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An Onboard Measurement System of Gravity Gradients
Using I nertial Accelerometer s*

Hirokimi SHINGU**

ABSTRACT

A method for onboard measurement of gravity gradientsis proposed in this paper. First, the theory of acon-
servativefield and its gradientsis briefly reviewed, and analytical solutions of gravity gradients are derived as
second-order spatial gradients of the gravitational potential in the conservative field, and the equation govern-
ing the relation among inertial and gravitational accelerations and size effect is derived. Next, it is shown that
the gravity gradients can be obtained from the outputs of inertial accelerometers placed some distance away
from each other, and the concept of the measurement system is clarified. It is then analyticaly shown that a
gravity gradiometer system can be configured using twelve single-degree-of-freedom (SDF) accel erometers or
six two-degree-of-freedom (TDF) accelerometers or four three-degree-of-freedom (THDF) accelerometers.
The measurement accuracy related to the arrangement errors of each accelerometer is quantitatively evaluat-
ed. Then the applicability of the gravity gradiometer for a strapdown inertial navigation system is verified by
simulation using the model of the moving vehicle. Finaly, it is concluded that a new type of inertial naviga-
tion system using gravity gradiometers can be configured when it becomes possible to precisely measure grav-
ity gradients.

Keywords: gravity potential, inertial sensor, accelerometer, inertial navigation
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1. Introduction

An inertial navigation system utilizes the inertial properties of
sensors mounted aboard the vehicle to execute the navigation

function and is capable of continuous determinination of vehicle

position and velocity without the use of external information.
The sensors used in the conventional strapdown inertial naviga-
tion system are gyroscopes and accelerometers,which measure
changes in the vehicle’s heading and speed, respectively. These
changes are caused by nongravitational forces. The gravitational

field necessary for navigation computation is obtained by calcu-
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lations using the prescribed reference ellipsoid of the earth’s
geoid and the position vector of the vehicle. The reference ellip-
soid gives a good representation of the overall shape of the geoid,
but cannot account for local changes in gravity caused by geo-
logic features and density variation within the earth’s crust'” %,
Thus there exist errors of gravity calculation based on the unpre-
dictable behavior of the earth’s gravity vector. In order to realize
a more advanced inertial navigator, it is necessary to directly
measure gravitational acceleration on a moving vehicle in real
time. It is impossible to separate inertial and gravitational effects
from the measured data of an acceleration at any one point in an
inertial reference frame because the proof mass of an accelerom-
eter reacts identically to inertial and gravitational accelerations.
But a change in gravity can be obtained from the difference in
gravitational acceleration between two points, because line iner-
tial acceleration is the same throughout a vehicle but the gravita-
tional acceleration is not. That is, the difference between two
line inertial accelerations contained in the outputs of two
accelerometers arrayed some distance away from each other is
the gravity gradient corresponding to this distance. Line acceler-
ation is defined as the quantity obtained by subtracting the size
effect® from the accelerometer output in this paper. Size effect
can be obtained from angular velocities and angular accelerations
along three orthogonal directions. Accordingly, various types of
gravity gradiometers can be realized using inertial accelerome-

ters along with gyroscopes and angular accelerometers.

2. Definition of Gravity Gradient

The gravitational forces due to such bodies as the earth, the sun
and the moon act on the vehicle in accordance with Newton’s
“Law of Universal Gravitation”. The gravitational potential in
the position of the vehicle is proportional to both the mass of
each body and the inverse of the distance from each body. Here,
the process of deriving the gravitational accelerations and gravi-
ty gradients from the gravitational potential is shown, briefly
reviewing the theory of the conservative field, with definition of
related coordinate systems. The position of the vehicle relative to
other bodies including the earth is shown in Fig.1. O.-XYZ is a
reference coordinate system ([ inertial frame in this study ) and
Py-xyz is a body-fixed coordinate system. A and 7 are the latitude
and the longitude of the point Py, respectively. Here, P is the
center of gravity of the vehicle. w, is earth’s inertial angular

velocity. M, and M, are the mass of the earth and the mass of the

vehicle, respectively. My, M,...... M, are the masses of bodies
excluding the earth, and ry, 1s,... ... r, are distances from the point
P, to the points Oy, O,,...... O, of bodies. These points are called
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Fig. 1 Inertial Reference Coordinate (O.-XYZ)
and body-fixed coordinate (Py-xyz)

“geometric center” here. The earth’s center of mass is assumed
to coincide with the geometric center and thus with the origin O,
of the inertial reference coordinate system. The components of
the distance R from O, to P; along O.X, O.Y and O.Z axes are
expressed by Ry, Ry and R,. The components of the distance R
along Py, Py, and P,_ axes are expressed by R, R, and R,. These
R,, R, and R, can be transformed to Ry, Ry and R; using the

direction cosine matrix[] C;[J .
OR¢RyR,JOO0COMR,R R, i,jO1,2,3 (1)

The mass of the vehicled [ M,) can be regarded as unit quanti-
ty for the purpose of discussing the gravitational field*’. Total
quantity of the gravitational potential at point P, of the vehicle is
expressed as the scalar summation of the gravitational potentials
due to all bodies including the earth with the masses of M., M,
M,,...... M,, respectively. The gravitational potential is assumed
to be evaluated at a point external to these bodies. If the geoids of
all bodies are perfectly spherical and homogeneous and their
mass centers coincide with the geometric centers Oy, O,,...... 0,,
the gravitational potential of the vehicle at point P is defined as
follows:

1 1 1 1

U00u—Ow— Ouy— Ouy— 0O ... (2)

R I Iy I3
Here, 1 is the product of the universal gravitational constant with
the earth’s mass M, and wy, u,, us,...... are the products of the
universal gravitational constant with the masses My, My, Ms,......
of other bodies. The gravitational field g is a vector field which

is derived as the first partial derivative of the gravitational

This document is provided by JAXA.



An Onboard Measurement System of Gravity Gradients Using Inertial Accelerometers

potential in each coordinate system. The components of g are gy,
gy, gz for the O,-XYZ system and g,, g,, g, for the P;-xyz system.
The gravity gradient with respect to the reference coordinate sys-
tem is defined as follows:

og, O O U O

O
[gi]0 O 0o O 004,j0 X, Y.Z (3)
O er, O O 6RoR; U

Here, [g;] is the second order tensor of the potential U with
respect to Ry, Ry, R;. The data measured using the gravity gra-
diometer mounted in the vehicle are the components of the grav-
ity gradient with respect to body-fixed coordinate system and is
defined as follows:

Do, O O U O

[9.m]0 B G A0n,m0 x,y,2 (4)
Osr, O O oR,oR, 0

Here,[J g, is the second order tensor of the potential U with
respect to R,, Ry, R,. The gravity gradient tensors shown in Egs.
(3) and (4) are symmetric because the elements are the second
order partial derivative of the gravity potential U. The following

relations are easily obtained from Eqs. (3) and (4).
il g gm0 g 1,J 0 X, Y, Z, n,mO x,y,z2 (5)

Applying Egs. (1), (2) to Egs. (3) and (4), the sum of the diag-

onal elements of each gradient tensor is as follows:
3g, 0 0,2g,,00,i0 X,Y,Z,n0 x,y,2 (6)

Equations (5) and (6) show that it is necessary to determine five
unknowns to describe the rate of change in gravity at a single
point. That is, the total number of independent elements is
reduced to five. Therefore, complete determination of the gravi-
ty gradient tensor at any point in space requires only five inde-

pendent measurements.

3. Concept of Measurement System

It is shown here that the difference between gravitational
accelerations at two points is derived as the difference between
two inertial accelerations at the same two points. Consider here
that three SDF accelerometers are set at a certain point P; which
is 1; distance away from point P, in a vehicle with an inertial
acceleration vector a(a,, Ay, a,,) and an angular velocity vec-
torw(w,, o, w,) so that their input axes may be turned along the
directions of x;,y; and z; axes parallel to x, y and z axes, respec-
tively (see Fig.2). Also, consider that another three SDF
accelerometers are set at a point P,, 1, distance away from point
P, so that their input axes may be turned along the directions of

X5, ¥, and z, axes parallel to x, y and z axes, respectively (see

Fig.2 Inertial quantities in points Py, P, and P,

Fig.2). The components of inertial acceleration, gravitational
acceleration and size effect in points P,,(m [0 1, 2) shown in
Fig.2 along the direction of P,x,,, P,.ym, Puznm axes (m 0O 1, 2)
are expressed by &, g and S,,( mO 1,2,i0 x,y,z), respec-
tively. The outputs of accelerometers at point P,,(m 0 1,2) are
expressed by a,,, a,,, and a,,, respectively. Considering that
angular velocity (o,, @, ®_), angular acceleration(w,, @, ®,)
and inertial acceleration(c,;, md 0,1,2,i0 x,y, z) are con-
stant throughout the vehicle, respectively, outputs of six

accelerometers at the points P; and P, are as follows:
a;0o;0S;0¢g;0ay08;0¢;0i01,2, j0x,y,z (7)

Here, S;; and S,; are size effect and derived as the following

equationa\.
S0 S, 0 Spydy O Sy
Oox 1,0 ox Dox 1,0m0O 1,2 (8)
1,0 1,,i,0 1,,i,0 1,.i. 9)

Here, i,, i, i, are unit vectors along x, y and z directions, respec-
tively. I, 1, and 1, are the components of the distance 1,(mO

1,2) along x, y and z directions, respectively. These size effects
are obtained using the three-axis angular velocities measured by
the gyroscopes and the three-axis angular accelerations measured
by the angular accelerometers®”® if the distance between the
center of gravity and the point where the accelerometers are
installed is known. Line accelerations along the x, y and z axes in

points P, and P, are expressed in the following equations.
A;0a;08;00a,0g; i01,2 jOx,yz (10)

The above equations show that the components of the line accel-
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erations are obtained from the measurement data of accelerome-
ters, gyroscopes and angular accelerometers. Moreover, it is
clear that the difference between the outputs of two line acceler-
ations in the points P, and P, is the difference between the gravi-
tational accelerations in the points P; and P, as shown in the fol-

lowing equation.
A0 A0 g0g,0Ag, j0 x,pz (11)

Gravity gradients defined in Eq.(4) are obtained applying the
above concept to the measurement data of inertial sensors. Addi-
tionally, superconducting gravity gradiometer””® has been

developed, taking into consideration such configuration concept.
4. Configuration of Measurement System

Three methods for constructing the measurement system in
which SDF, TDF and THDF accelerometers are used, respective-
ly, are shown here. The following assumptions are used in the
configuration of the measurement system. (1) The gyroscopes
and angular accelerometers are used along with the accelerome-
ters in order to measure three-axis angular velocities and angular
accelerations necessary to obtain the size effect, respectively.
This means that the size effect contained in the accelerometer
outputs is removed using the quantities obtained from the mea-
surement data. (2) Each component of gravity gradients is con-
stant anywhere throughout the vehicle. This means that the vari-
ation of gravitational acceleration in a point of the vehicle is lin-
early dependent on the distance between the point and the center

of gravity.

4.1 Gravity Gradiometer Using SDF Accelerometers

A measurement system can be configured by arraying twelve
SDF accelerometers as shown in Fig. 3 (a), (b) and (c). The
twelve accelerometers are arrayed by 4°s so that their input axes
are situated on Xy, yz and zx planes, respectively. Pij(i 010 3,
j0 10 4) in Fig.3 are the points where the accelerometers are
located, and I;; shows the direction of input axis of the accelerom-
eter. Angles 6_; and 6_, about the oz-axis are the angle between
the ox-axis and segment P;,P;; and the angle between the oy-axis
and segment P, P, respectively. Angles 6, and 6, about the
ox-axis are the angle between the oy-axis and segment P, P,; and
the angle between the oz-axis and segment P,, P, respectively.
Angles 6,; and 6, about the oy-axis are the angle between the oz-
axis and segment Py P,; and the angle between the ox-axis and
segment P, Py, respectively. l;; is the distance from point P to
points Py. L1, L1y, Iy, Ing, I5; and Iy, are parallel to I, Ty, Ing, Lo,
I33 and I3y, respectively. This means that the input axes of the

accelerometers situated at the points Py, Py, Pyy, Pyy, P3; and P3,

N
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(c) Array on the zx-plane

Fig.3 Array of SDF accelerometers

are parallel to the input axes of the accelerometers situated at
points Py3, Py, Pos, Py, P33 and Py, respectively. Accelerometer
output, line and gravitational accelerations and size effect at
A

point P; are expressed by a;, Ay, g; and S, respectively. Line

ij>

acceleration A;; at point Pj; is as follows:
Aij 0 ajj O Sij O «; O g (12)

Here, A;; is regarded as measurement data. ¢ is an inertial accel-
eration of the vehicle. The following relations are derived from

Eq.(12) in the same way as Eq.(11) is derived.
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AAL D AL D ApO g0 gy
AARO ApO ALD g0 gy
AAy O Ay D Ayl gyl gy
AAz U Apl Ay D gy U g
AAz O Az O Ayl gyl gy
AAzp U Apl Ay D g0 gg

OOooooooOooo
=
w

The theory that inertial accelerations are the same throughout a
vehicle (ay 0 a3, a0 @y, i0 1, 2) is applied to the deriva-
tion of Eq.(13). The components of gravitational acceleration g,
at the point P along the x, y and z axes are expressed by go,, g,
and g.. Then, the relations among the gravitational accelerations
g;(i0 10 3,j0 10 4), the components g,, &, . of g and

gravity gradients g; (ij 0 x,y, z)are as follows:
g 0 00g,01,;,0g,,cos6,0 g, sinb [T sin6
00 g, 0 13,0 g,y cos0,, 0 g, sinf, [T cosd,;  (14)

2,000 g, 0 1,0 g, sin6 , 0 g, cos 6,1 cos O,
00 gy, 0 1,0 g, sin6,0 g, cos 50 sinb,,  (15)

g3 0 00 g, 0 130 gy cos 6,0 g, sin 6, [ T sin 6,
00 gy, 0 130 g, cos0,, 0 g, sin@, M cosd,  (16)

g, 0 00g, 0 1,0g,,sin6,0 g, cos @ ,[11 cos b,
00 gy, 0 1,0 g, sin6,0 g, cosO,[Osinb,,  (17)

g, 0 00g, 0 150 g, cos6,,0 g, sinf 1] sinb,;
00 g.0 10 g, cos0,, 0 g sin6, [T cosd,,  (18)

25,000 g, 0 15,0 g, sin 6,00 g, cos 6,1 cos b,
00 go. 0 1,0 g, sin6,,0 g cos @ ,[Tsinb, (19)

230 00 go, 0 150 gy, cos 0,0 g, sin6,, (1] sin b,
00 gp. 0 130 g, cos 0,0 g sin6, [T cosd,;  (20)

g 0 00 g, 0 1540 gy, sin 6, 00 g, cos 0,11 cos 0,
00 g0 1,0 gy, sin6,, 0 g.. cos O[O sinb,,  (21)

g5 0 00gy, 0 150 g, cos,, 0 g . sin6,[T]sin6,
00 g, 0 130 g, cos6,, 0 g, sin6, [T cos b, (22)

25,000 ¢g,, 0 1,0 g, sinf, 0 g, cos O,[T]1 cos 6,
00 g, 0 1,0 g, sin6, 0 g, cosO,[Dsinh,  (23)

2330 00 g, U 1330 g, cos 0, 0 g, sin 6, (1] sin 6,
00 gy, 0 10 g, cos 0, 0 g, sinf, M cosd,,  (24)

g3 0 00 g, 0 130 g, sin6, 00 g, cos 0,[T1 cos 0,
00 go, 0 13,0 g, sin6, 0 g, cosO,[Dsinb,  (25)

Above equations are derived based on the assumption that each

component of graviy gradient tensor [gy](i, j O x,y, z)is the

same throughout a vehicle. The same assumption is equally
applied to other cases in this paper. AA,; in Eq.(13) is changed
in the following form by substituting Eqs.(14) and (16) into
Eq.(13).

AAL D A O ApO g0 gy

: 0
01, g1 (g.0g,)0 (cos26.,)g,,0
o 2 0

O [ujugz .. ugel g (26)
20 [0 8y 8 81y 82 2200 (27)
lzl O 111 0 113 O length of P11P13 <28)

Here,u);(jO 10 6) are as follows:
u, O (1, sin26,,)/2, v, 00 (1, sin260,,) /2,
U3 0 Ups 0 U16|:| 0, ll14|:| O lzl COSZ@Zl

AAy, AAy, AAyy, AAg), AAg, are derived as the function of g; (i,
jO x,y,z) in the same way as the Eq.(26) is derived. The fol-
lowing relation is obtained by applying Eq.(6) to these derived

equations.

OAA,, O
o, 0
OAA LD
DAA21D
.00
Ug"O 0AA,0 (29)

O, 0O

OAA;,0

O 0

00 O

Here, U is a 7 by 6 matrix. The elements uij(i 0106,j010
6) of U are obtained using lengths of segments P P;3, P,P4,
Py Py, PyyPyy, PyiPag, PoyPyy (0 1y, 1y, Ly, Lo, 1y, 1p)and array
angles 6.1, 0.5, 0,1, 6,5, 6,,, 0,,. Elements u;(jO 10 6)are

obtained from Eq.(6). The values of elements u;(i0) 10 7,
jO 10 6)are as follows:

uy, 0 Ouy, O (1,/2)sin26,1,u,, 0 01, cos26,,,
Uy 0 Oy, 0 0(1,/2)sin26 5, uyy O 1,5c0826 ,,
ug 0 Ougy O (1,,/2)sin26,,, uss 0 O 1,,c0526,,
u, 0 Oug 00 (1,/2)sin26 5, us 0 150826 5,
us; 0 Ouga 0 O (1,/2)sin26,, uss O 01, cos26
ug 0 Ougg O (15/2)sin260,5, ugs O 15 c0s26,,

u; 0 up 0 ups 01

The values of all other elements except the above are zero. Grav-
ity gradients g; (i,jO x,y, z)are obtained using such parameters
and measurement data (AA;;, AAs, AAyy, AAy, AAg, AA,,) if
the accelerometers are oriented in such a way that assures the

existence of the inverse matrix of UTU.
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4.2 Gravity Gradiometer Using TDF Accelerometers
A measurement system can be configured using six TDF
accelerometers as shown in Fig.4. Six accelerometers are arrayed
so that their input axes are situated on Xy , yz and zx planes by
2’s, respectively. P;; in Fig 4 (i0 10 3,j0 1,2) is the position
where each TDF accelerometer is located. Segments P;;P,,,
P,P,, and P,/ P, intersect at the center of gravity Py, and deter-
mine the directions with angles 6, 6, and 6, to x,y and z axes on
the xy, yz and zx planes, respectively. I; is the distance between
the point Py and the point P;. I and I;;, show the directions of
two axes of each accelerometer located at point Py, respectively.
Signs a, g, S and A with suffixijk (i0 10 3,j0 1,2,k0 t,n)
show accelerometer output, gravitational acceleration, size effect

and line acceleration along the direction of Iy, respectively. Line

. X\\\
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#nl' III X\\n
[Jll_lcl__,_——'_-r'r.
b‘Xﬂ‘ An R ty1R
i I|| ]:I:I ___-—'_-- ::r E" -
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g I| F":' _,_--"__-- i f:l"l —
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(c) Array on the zx-plane

Fig4 Array of TDF accelerometers

acceleration Ay is expressed as follows using the measurement

data a;, and Sy.
Ay O a0 S 0 oy O g (30)

The difference between gravitational accelerations at two points
some distance from each other is obtained in the same way as Eq.
(13) is derived. Accordingly, the following equation is easily

derived.

AALD Ay O A O gp 0 gllkg

AAy O Ag O Ago U g U go1c 0 kO t,n (31)
a
AAs O Az 0 Az O gy O 831k ]

Here, the theory that inertial accelerations are the same through-
out a vehicle( oy 0 @y, @y,0 @y ,,i0 10 3) is applied to
the derivation of Eq.(31), also.The gravitational accelerations
ik (i0 10 3,j0 1,2, kO t,n ) can be expressed as the func-

tion of components g,, gy, and gy, of g, gravity gradients 2 (1,

m0O x,y,z),lengths of segments P, Py, PyPsy, Py Py, (O 14,1,

13), distance 1, and angles 6, 6., 6.
g, 0 00 g0 1,0 g, cos6,. 0 g,,sin 6. [T sin 6,
00 gy, 0 1,0 g, cos0.0 g, sin 0. cos,  (32)

g, 00g. 0 ;0 g, cos6.0 g, sin 6.L11 cos 6.
00 g0 1;,0g,c0s 0.0 g, sin0.[Osin6, (33)

g, 0 00g U Ip0g,cos6.0 g, sin6.[1]sin6,

00 g, 0 1,0 g, cos6.0 g, sinf [T cos 6,  (34)
g0, 00 go, 0 1,0 g, cos 6,0 g, sin 6 [T cos 6,

00 g, 0 1,0 g, cos 6.0 g sin 6 [T sin 6, (35)

g, 0 0O0gyU Iy0gycos8,0 g sinf [ sinb,
00g.01,0g.cos 6,0 g._sin6 [T cos 6, (36)

g, 00g U U g,cos0,.0 g,.sin6,[11cos b,
00g.0 1y0g.cos6,0 g._sinf,Msing, (37)

g, 0 00 gy U Iplg,cos 0.0 g, sin6,[1sin0,
00 go. O LpO g .cos6, 0 g._sinf, [ cos,  (38)

[ 00 go, O 15,0 g, cos 6,0 g, sin 6,11 cos O,
00 g.0 1,0 gy, cos6,0 g._sin 6, [T sinf,  (39)

g, 0 O0ge. 0 In0g. cos 6,0 g.sin 6,[11 sin 6,
00 g, 0 1530 g, cos 6,0 g, sin 6,[T] cos 6, (40)

g, 00g. 0 130g.. cosO,0 g sin6,[1] cosb,
00 g, 0 130 g.,cos 6,0 g, sin 6, sing,  (41)
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- O 00 g, 0 10 g, cos 6,00 g, sin 6,[T]sin 6,
00 gy, 0 10 g, cos6,0 g, sinf M cos 6, (42)

32, 00 g0, O 13,0 g,.cos 0,00 g, sin6,[T] cos b,
00 g, 0 130 g.,cos 6,0 g, sin 6,[Tsinf,  (43)

Thus the following equation is obtained by substituting Eqs.(32)
0 (43) into Eq.(31) in the same way as Eq.(29) is derived.

0AA, O
o O

I:IAAI a0l
EAAZE
Ug'O DAA, 0 (44)
O
DAAStl:J
O O
A
ooano

Here, U is a 7 by 6 matrix. The elements u;(i,j0 10 6) of U

are expressed as the function of array angles 6., 6,, 6, and

lengths of segments Py Py,, Py Py, P3Py, (0 15, 15, 15). Elements
uz; (jO 10 6) are obtained from Eq.(6). The values of ele-
ments u;(i0 10 7, jO 10 6) are as follows:

uy; 0 Oy, 0 (1,/2)sin26,,uy, 0 O 1, cos26.,

uy 0 0 Licos®0,,u, 0 0 1sin®0,, uy, 0 O 1;5in26.,

Uy, 0 Ougy O (1,/2)sin26 , ugs 0 O 1,c0826

up 00 1, cos%0,,u;0 0 1,5in%0,,us 0 O 1, 5in26,,

us; 00 usa 00 (13/2)sin26,, uss O O 13 cos26),,

ug 0 O Iy sin®6,, ug 0 O 15 cos%6,, ugs 0 O 13 5in26,,

u; 0 up 0 ugs0 1
The values of all other elements except the above are zero. If
accelerometers can be arrayed so that the inverse of matrix UTU
exists, the configuration of a gravity gradiometer using TDF

accelerometers is possible.

4.3 Gravity Gradiometer Using THDF Accelerome-
ters
A measurement system can be configured using four THDF
accelerometers. The pattern of array is very complex as shown in
Fig.5. The outline of array-1,2 in Fig.5 is as follows:
0 P;(i,jO 1,2) is the position where each THDF accelerome-
ter is located.
O PlanesP,Qy, P;; U}, and Py Qy, Py, Uy, are coplanar.
PlanesP, Q,; Py; Uy and Py Qg Pyy Uy, are coplanar.
Segment Q;; Qy, is on the x y-plane.
Segment Q,;Qy;, is on the y z-plane.
0 QP Il PyU (O z-axisO Il P,Qy,
Qu Py 1 PU, (O x-axisO Il Pp,Qy,
PuUL T QuQup Il UpyPyy
Py U Il QuQyll Uz Py
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(b) Array-2

Fig.5 Array of THDF accelerometers

0 OxPyQ; 0 6.00yPyQ, 0 6,

Directions of the input axes of the accelerometer located at point
P, are shown by 1;;,, I, and 1;;,, whose directions are perpen-
dicular to one another. I, I;;, and I;;  are co-planar. Direction
I}, is perpendicular to the plane P, Q,, P;; Uy;. Direction I, is
equal to the direction of Uj,P;;. Direction I, is equal to the
direction of Q;;Py;. 0, is the angle between I,,, and I;;, which is
equal to the angle between I, and I,;,. Directions of the input
axes of the accelerometer located at point Py,, which are shown
by I;;,, 15, and I),, in Fig.5(a), are parallel to the directions I, ,,
I;;, and 1,;,, respectively. The array of the two accelerometers
shown in Fig.5(b) is considered to be similar to the array of the
two acceleroneters shown in Fig.5(a). L1, Iy and Iy, which

are the directions of the input axes of the accelerometer located
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at point Py, are parallel to I, I, and Iy, which are the direc-
tions of the input axes of the accelerometer located at point Py,.
x-axis, y-axis and points Py;, Q,;, Uy; in array-2 correspond to z-
axis, x-axis and points P; ;, Q;, U} ;,in array-1(i 0 1,2), respec-
tively. L;(i0 1,2, jO t,p, v, q,n) in Fig.5(b) corresponds to
I,;(i0 1,2,j0 t,p,v,q,n) in Fig5(a). Inertial acceleration,
accelerometer output, gravitational acceleration, size effect and
line acceleration along the direction Iijk(i, jO01,2,k0n,p,q)
are represented by the marks &, aj, gk Sij and Ay, respective-
ly. Line acceleration Ay, is expressed as follows, using the mea-

surement data a;; and Sy,.
Ay ag O Sy U o O gge (45)

The difference between gravitational accelerations at two points
some distance from each other is obtained in the same way as
Eq.(13) is derived. Accordingly, the following equation is easily

obtained.

AA D A O Apgy
O go 0 gy 10 1,2,k0 n,p,q (46)

Here, the theory that inertial accelerations are the same throghout
0 a a0 ay,,i0 1,2)is
applied to the derivation of Eq.(46), also. The gravitational

a Vehicle(ocilp 2 Hirg 0 g,
accelerations g;;,, g;;, and g, (i,jO 1, 2) are expressed as fol-
lows using the components g,, gy, and g, of g, , gravity gradi-
ents g, (I, mO x,y,z),array angles 6_, 6, 6,, 6, and distances

of segments Q;Q;2, U1U15, Q1Qu, Uy U (O 1,1y 5 1oy, 1y ).

g1, 00 g0, 0 1yy,0 gic0s 6,0 g, sin6.0 0 1y, g, cos,
[0 g, 0 1,0 g, cos 6.0 g, sin 6.00 1,8, Osin 6, (47)

g, Mg, O 1] g, cos 0.0 g, sin 0,001, g, [sin 6, cos 6,
[0 go, U 11 g,yc0s 6,0 g, sin 0,01 1, g, [cos 6, cos 6,
(0 g0 1y,d g..cos 6.0 g,.sin 000 1)y, g.Osin 6, (48)

2100 g, 0 1,0 g cos 6,0 g,,sin 6,00 1, g, [sin 6, sin 6,
[0 g, 0 1;;,d g,y cos 6.0 g, sin 6,00 1;;, g,.Ocos 6, sin 6,
m 8o: U 111 rD 8:¢CO8 Hz U &y sin G:D] lllv gzzD:OS 61 (49>

&12n oo Eox O 112 nD 8xx COS 0: 0 gxy sin 9~DD 112vg:xDCOS 01
[0 g5, 0 1z g, cos 6.0 g, sin 6.0 0 1, g, Osin 6, (50)

12,0 M g, O 15[ g, cos 6,0 g, sin 6,00 1y, g, Osin 6, cos 6,
[0 g, 0 1ipf g, c0s 6.0 g, sin 6,00 135, g, .Ocos 6, cos 6,
(0 g.0 1y 7 g, cos 6.0 g, sin 6,00 15, g.Osin 6, (51)

8124 oo 8ox 0 lerD 8::CO08 6: o gxySin H:DD llZv gszSin 05 sin 61
[0 g, 0 L1z g,y cos 6.0 g, sin 6,000 1,5, g,.Ucos 6, sin 6,
[0 g0 1p,d g..cos 6,0 g,sin 6.001,,g.Ocos 8,  (52)
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21,00 g5, U 15,0 g c0s 6,0 g, sin 6,0 0 1y, g, Lcos 6,
M g0 1,;,0g,.cos 6,0 g._sin 0,0 1), g.Bin 6, (53)

g21p oo &ox d 121nD g,w cos Hx O Eax sin g\D O 121 v g.xxl:lSin 02
M go, O 15, g,c08 6,0 g, sin 6,00 1y, g, [Fin 6, cos 6,
[ g, 0 1y, 1 gy, cos 6,0 g, sin 6,00 1y, g, [tos 6, cos 6,
(54)

ngq oo &ox d 121[D g,\‘y Cos ex g & sin H\DD 121\' gxxDCOS 62
00 go, 0 1 d gy cos 6,0 g, sin 6,00 1y, g, sin 6, sin 6,
00 g, O1y,0g,.cos 0,0 g, sin 0,00 1y, g Ocos 6, sin 6,
(55)

222, 00 g0, 0 1p [T g cos 6,0 g, sin 6,00 I, g,,Ocos 6,
00 g, 0 Iy g, cos 0,0 g, sin 6,00 Iy, g Osin 6, (56)

g22p oo &ox a IZZnD gxy cos Hx O gzx sin 6YD O 122v gxxDSin 92
1 go, O 1y,0 gy c0s 6,0 gy sin 6,1 15, g,,Osin 6, cos 6,
0 g, 0 1,0 gy, c0s 6,0 g, sin 6,[17 Iy, g, .Ocos 6, cos 0,
(57)

g22q uin Zox U IZZID 81y COS 0.: U 8ax sin H\DD 122\' gxxDCOS 02
00 go, 0 15,0 g,y c0s 6,0 g, sin 6,00 1y, g,,Osin 6, sin 6,
00 g, 0 Iy,0 g, cos 6,0 g, sin 6,00 1y, g ,Hcos 6, sin 6,
(58)

The right side of Eq.(45), which represents the difference

between gravitational accelerations, is expressed as the function

of gravity gradients, array angles 6, 6., 6,, 6, and distances I;,,

1;,(i,j O 1, 2)in a similar way as Eqs. (29) and (44) are

derived. Thus Eq.(46) can be rewritten in the following form.
OAA,, O

0 0
0AALQ
EAAME
Ug™ O OAA,, O (59)
0
0AA2,O
0 0
0AA g
00 O

Here, U is a 7 by 6 matrix. The elements u;(i,j0 10 6)are
expressed as the function of angles 6_, 6, 6, 8, and distances of
segments Q;1Qyz, U U, QuQy. UpUp, (O 1y, 1y, Iy, 1oy,
Elements u; (jO 10 6) are obtained from Eq.(6). The values
of elements u; (i0 10 7,70 10 6) are as follows:

u, 00 1y, c08%0,,u,0 0 1,,sin’0,,u, 0 O 1, 5in26,,

u ;00 1,sin0,u,,00 1;,cos 0,

Uy 00 uy, O (14,/2)sin26, cos 0, u,s0 O 1, sin 6,

uy, 0 0 1, cos26, cos 0,

uy; 0 0 1y, sin @_sin 6,0 1;, cos O_cos 6,

uy U O 1y, cos 8_sin 6, 0 1;,sin O_cos 6,
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uy 00 ug, 00 (1;,/2)sin26, sin 61, u530 O 1y, cos 6y,

uz, O 1y, cos26,sin 6,

ugs U 0O 1y, sin 6,cos 6,00 1;, cos 6_sin 0,

ug 0 O 1),cos 6.cos 6,0 1y, sin 6_sin 6,

uy, 00 1, c08%0 ,u,30 0 1y, 5i0%0

uy 00 lycos 6, u50 0 1y, 5in26,us0 O 1, 8in 6,

us; 0 0 1y, sin 05, us, 0 0 uzy 0 (1,,/2)sin26  cos 6.,

us, 0 0 1,,cos 8,sin 8,0 1,,sin 6. cos 0.,

uss 0 O 15, cos26, cos 65,

us [ O 1, sin 6, sin 6,1 1,, cos O, cos 6,

ug 0 0 1y, c08 0y, ug,0 O ugy 0 O (1,,/2)sin26 sin 6,,

ug, 1 O 1,,cos 8,cos 8,0 1,,sin O, sin 6,

ugs O 15, cos26  sin 65,

ug [ O 15, sin 6, cos 6,0 1,,cos 6,sin 6,

u; 0 up 0 ugs0 1
The values of all other elements except the above are zero. If
accelerometers can be arrayed so that the inverse of matrix UTU
exists, the configuration of a gravity gradiometer using THDF

accelerometers is possible.

5. Considerations

5.1 A Method of System Configuration

It is desirable to array accelerometers as simply as possible in
forming the gravity gradient measurement system. Here, possi-
ble formations are shown, considering an intutively clear way to
array accelerometers. For example, lengths from point of origin
P, to the array points of all accelerometers are equal in each con-

figuration of the measurement system using SDF accelerometers.

1,0 1,0 1,0 1,G0 10 4),
6,0 6,0 6,0 6,, 6,0 6,06,086, (60)

There exists no inverse matrix of UTU when 6,0 6,. But the
inverse matrix of UTU is non-zero if 6,0 90° 0 6,(for exam-
ple, 6,0 30°, 6,0 60°, etc. in ;% 6,). Similar assumptions

are made in the measurement system using TDF accelerometers.
,01,34G0103),006.0 6,06, (61)

Thus the inverse matrix of UTU exists for almost all values of 6 (
0, 45°,90%tc.). Similar assumptions are also made in the mea-

surement system using THDF accelerometers.

L, O L

(.0 1,2),00 6.0 6, (62)

ijn

Moreover, 8, 0 6,0 0 is assumed in order to simplify the con-
figuration. Thus the inverse matrix of UTU exists for almost all
values of (0, 45°, 90°%tc.).

5.2 An Example of Error Analysis

A quantitative evaluation of the measurement accuracy is
shown here. The parameters used for such evaluation are settled
as follows in the measurement systems using SDF, TDF and

THDF accelerometers, respectively.

1,0 1,0 1,0 1,0 1,0 1,0 1[m], 0
6.0 6,40 6,0 60[deg]. 0,00 0,0 6,00 30[deg] g 6

1,0 1,0 150 1[m], 6.0 6,0 6,0 0 [deg] (64)

1,0 1,0 1,0 1,,0 1[m], 6.0 6,0 6,0 6,0 0 [deg]
(65)

The measurement accuracy of gravity gradiometer is linearly
dependent on the measurement errors of the accelerometers and
the variation of the pseudo inverse matrix[] O (UTU)” U]
caused by the incomplete geometric configuration of the
accelerometers, as is obvious from Eqs.(12), (13) and (29) in
the array of SDF accelerometers. This discussion is applicable to
the measurement accuracy of the gravity gradiometer using TDF
or THDF accelerometers. Variation of the size effect is neglected
because it is regarded as the second order error([J the variation
of error) as shown in Eq.(8). So we assume that the variations
of the size effects in Eqs.(12), (30) and (45) are zero. We
express Eqgs.(29), (44) and (59) by rearranging them as fol-

lows:
¢"0 V[AA]D (UTU)"'UT [AA] (66)
vO[vli0 106, j010 7)0 (Uu) ot (67)

Here, AA means each right member in Eqs.(29), (44) and (59).

Variation of gravity gradient can be expressed as follows:

og'0 0 dg,, dg,, g, g, dg,, g, 0"
0 6V AAD VIO 6(AA)D (68)

Relation between the accelerometer error da and the variation of
gravity gradient 5g" is expressed as follows from Eqs.(12),

(30), (45) and (68).
8¢"0 8(AA)D a (69)

Here, da means da;, day, and day, in Eqs.(12), (30) and (45),
respectively. Errors of all accelerometers are assumed to be sta-
tistically same order here. Then , influence of 5(AA) on 8g"
depends on the magnitude of each element v;(i0 10 6, jO 1
O 6) of the pseudo inverse matrix V. Ratio of 5gij(i, i0 x,y,2)
to errors of the accelerometers is defined as sensitivity index (O

proportional coefficient) in the following form.
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0K, 0VEv, 20 6, 6K, 0 Vv, 20 6, 0K..0 Vv, 0 6
0K, 0 Vv, ?0 6, 6K,.0 Vv 0 6, 6gK., 0 Vv *0 6

These indexesl) 1/m[] can be obtained from the above-men-
tioned configuration parameters and are as follows in the system

using SDF accelerometes.
oK, 0 oK, 0O oK, 0O 0314,6K,, 0 6K, O oK 0O 0577

The indexes are as follows in the system using TDF accelerom-

eters.
OK,.0 6K, 0 8K, 0 0339, K, O K, 0 oK. O 0408

The indexes are as follows in the system using THDF accelerom-

etes.

SK,.0 0272, oK, 0 6K 0O 0.379,

oK, 0 0.297, 8K,.0 0.360, K., 0 0.297

8V in Eq.(68) shows the influence of incomplete geometric con-
figuration of accelerometers on the measurement accuracy, but
the values of its elements are not always proportional to the vari-
ations of distances between the locations of two accelerometers
and the variations of array angles. Here, incomplete configura-
tion means that there exist such variations of distances or angles.
So we define the criterion function of such influence in the fol-

lowing form.

Table 1. Relation between 6V, and 61,6 6, in
the system using SDF accelerometers

dl, v, 80, | oV,
OmO | 00O | OdegO | OO0
010 | 4358 | -010 | 0197
005 | 2085 | -005 | 0099

-0.01 0.403 -0.01 | 0.020
0.01 0.396 0.01 | 0.020
0.05 1.919 0.05 | 0.099
0.10 3.688 0.10 | 0.198

OV, 0 VEE (v, —vy)20 VEsv, 2

Vpi- values of v;; obtained considering incompleteness of the
geometric configuration of accelerometers
Vyi: values of v;; in the state of complete geometric configura-

tion of accelerometers

Relation between the values of 6Vg and the variations dl.;, 6 6.,
of distance 1.}, angle 6 in the measurement system using SDF
accelerometers is shown in Table 1. Relation between the values
of 6V, and the variations dl;, 66, of distance 1, angle 6, in the
measurement system using TDF accelerometers is shown in
Table 2. Relation between the values of dVg and the variations
oly,, dly,, 86, 86, of distances 1,,, 1,,, angles 0., 0, in the mea-
surement system using THDF accelerometers is shown in Table 3.

Additionally, these error analyses have been conducted here as
preliminary trial in order to make the configuration procedure of
measurement system concrete. More detailed error analyses will

be required with the progress of the system design.

600 An Application of Gravity Gradiometer for
Strapdown Inertial Navigation System

Here, in order to verify an applicability of gravity gradiometer
for strapdown inertial navigation system, an availability of grav-
ity correction using gravity gradiometer is discussed based on the
simulation results. For the purpose of this discussion, it is

assumued that the earth is homogeneous and spherical and only

Table 2. Relation between 6V, and 1,6 6, in the
system using TDF accelerometers

sl oV, 50 %

g z g
Om0 O0o0 | Odegd | ODOO

-0.10 6.228 -0.10 | 0.183
—0.05 2.968 -0.05 | 0.001
-0.01 0.572 -0.01 | 0.018
0.01 0.562 0.01 | 0.018
0.05 2.713 0.05 | 0.001
0.10 5.202 0.10 | 0.183

Table 3 Relation between 6Vg and d1,, 81,y d 8, d 8, in the system using TDF accelerometers

60, oV, 00, oV,
[ degd ooo O degd ooo

ol v, Sy v,
Omd | OO0 | OmOd | OOO
-0.10 6.105 -0.10 7.475
-0.05 3.010 -0.05 3614
-0.01 0.595 -0.01 0.704

0.01 0.592 0.01 0.695

0.05 2.924 0.05 3.385

0.10 5.759 0.10 6.557

-0.10 0.142 -0.10 0.099
-0.05 0.071 -0.05 0.050
-0.01 0.014 -0.01 0.010

0.01 0.014 0.01 0.010
0.05 0.071 0.05 0.050
0.10 0.142 0.10 0.099
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Table 4. Vehicle Parameters

Parameter Value Unit
Total Weight 8000 kgf
Fuel Weight 6000 kgf
Fuel Consumption 120 kgf/s
Thrust 30000 kgf
Specific Impulse 250 sec

Table 5. Angular Velocities of the Vehicle

Items Value Unit
Time |00 3 3016 160 34 340 58 Ssec
w, 0 0 0 0 deg/sec
w, 0 1 0.75 0.6 deg/sec
w, 0 0.2 0.3 0.2 deg/sec

Greenwich
meridian

Equatorial
plane

Fig.6 Positition relation among vehicle,
earth and unpredictable body

Table 6. Positions of Unpredictable Bodies

Models Latitude Longitude Altitude Unit
Model-1 42 14 0 deg
Model-2 40 -110 0 deg
Model-3 28 85 0 deg

the gravitational effects of the earth act on the vehicle, ignoring
the small gravity gradient effects of bodies other than the earth,
such as the sun, the moon, etc. The simulation is conducted on
the assumption that the vehicle using the new type of inertial nav-
igation system composed of gravity gradiometers, accelerome-

ters and gyroscopes moves in the vicinity of the earth.

6.1 Simulation Model

Vehicle parameters are shown in Table 4. Angular velocities
w,, w,, o, of the vehicle along the body-fixed axes which are
detected by the gyroscopes are shown in Table 5. The outputs of
the accelerometers are the components of the vehicle’s specific
force vector along the body-fixed axes and they are transformed
to the components along the navigation reference axes using
matrix [Cyj] (see Eq.(1)) which is obtained from the outputs of
the gyroscopes9>. The components of the gravitational field gy,
gy, gz are obtained using Eqs. (A8)0 (Al4) in appendix,
assuming the measurement data of gravity gradients [g;] (i,j O
X,,2z). The vehicle is assumed to be launched toward the east
with a launching angle of 45° at the point on the surface where
longitude and latitude are 130.970° and 30.399°, respectively.
The vehicle is accelerated along the Pyx axis by adding thrust for
only 58 seconds from t [J 0, and it rotates about its own axes (X,
Y, Z) with the angular rates shown in Table 5. The vehicle reach-

es the point of maximum altitude (107 Km[J at t 0 250 sec

where longitude and latitude are 141.141° and 30.196°, respec-
tively, and falls at t [0 427 sec at the point on the surface where
longitude is 149.625° and latitude is 29.596°. The necessity for
the measurement of gravity gradient arises because of the erratic,
unpredictable behavior of the earth’s gravitational field vector
acting on the vehicle and the difficulty of measuring its devia-
tions from a simple reference model. Here, it is assumed that
there exists an unpredictable body with mass “m” at an arbitrary
point P, as shown in Fig. 6. Two kind of gravitational accelera-
tions act on the vehicle. One depends on the earth’s mass M, and
the other depends on mass m of the unpredictable body. Accord-
ingly, the potential U, at point P, is derived from equation (2) as
follows:

1 1
U, 00 u—0O u,— (70)
R r

Here, w,, is the product of mass m of the unpredictable body
with the universal gravitational constant. r is the distance
between P, and P, and its components along the navigation ref-

erence axes O.X, 0.Y, O.Z are as follows:
,OR,OR,,,ryd RyOR,y, 5,0 R,OR,, (71)

Here, R, x, R,y and R, are the components of the distance R,
between O, and P, along the reference coordinate O, [1 XYZ.

Each element of the gravity gradients for the model shown in
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Fig.6 is obtained by substituting U, in Eq. (71) for Uin Eq. (4).
It is assumed in the simulation that there exists an unpredictable
body at a point near Japan (Model-1) or at a point in the U. S. A.
or at a point near the Himalaya on the surface (altitude (1 0) as
shown in Table 6. That is, the terms “near Japan”, “in the U.S.A.”
and “near the Himalaya” mean the points where the generations
of unpredictable bodies are assumed, respectively. The relation
between mass m of the unpredictable body and the earth’s mass

M, is assumed as follows:
mO 107*M,, M, -~ M,0 m (72)

The above equation means that the earth’s mass is reduced by the
quantity of the mass of unpredictable body in the gravity calcu-
latons. Additionally, gravity calculation in the simulation is per-
formed based on the model for measurement of gravity gradi-
ents, applying the transformation matrix shown in appendix to
the new type of strapdown inertial navigation system using grav-
ity gradiometers,which are newly introduced in this study, along
with the gyroscopes and accelerometers which have been used up

to the present.

6.2 Simulation Results

Nominal values of gravity gradients [g;] (i,jO x,y, z)are
shown in Table 7. These values are obtained by simulation,
assuming that there exist no unpredictable bodies. Varied quan-
tities [6gij] (i,j 0 x,y, z) of the nominal values in model-1,
model-2 and model-3 are shown in Tables 8, 9 and 10, respec-

tively. It is found from Tables 7 0 10 that the accelerometers

). 7) ..
).2).7.8) must be sensitive

used in the gravity gradiometers!
enough to detect an acceleration variation with the order of 10"
g if they are placed about one meter away from each other.
Tables 11, 12 and 13 show the gravity variations dgy, dgg, dgp
along the north, east , downrange directions in model-1, model-2
and model-3, respectively. The solid lines of Figs. 7, 8 and 9
show navigation errors caused by the unpredictable body, i.e.,
variations in the latitude, longitude and altitude, which are
expressed by 04, 01 and Sh, respectively. A position variation of
one meter on the surface is equivalent to an angle variation of
about 10°° deg. dA,, o7, and Sh, described by dotted lines in
Figs. 7, 8 and 9 show the latitude, longitude and altitude errors,
respectively, which can not be corrected when the incomplete
gravity gradiometer is used. The incomplete gravity gradiometer
measures only diagonal elements (g, [ g,.) of the gravity gra-
dient tensor. It is possible to construct such measurement system
using six high-sensitive accelerometers ® . Accordingly, dA., 61,
and Oh, are the errors caused by non-diagonal elements of the
gravity gradient tensor which are not detected by the gravity gra-

diometer attainable using current techniges.

6.3 Availability of Gravity Gradiometer

Comparison between the solid lines and the dotted lines in
Figs. 7, 8, 9 shows that it is possible to remove the navigation
errors due to an unpredictable body to some degree, though it is
impossible to completely remove them. Because the distance
between the vehicle’s location and the point of the unpredictable

body in model-1 (near Japan) is shorter than the one in model-2(

Table 7. Nominal Values of Gravity Gradients (atm [ 0)

g tg S0s 100s 200s 300s 400s

g —1394.64 —1425.44 —1287.92  -1136.25 —958.75
gy —1519.38 —1489.30 —1458.78  —1465.90 —1511.52
2., 2914.02 2914.74 2746.69 2602.15 2470.27
g, -14.77 —12.46 —22.85 —35.48 -51.29
gy -87.47 -101.68 —112.41 -123.97 -137.15
2., —748.95 540.13 855.39 1165.17 1490.78

(unit g edtvos 109’ 10°g/meter)

Table 8. Variation of Gravity Gradients due to Unpredictable Body (Model-1)

&ij t0 50s 100s 200s 300s 400s

Sex 1.4153 -0.7130 -11.2185 —16.8058 —8.6397
Sy 5.5992 9.8601 24.3965 33.3205 23.0462
2., —7.0145 -9.1471 -13.1780 -16.5147 —14.4065
iy 11.2879 13.7100 12.0686 —2.2251 —13.3543
g),;,_ 4.2886 -5.2067 —9.0863 —6.5409 1.7335
ox -3.6687 -3.6571 —2.8206 0.4127 —0.1668

(unit O ebtvosd 10°%s*0 107°g /meter)

This document is provided by JAXA.



An Onboard Measurement System of Gravity Gradients Using Inertial Accelerometers

Table 9. Variation of Gravity Gradients due to Unpredictable Body (Model-2)

9 8 t=50s 100 s 200 s 300s 400 s

08,y 0.0989 0.1080 0.0939 0.0721 -0.0532
08, 0.1345 0.1331 0.1424 0.1605 0.1899
og,, -0.2334 .0.2411 -0.2364 -0.2326 -0.2431
68,y 0.0345 0.0395 0.0404 0.0435 0.0487
0g,, -0.0543 -0.0517 -0.0563 -0.0599 -0.0638
08,y -0.1422 -0.1397 -0.1631 -0.2104 -0.2579

Table 10. Variation of Gravity Gradients due to Unpredictable Body (Model-3)

(unit ) edtvés[] 109> 10 %/meter)

0 g t=50s 100s 200s 300s 400 s

08, 0.9408 0.7924 0.6376 0.0505 0.3968
08y, -0.2529 -0.1985 -0.1223 -0.0674 -0.0262
5g, -0.6879 -0.5939 -0.5154 -0.4381 -0.3606
0 8y | - 0.2796 -0.2395 -0.1665 -0.1179 -0.0823
o 8y, -0.0456 -0.0530 -0.0224 0.0009 0.0192
08, 0.1567 0.1974 0.0632 -0.0672 -0.1697

Table 11.

(unit O edtvos 109’0 10%g/meter)

13

Variation of Gravitational Acceleration due to Unpredictable Body (Model-1)
bg; =505 100s 200s 300s 400 s

Sen 11.0611  13.9056 20.4077 23.6741 20.1890

ogg 8.3050 8.5515 6.4755 0.1922 -5.9241

d0gp 1.0408 1.6883 2.9914 3.2145 1.9430

Table 12.

(unit=10-3m/s2=10"g )

Variation of Gravitational Acceleration due to Unpredictable Body (Model-2)
bg; t=50's 100s 200 s 300s 400 s

ben 0.2593 0.2620 0.2703 0.2824 0.2991

dgp 0.2370 0.2489 0.2789 0.3174 0.3665

dgp -0.6272  -0.6136 -0.6104 -0.6418 -0.7142

Table 13.

wnit=10"m/s2 =107
g

Variation of Gravitational Acceleration due to Unpredictable Body (Model-3)
0 g t=50's 100 s 200s 300s 400 s

Sen 0.2884  0.2804 0.2682 0.2590 0.2511

bsg -1.8738  -1.6600 -1.3228 -1.0788 -0.8946

dgp -0.2626  -0.2747 -0.3190 -0.3737 -0.4301

(unit=10">m/s?=10"g)
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Fig. 7 Navigation errors due to unpredictable body (model-1)
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in U.S.A.) and the one in model-3 (near the Himalaya), it can be
easily understood that the values of the variations of gravity gra-
dients shown in Table 8 are smaller than those shown in Tables 9
and 10. That is, the effect of an unpredictable body on the grav-
itational potential at any given point of a vehicle is relatively larg-
er when the body is located near the vehicle. Similar tendencies
are seen for the variations of gravitational acceleration dgy, dgg
and dg, in Tables 11 0 13. and the variations of positions 04, on
and oh in Figs.7,8,9. The variations in vertical gravity and posi-
tion are different from these tendencies. The gravitational poten-
tial due to the earth’s mass decreases if it is decreased by the
amount of the mass of the unpredictable body. The direction of
the gravity acceleration vector obtained from the gravity poten-
tial of both the earth’s mass and the mass of the unpredictable
body is almost vertical, because the earth is assumed to be spher-
ical and homogeneous. The vertical gravitational acceleration
due to the earth’s mass decreases because its mass is assumed to
be reduced by the amount of the mass of the unpredictable body.
On the other hand, considering the distance between the vehi-
cle’s location and the center of the unpredictable body, the
increase in vertical gravitational acceleration in model-1 (near
Japan — near the vehicle) is larger in comparison with those in
model-2 and model-3(in the U.S.A. and near the Himalaya —
further away from the vehicle). Because the variation of vertical
gravity acceleration is the sum of the decrease in gravitational
acceleration due to reduction of the earth’s mass( M, -— M,[J m,
see Eq.(72)0 and the increase in gravitational acceleration due
to the addition of the mass of the unpredictable body, naturally
the variation dgp, in model-1 is larger than the variation dgy, in
model-2 or model-3. Two gravity calculation methods are used
in the navigation simulation. In one method the gravity is calcu-
lated directly, taking into consideration the existense of the
unpredictable body. In the other method the gravity is obtained
from the simulated data of gravity gradients [g;] using Egs. (A8)
0 (Al4). It has been found that the results of calculations using
these two methods closely agree within the limits of computation
accuracy (order of 10”1%). Thus, it can be considered that the
algorithm shown in Eqs. (A8)[) (A14)is very effective and use-
ful in processing the data obtained from gravity gradiometers.
That is, simulation results show that the algorithms shown in Egs.
(A8)0 (A14) can be applied to an advanced strapdown inertial
navigation system using gravity gradiometers; thus it is conclud-
ed that a fundamental concept for obtaining the gravitational
field vector from the measured data of gravity gradients has been
established. Moreover, it is shown through the simulation results
that the navigation errors due to the variation of gravitational

acceleration generated by an unpredictable body can be reduced

to some degree even if the incomplete gravity gradiometer, which
can detect only the diagonal elements of the gravity gradient ten-
sor, is used. However, in order to detect the variations of gravity
gradients shown in Tables 8, 9 and 10, the order of sensitivity of
accelerometers used for the gravity gradiometer must be less than
10"!1g. Research concerning such highly sensitive “accelerom-

eters” will be required in the future.

7. Conclusions

As a preliminary study concerning the onboard real-time mea-
surement of the gravitational field with a view to reducing the
influence of the gravity anomaly®”” on navigation performance,
a fundamental concept for both the configuration of a gravity
gradient measurement system using twelve SDF or six TDF or
four THDF accelerometers and the applicability of such mea-
surement system for strapdown inertial navigation system has
been established. And also, it has been verified that the naviga-
tion errors caused by the gravity anomaly can be remarkably
reduced even if the incomplete gravity gradiometer, which is
realizable using current techniques, is used. A gravity gradiome-
ter can be constructed by the mixed use of SDF, TDF, THDF
accelerometers, and various types of measurement systems in
accordance with the mission requirements will be possible. If an
inertial navigation system with high sensitive gravity gradiome-
ters could be realized, the navigation errors of the vehicle due to
gravity uncertainties would be reduced remarkably, within the
limits of such presently ignored phenomena as geographical
effects,etc. and no pre-mission surveying of the gravitational
field would be required. However, in order to realize such an
advanced inertial navigation system, “accelerometers” used as
the components of gravity gradiometers must be so highly sensi-
tive that the gravity gradients can be detected as the difference
between the outputs of the accelerrometers' %"’ Additionally,
a gravity gradiometer can be useful not only for the construction
of a high-performance inertial navigation system but also for the

study on geophysics, geodesy, mineral exploration, etc. 2-7>1%’
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Appendix

An Algorithm for Gravity Calculations in
Strapdown Inertial Navigation System
Using Gravity Gradiometers

The process of obtaining the gravitational accelerations from
the measured data of gravity gradients is analytically shown in
this appendix.The values of the gravity gradients measured by
gravity gradiometers in strapdown use are expressed as the com-
ponents of a spatial gradient of the gravity along the body-fixed
coordinate axes. To obtain the gravitational acceleration acting
on the vehicle, these values must be transformed to components
along the navigation reference coordinate axes. The transforma-
tion matrix, that is, an algorithm necessary to transform the com-
ponents of gravity gradients measured on a moving vehicle to the
components along the navigation reference coordinate axes, is
derived through analysis of the gravitational field. The outputs
of gravity gradiometers in strapdown use are the quantities for
the elements of matrix [g,,] in Eq.(4). In order to solve the
strapdown inertial navigation equation, it is necessary to trans-
form the values of these outputs to the components of matrix
[gij]<i,j 0 X,Y,Z ) in Eq. (3) along the navigation reference

axes. If the inverse of matrix [C;] in Eq. (1) is defined such that

1By Byt G C G !
[Bij]D EBZI By, B2sgD [Cij]D ! Dgcm Cyp Cz% (A1)
|j331 Bg B33[| DC31 Cs, Csd]

then, the relations shown in Eq. (1) are as follows:
[R,R,R]"0 [By] [Rx Ry R,I" (A2)

The relations between the components along the body-fixed
coordinate and the components along the reference coordinate of

the gravitational field vector are as follows:

lex gy gl'O[Cllg, g gl (A3)

g. g gz]TD[Bij] [ex &y gZ]T (A4)

The spatial gradients of the gravitational accelerations gy, gy,
g, along the K direction (KO X, Y, Z) are derived as follows
from Eqs.(1), (4), (A1) (A4).

I8x [ agy 28,
gxx U 0 Cy 0 Cp U C
9Rg Ry Ry 2 0%
O [Cyy Cyz Cis] [g5] [B1k Bk Bk]" (A5)

F og, og, og,
gyk U = 0 Cy = 0 Cy 2 0 Cys :
Ry IRy K Ry

O [Cyy Cgy Cs] [g5] [Byk Bk Bykl" (A6)
P og, ag, ag,
gz U 5 U Cy 2 U Cy ° U Cy :
Ry Ry Ry Ry

0 [Cs; Csz Cs3] [g5] [Brk Bax Bkl]” (A7)

Here, K in [By g Byg B3«]"is 1, 2 and 3, respectively, correspond-
ing to X, Y and Z of K in gy, gyk, gz« and Rg. It is found from
Eqgs. (A5)0 (A7) that each element of the gravity gradient g, (
1,K0O X,Y,Z) along the reference coordinate is obtained if the
measurement data [g;] (i,j O x,y, z) are transformed using the

following relation.

ggxx gxy gx% Ug. gy el
2wl meyvx gvy ey U [CilU O g, g,y &0 [By] (A8)
%zx gzy gzzg g 8ox 8oy gzg
i,jo 1,2,3

The components of the gravitational acceleration are obtained by

spatial integral calculation for the gravity gradients:

gxU J gxx dRx U J gxydRy U / 2xzdRy (A9)
gyl ngx dRx 0 ngYdRY 0 -/.ngdRz (A10)
2,0 g dRy O [g,vdRy O [g7,dR, (A11)

However, navigation equations are usually solved through time
integral. gy, gy, g, may be generally obtained through the follow-
ing equations using the vehicle velocities Vy, Vy, V, along the
reference coordinate axes because dRy, dRy and dR; are Vydt,

Vydt and V,dt, respectively.

g0 Jaux Vxdt O [y Vydt O [gy,V, dt (A12)
gy 0 gy Vidt O [y Vydt O [gy,V, dt (A13)
2,0 [gn Vidt O [g,yVydt O [g,,V, dt (Al4)

As mentioned above, it is possible to calculate gravitational
accelerations in real time on a moving vehicle, if the measured
data of gravity gradients are transformed to the components
along reference coordinate axes using Eq.(A8), and these trans-
formed data are applied to Eqs. (A12)0 (A14).
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