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Analysis on effect of grid to the caputuring of shock surfaces that are oblique
to the axes of Cartesian grid for computation

by
Hideaki AISO(JAXA)

We are concerned with numerical computation of shocks whose surfaces are oblique to any axis of grid

for computation, where the grid is a structured orthognal grid. It is easily observed that the capturing

of shock surface is affected by the grid and that the surface often looks jagged but not smooth, even if

the shock surface should be planar or smooth from theory. The phenomenon is purely numerical and the

machinery of phenomenon is not yet clear. While the setting of problem is rather simple, several different

methematical factors are complicatedly related even in the case of compressible Euler equations for ideal

gases. Therefore we analyze a simplified problem, scalar conservation laws over two dimensional space.

From the simplified analysis we still obtain some essential part of the numerical machinary, which may

suggest a method to decrease the inconvenient effect of grid.
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x, y

u = u(x, y, t),−∞ < x, y < ∞, 0 ≤
t <∞,

ut +
(p

2
u2

)
x
+

(q

2
u2

)
y
= 0,

−∞ < x, y <∞, 0 < t <∞

u(x, y, 0) =

{
uL, px+ qy < C

uR, px+ qy > C
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p, q p > q > 0 3

C

uL > uR

s 1 1
2u
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Rankine-Hugoniot

s =
1
2 (uR)

2 − 1
2 (uL)

2

uR − uL
=

uL + uR

2

(1) x, y-

ps, qs

u(x, y, t) =

{
uL, px+ qy < C + s(p2 + q2)t

uR, px+ qy > C + s(p2 + q2)t
(2)

px+ qy = C + s(p2 + q2)t
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p2 + q2
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Δt

t = nΔt( n ) Di,j u

un
i,j

t = nΔt t = (n + 1)Δt

2

ut + f(u)x + g(u)y = 0 (3)

f, g f̄ , ḡ

un+1
i,j = un

i,j

−Δt
Δx

{
f̄(un

i,j , u
n
i+1,j)− f̄(un

i−1,j , u
n
i,j)

}
−Δt

Δy

{
ḡ(un

i,j , u
n
i,j+1)− ḡ(un

i,j−1, u
n
i,j)

}
(4)

(1){
f(u) = ph(u)

g(u) = qh(u),
h(u) =

1

2
u2 (5)

1

ut + h(u)x = 0, h(u) =
1

2
u2 (6)

un+1
i = un

i −
Δt

Δx

{
h̄(un

i−1, u
n
i )− h̄(un

i , u
n
i+1)

}
(7)

h̄(u−, u+){
f̄(u−, u+) = ph̄(u−, u+)

ḡ(u−, u+) = qh̄(u−, u+)
(8)

f̄ , ḡ

Δt

CFL

Δt

Δx
|f ′|+ Δt

Δy
|g′| < 1 (9)

h̄

h̄(u−, u+) =
1
2 {h(u−) + h(u+)}
− 1

2a(u−, u+)(u+ − u−)
(10)

a(u−, u+)

h̄ a(u−, u+) u−, u+

a(u−, u+) =

⎧⎨
⎩

∣∣∣∣h(u+)− h(u−)
u+ − u−

∣∣∣∣ , u− �= u+

|h′(u−)| , u− = u+

(11)

Murmann-Roe [4, 5, 6]

a(u−, u+)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

max
(s−u−)(s−u+)≤0

∣∣∣∣h(u−)+h(u+)−2h(s)

u+ − u−

∣∣∣∣ ,
u− �= u+

|h′(u−)| , u− = u+

(12)

Godunov [2]

Godunov Murmann-Roe

u−,u+ Riemann

( 0 u )

2

[3] Go-

dunov Murmann-Roe
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(1)

Δx,Δy = 1

Δt CFL

(1)

xmin ≤ x ≤ xmax, ymin ≤ y ≤ ymax (13)

x

y p

ymax − ymin = p

Di,j , 1 ≤ i ≤ Mx, 1 ≤ j ≤ p

(Mx = xmax − xmin, p = ymax − ymin)

(2) x x = xmin x = xmax

u = uL u = uR

(3) y y = ymin y = ymax

x

y = ymax

(x, ymax) y = ymin (x + q, ymin)

xmin < x < xmin + q, y = ymin

xmax − q < x < xmax, y = ymax
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(2) u = uL u = uR

( 5)

5:

Di,j

(1) Di,j px + qy < C

ui,j = uL

(2) Di,j px + qy > C

ui,j = uR

(3) 2 Di,j px + qy < C

px + qy > C

uL uR

ui,j
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“ ”

( s = 0)
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(
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(C )

6: p = 4, q = 1

7: p = 5, q = 2

8: p = 5, q = 3
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Godunov Murmann-Roe 1
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TVD

h(u) 1
2u

2 h′′(u) > 0

1 2 (1)

uL + uR = 0, uL > uR

u =

{
uL, px+ qr < C

uR, px+ qr > C
(14)

x, y-

1

(6) (7)

a(u−, u+) TVD∣∣∣∣f(u+)− f(u−)
u+ − u−

∣∣∣∣ ≤ a(u−, u+) ≤ C (15)

(u− = u+ |f ′(u+)|
C )

uL, uR

(i)

(ii) 1

1 (4),(8)

2 (1)

( ){u0
i,j}

[uR, uL] x, y

(14)

(1)

(2) x, y

uL, uR

7 1,2
3,4

p > q

1

1 (6)

h̄(uL, uL) = h(uL) = h̄(uR, uR) = h(uR)

Rankin-Hugoniot

h(uL) = h(uR)

2

h̄(v, w) = h(uL) = h(uR), v, w ∈ (uR, uL)

v, w uR < v <

uL h̄(v, v) = h(v) < h(uL) = h(uR)

h

h̄(v, w) < h(uL) = h(uR), v, w ∈ (uR, uL) (16)

h̄(v, w) ≤ h(uL) = h(uR), v, w ∈ [uR, uL] (17)

h̄(v, w) = h(w) + 1
2

(
a(v, w) + h(w)−h(v)

w−v

)
(v − w)

h̄(v, w) = h(v) + 1
2

(
a(v, w)− h(w)−h(v)

w−v

)
(v − w)

(15)

h̄(v, w) ≥ h(v), h(w), v > w (18)

v = uL w = uR

h̄(v, w) ≥ h(uL) = h(uR) (17)

h̄(uL, v) = h̄(v, uR) = h(uL) = h(uR), v ∈ [uR, uL]

(19)

2 {ui,j}

• j i ui,j = uR i

ui,j = uL

• i j ui,j = uR j

ui,j = uL

Di,j

uR < uα,β < uL, uα+1,β =

uα,β+1 = uR Dα,β

Dα,β[
f̄(uα,β , uα+1,β)− f̄(uα−1,β , uα,β)

+ḡ(uα,β , uα,β+1)− ḡ(uα,β−1 − uα,β)]

= p{h̄(uα,β , uα+1,β)− h̄(uα−1,β , uα,β)}
+ q{h̄(uα,β , uα,β+1)− h̄(uα,β−1 − uα,β)}
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0 (19)

p{h(uR)− h̄(uα−1,β , uα,β)}
+q{h(uL)− h̄(uα,β−1, uα,β)} = 0

(20)

(16),(17)

h̄(uα−1,β , uα,β) = h̄(uα,β−1, uα,β) = h(uR) = h(uL)

x-

f̄(ui,j , ui+1,j) f(uL) = f(uR)

y- f̄(ui,j , ui,j+1) g(uL) =

g(uR)

(16)

f(uL) = f(uR) g(uL) = g(uR)

uR < uα,β < uL uα+1,β = uα,β+1 =

uR uα−1,β = uα,β−1 = uL
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