Fig. 38, showing that the agreement between

the.theory and the experiment is very satisfactory.

s Cx .
Gotfingen 593 . I D
y 12 L - N
Z |
750 10 |azs L2/ ol”
f—————750——
/r/u o o
Section A-B !
,/ /
08 020 4 Sl
7 /“ /
- 105 5 d
— b il
0.6 1015 1+—"A 7
4 A
2 -
. /,I C ///
X 4
"R 04 }/10}— >
\\?‘ /, ,/
. .
\ / . % ————— Withou cut-out
\, 4 L% with cut-out,
AL 0.2 005 -
3 P |~ : calculated
\. ] o n
== . measured
-2 -8 L4 of 4 8 2 16 20
/ > .
L : -02
o~ >
—04 : ~

Fig. 38. The compariscn of the calculated result with the experimental rescult.

It is interpreted from Fig. 26 that the stalling begins at first at the
corner of the cut-out portion and it extends towards the wing centre

and then the secondary stalling occurs near the centre of the tip
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portion. For the purpose of confirming the theoretical consideration on
the stalling the flow over the upper surface of the aerofoil 2 shown in

Fig. 35 is observed by photographing the motion of the silk threads

(c) a=14° . (g) x=22"

e i e i

B e e et et i S

(d) a=16° (h) a=24°

Fig. 39. The stalling of the aerofoil with cut-out.

set on the surface. The photographs are shown in Fig. 39.

The

theoretical consideration on the stalling is confirmed satisfactorily by the

experiments.
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83.4. The characteristics of the aerofoil with rvectangular cut-out in
which the geometrical angle of incidence is constant and 9C,.|da and the
chord length vary discontinuously along the sparn.

We shall calculate the lift distribution of the aerofoil with rectangular
cut-out in which the cut-out section is left just as the trailing edge is

cut off as shown in Fig. 40. The

calculations are carried out with regard

£
" to the cases in which the widths of cut-
1wf---rF
!————.[ out are varied in k = 0-195, 0.419, 0-619,
= ol w g5  0-832 and 1.000 for the constant depth
Ct
‘—5’4———‘ of cut-out of = = 0-3, where the aspect
B . . . oy -
: b ratio of the original aerofoil is 5. The
o ko] vy coefficients C,, and D,, are determined
The cot-out section to satisfy at twenty points 6 = 7/40,
29r[40, -+ 7r[2 the following conditions
Fig. 40. of the aerofoil shape:
TABLE .
T=0 =03
k=o
k=195 | k-=419 k=-619 | k=832 | k=-1000
A, +-9140 | +-8797 | +-8447 | +-8162 | +-7924 | 47837
4 +-1101 | 41314 7| +-1440 | 41398 | +-1196 | 4--1057
Ay 40233 | +-0081 | +-.0090 | 4-0245 | +-.0328 | +-.0243 ’
A; +-0067 +-0171 +-0078 —.0016 | ---0085 +-0073
Ay +-0024 —.0043 -+-0067 +-0040 -} -0000 +.0027
Ay +-0011 +-0055 | —.0035 | -.0043 | —.0012 | --.0012
Ay -] +-0005 +4-.0037 +4.0026 —-0014 +.0003 --.0006
Ass -+ .0003 +-.0017 -+ 0009 —+0010 -+ -.0015 +-0003
Ay +.co02 ~+ -0009 —.0017 +-0018 +.0011 - .0002
A, -+ -0001 —-0011 ~+-0018 + -0004 — .0000 -4 :0001
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tay 2 () for 0<0< 61,

t Cwo
t(u) C1w) Lo
2 = o AW = 1.1674%
tO 7 ’ cm 74 m’;&. =03
‘ k=0 A=5
08 —
. k=0.9. /\
fOl' 01 < 9 _g 1 ’ X . i& 0618 \ ’
2 vs ~——
where @; is given by the relation 4000
04
k = — COS 9] .
We thus determine the first a2 ' j
ten coefficients A;, As, - A,
which are tabulated in Table 7, %0 2z o4 06 s W
: T 5

and we get the distribution of :
irculation lon th an  as Fig. 41. The distribution of circulation
cireuiatio along ¢ sp along the span. (The depth of cu-out

shown in Fig. 41. . 1=03).

If we compare the distribution of circulation of the aerofoil, whose
cut-out section is left just as the trailing edge is cut off, with that of

— 10

=03 L _
CroVioX

-0 -8 -6 -4 -2 0 .2 # b .8 4]

Fig. 42. The comparison of the distribution of circulation of the case in which
OCz0/ O increases at the out-cut portion with that of the case in which
OCz00 | 0o does not vary along the span.

o

1; This value is taken from Fig. 17.
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the case studied in the preceding article,bin which the value of 3C,./0a

is constant along the span, then we know that the former has the

greater lift as shown in Fig. 42.

The distributions of the induced velocity and the effective angle of

incidence along the span are shown in Fig. 43, and the distribution of

the induced drag along the span is shown in Fig. 44.
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Fig. 43. The distributions of the induced
velocity, the effective angle of incidence
along the span.
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Fig. 44. The distribution of the induced
drag along the span.

The ratio of the lift of the aerofoil with cut-out to that of the

original aerofoil at the given angle of incidence is tabulated in Table 8

TaBLE 8. Values of &, D, &

=0
=0 * 3
k=o =195 | k=-419 | k=.619 | k=832 | k=1.000
U 1.0000 -9625 <9241 -8930 8669 7345
D 1-0000 9473 -8885 | -8324 -7735 -7442
8 <0473 -0710 -0894 -0932 -0778 0601
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and shown in Fig. 45. The ratio of the induced drag of the aerofoil with
cut-out to that of the original aerofoil is shown in Table 8 and Fig. 46,
and the values of § in the equation of the induced drag coefficient are

shown in Table 8 and Fig. 47.

L \\,N\ 10 ~—T -
7 e |TT———" Di TS T =03
08 e Di I A=5
ST T P T
N
05 N
= dcz . 06 : N
T=0. — (dCz —
03 (da)oo variable — %) ' ‘voriable
04 A=51 |- so cgonsfont |} »  constont
) 04 L !
o2 04 0.6 as Lo 2 02 04 06 08 10
—— K y % 4

Fig. 46. The variation of the induced
drag ratio ® with the width of cut-out.

Fig. 45. The variation of the lift ratio £
with the width of out-out.

Now, we shall compare the theoretical results with the experimental

‘results. The experiment is carried out with regard to the 75cmx 15cm

rectangular aerofoil of Géttingen 459 section. The lift coefficient and
the induced drag coefficient of the aerofoil with cut-out at the given
angle of incidence are calculated from the characteristics of the original

aerofoil by the following equations

C.= ng ’ C:vi = Cx,fb ’
and the profile drag coefficient of o
the aerofoil with cut-out becomes ¢ =03 —— (52, voriatle
A=5 | | e ss  constorit
= 0.2
C’% = (,xp(l—k)+C;pk s b \. .
, , . T N =
Where- C.p, is the profile -drag o ‘%//—————\ —N
coefficient - of the aerofoil of g ~
+=o0-3 and k = 1-0. Hence, the %o 02 04 a6 08 10

K

Fig. 47. The variation of the value of &
width of cut-out.

drag coefficient of the aerofoil

with cut-out becomes

L] \

C, = Co®+Co(1—k)+Cl ke -
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The comparison of the calculated results with the experimental

results (Reference 12) shows a good agreement between them as shown
in Figs. 48 and 49.

w
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Fig. 48. The comparison of the calculation with the experiment
with regard to the lift curve.
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Fig. 49. The comparison of the calculation with the experiment with
regard to the polar curve.
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