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ABSTRACT 
In this paper, a new higher-order flux quadrature scheme for finite-volume methods (FVM) is proposed. The scheme is especially for 
unstructured Cartesian grids; therefore only the information (values and its spatial gradients) of the two cells which shares the face is used 
to calculate the flux. On the FVM, cell-averaged values are updated in each cell. The values are interpolated onto the cell-interface to 
calculate numerical flux, and then the flux is integrated over the cell-interface. The spatial accuracy of the entire scheme depends on the 
accuracy of both the variable interpolation and the flux quadrature. In the conventional flux quadrature, the flux evaluated at one point on 
each face of the cell is multiplied with the area of the face, but the accuracy is only second-order. In order to enhance the accuracy of the 
quadrature, at first, the error terms of the conventional scheme are clarified. The error term is represented with the variables and its gradient 
value along the face, thus can be calculated using the value of the both cell sharing the face. Adding this error term as a modifying flux to 
the conventional second-order integrated flux, the accuracy of quadrature is enhanced to fourth-order. The new scheme is implemented in 
the verification problems on Burgers and Euler equations on the FVM framework, and the results show fourth-order convergence correctly. 
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G-G LSQ 2 ீ,௫௜ݑ  = ௜ାଵݑ − ݔ௜ିଵ2Δݑ  (5) 

௫௜,ோݑ  =  ൜1 + 16 ൬ 2Δݔ௜Δݔ௜ + Δݔ௜ାଵ + 2Δݔ௜Δݔ௜ିଵ + Δݔ௜൰ൠ −   ீ,௫௜ݑ 16 ൬ 2Δݔ௜Δݔ௜ + Δݔ௜ାଵ൰ −   ீ,௫௜ାଵݑ 16 ൬ 2Δݔ௜Δݔ௜ିଵ + Δݔ௜൰  ீ,௫௜ିଵݑ
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(6) 4 ௫௜ݑ  = 43 ቆݑ௜ାଵ − ݔ௜ିଵ2Δݑ ቇ − 13 ቆݑ௜ାଶ − ݔ௜ିଶ4Δݑ ቇ (7) 
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point value (ݔ)෤ݑ  = 1Δݕ න ,ݔ)ݑ ୼௬ଶି୼௬ଶ(ݕ  ݕ݀
    = 1Δݕ න ൜ݔ)ݑ, 0) + ,ݔ)௬ݑ ݕ(0 + 12 ,ݔ)௬௬ݑ ଶ୼௬ଶି୼௬ଶݕ(0 + 16 ,ݔ)௬௬௬ݑ ଷݕ(0 + ⋯ ൠ =     ݕ݀ ,ݔ)ݑ 0) + 124 ,ݔ)௬௬ݑ 0)Δݕଶ + ࣩ(Δݕସ) 
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(10) ෤௜ାଵଶݑ  = ෤ݑ ൬Δ2ݔ ൰ + ࣩ(Δݔସ) (11) 
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(14) 
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(12) ෨ܨ  = (෤ݑ)ܨ + 124 ൬߲ݑ߲ܨ൰௬ ଶݕ௬Δݑ + ࣩ(Δݕସ) (16) 
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ۿ = [ܳଵ, ܳଶ, ܳଷ, ܳସ]் ,ߩ]= ,ݑߩ ,ݒߩ ்[ܧߩ ݔ  ۴ = ,ݑߩ] ଶݑߩ ,݌+ ,ݒݑߩ ்[ܪݑߩ
ࢊ࢕࢓۴  = 124 ൬߲۴߲ۿ൰௬  ଶݕ௬Δۿ

= ଶ24ݕ߂ ⎣⎢⎢
⎢⎢⎡ 0− ߛ − 32 ܽଵ − ߛ − 12 ܽଶܽଷܽߛସ − ߛ − 12 ܽହ ⎦⎥⎥

⎥⎥⎤ (20) 

 ܽଵ = 2൫(ܳଶ)௬൯ଶܳଵ − 4(ܳଵ)௬ܳଶ(ܳଶ)௬(ܳଵ)ଶ + 2൫(ܳଵ)௬൯ଶ(ܳଶ)ଶ(ܳଵ)ଷ  

ܽଶ = 2൫(ܳଷ)௬൯ଶܳଵ − 4(ܳଵ)௬ܳଷ(ܳଷ)௬(ܳଵ)ଶ + 2൫(ܳଵ)௬൯ଶ(ܳଷ)ଶ(ܳଵ)ଷ  

ܽଷ = 2(ܳଶ)௬(ܳଷ)௬ܳଵ − 2(ܳଵ)௬൫ܳଶ(ܳଷ)௬ + (ܳଶ)௬ܳଷ൯(ܳଵ)ଶ+ 2൫(ܳଵ)௬൯ଶܳଶܳଷ(ܳଵ)ଷ  

ܽସ = 2(ܳଶ)௬(ܳସ)௬ܳଵ − 2(ܳଵ)௬൫ܳଶ(ܳସ)௬ + (ܳଶ)௬ܳସ൯(ܳଵ)ଶ+ 2൫(ܳଵ)௬൯ଶܳଶܳସ(ܳଵ)ଷ  ܽହ= 6ܳଶ൫(ܳଶ)௬൯ଶ + 4(ܳଶ)௬ܳଷ(ܳଷ)௬ + 2ܳଶ൫(ܳଷ)௬൯ଶ(ܳଵ)ଶ− 4(ܳଵ)௬൫3(ܳଶ)ଶ(ܳଶ)௬ + 2ܳଶܳଷ(ܳଷ)௬ + (ܳଶ)௬(ܳଷ)ଶ൯(ܳଵ)ଷ+ 6൫(ܳଵ)௬൯ଶ((ܳଶ)ଷ + ܳଶ(ܳଷ)ଶ)(ܳଵ)ସ  
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11), 12)

(21)
ࢊ࢕࢓۴  = 124 ൬߲۴߲ܙ൰௬  ଶݕ௬Δܙ

= ଶ24ݕ߂ ⎣⎢⎢
⎢⎢⎡ ௬ݑݑ௬ߩ௬4ݑ௬ߩ2 + ݒ௬ݑ௬ߩ௬ଶ2ݑߩ2 + ௬ݒݑ௬ߩ2 + ߛߛ௬2ݒ௬ݑߩ2 − 1 ௬݌௬ݑ + ܽ଺ ⎦⎥⎥

⎥⎥⎤ (21) 

 ܽ଺ = ௬ݑଶݑ௬ߩ3 + ௬ݒݒݑ௬ߩ2 + ଶݒ௬ݑ௬ߩ + ௬ଶݑݑߩ3 + +௬ݒݒ௬ݑߩ2  ௬ଶݒݑߩ
 

 

ۿ = ഥۿ − 124 ଶݔഥ௫௫Δۿ) + (ଶݕഥ௬௬Δۿ  + ࣩ(Δݔସ, Δݕସ, ΔݔଶΔݕଶ) 
ഥۿ (22)

ഥܙ  ≠  (23) (ഥۿ)ܙ
2

௠௢ௗܙ  = 124 ൬߲ۿ߲ܙ൰௫ ଶݔ௫Δۿ + 124 ൬߲ۿ߲ܙ൰௬  ଶ (24)ݕ௬Δۿ
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(22) 2 (25) ഥ௫௫|௜,௝ۿ  = 1Δݔଶ ൫ۿഥ௜ାଵ,௝ − ഥ௜,௝ۿ2 + ഥ௜ିଵ,௝൯ۿ + ࣩ(Δݔସ) (25) ۿഥۿ ܙ ഥܙ2
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଴ݑ  = 0.5 + 0.5sin {2ݔ)ߨ + ܶ (26) {(ݕ ௘ݑ ௘ݑ  = 0.5 + 0.5sin {2ݔ)ߨ + (ݕ −  ௘ܶ} (27)ݑ2

1 1 1 ܰ
4 Runge-Kutta
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) (6) 4

(19)
Godnovܰ

(28) L1   (Error) = 1ܰଶ ෍ฮݑ௜ − ௘,௜ฮேݑ
௜ୀଵ  (28) ࣩ(Δݔ௡) ଵܰ ଶܰܧଵ ଶܧ  ࣩ(Δݔ௡) = ln ൬ܧଶܧଵ൰ /ln ൬ ଵܰܰଶ൰ (29) 
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1 Burgers  
3rd-order upwind-biased 
 without Modification with Modification ܰ Error ࣩ(Δݔ௡) Error ࣩ(Δݔ௡) 

8 6.021E-03 - 6.943E-03 - 
16 7.000E-04 3.105  9.018E-04 2.945  
32 1.061E-04 2.722  1.126E-04 3.002  
64 3.439E-05 1.625  1.420E-05 2.987  

128 9.859E-06 1.802  1.786E-06 2.992  
256 2.625E-06 1.909  2.230E-07 3.001  

 
4th-order upwind-biased 
 without Modification with Modification ܰ Error ࣩ(Δݔ௡) Error ࣩ(Δݔ௡) 

8 2.667E-03 - 3.483E-03 - 
16 4.258E-04 2.647  2.666E-04 3.708  
32 1.601E-04 1.411  1.620E-05 4.041  
64 4.352E-05 1.879  9.191E-07 4.139  

128 1.108E-05 1.974  5.308E-08 4.114  
256 2.781E-06 1.994  3.192E-09 4.055  
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( e) (30) ௘ߩ  = ቈ 1ܵஶ ቆ ஶܶ − ߛ) − ଶߨߛଶ8߁(1 eଵି௥మቇ቉ ଵఊିଵ

௘ݑ  = ஶݑ − ߨ2߁ eଵି௥మଶ ௘ݒതݕ = ஶݒ + ߨ2߁ eଵି௥మଶ ௘݌ݔ̅ = ܵஶ(ߩ଴)ఊ 

(30) 

γ = 1.4 ߁ = 5 ܵஶ = ߛ/1 ,ݔ̅) ݎ(തݕ = ඥ̅ݔଶ + ,ஶݑ)തଶݕ (ஶݒ = (√2, √2) (-2,-2)
2 45 6

Burgers  
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2 Euler ( )  
3rd-order upwind-biased 
 without Modification with Modification ܰ Error ࣩ(Δݔ௡) Error ࣩ(Δݔ௡) 
16 8.415E-03 - 8.353E-03 - 
32 2.080E-03 2.016 1.947E-03 2.101 
64 4.186E-04 2.313 3.751E-04 2.376 

128 6.697E-05 2.644 5.379E-05 2.802 
256 1.086E-05 2.625 6.931E-06 2.956 
 
4th-order upwind-biased 
 without Modification with Modification ܰ Error ࣩ(Δݔ௡) Error ࣩ(Δݔ௡) 
16 6.215E-03 - 6.045E-03 - 
32 9.444E-04 2.718 7.768E-04 2.960 
64 1.276E-04 2.888 6.048E-05 3.683 

128 2.780E-05 2.198 3.639E-06 4.055 
256 6.938E-06 2.002 1.775E-07 4.358 
 

 
7 Euler ( )  
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3 Euler ( )  
3rd-order upwind-biased 
 without Modification with Modification ܰ Error ࣩ(Δݔ௡) Error ࣩ(Δݔ௡) 
16 8.914E-03 - 8.868E-03 - 
32 2.510E-03 1.829 2.415E-03 1.876 
64 4.286E-04 2.550 3.869E-04 2.642 

128 6.901E-05 2.635 5.036E-05 2.942 
256 1.305E-05 2.403 6.317E-06 2.995 
 
4th –order upwind-biased 

 without Modification with Modification ܰ Error ࣩ(Δݔ௡) Error ࣩ(Δݔ௡) 
16 6.876E-03 - 6.802E-03 - 
32 8.330E-04 3.045 6.643E-04 3.356 
64 1.668E-04 2.320 3.890E-05 4.094 

128 4.157E-05 2.004 2.431E-06 4.000 
256 1.037E-05 2.002 1.396E-07 4.122 
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