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0 Detall of the Leith Type Third-order of Upwind Scheme and
Application to Viscous Incompressible Unbounded Flows for Re 1000

Shigeki HATAYAMA™

ABSTRACT
In this paper we give a detailed description of the Leith type three-order upwind finite difference

schemes indispensable to compute numerical solutions of incompressible unbounded flows for
Re= 1,000. To test the effectiveness of this scheme, we define three problems: the backward-facing
step, the blunt based body and the rectangular cylinder obstacle; give a detailed description of finite
difference approximations of initial conditions, boundary conditions and sharp corners for each problem;
and give a detailed description of finite difference approximations for the four investigated open
boundary conditions. The results of numerical experiments showed that this scheme is stable and
accurate as was expected, and also that there are large differences among the four open boundary
conditions in flows in the domain near the open boundary, when the problem becomes more complicated.

Keywords: Leith type 3d upwind scheme, open boundary condition, Sommerfeld radiation
condition, backward-facing step flow, blunt based body flow, rectangular cylinder
obstacle flow

googoog

000000000000 000O0O0O0O0O0ORe=z10000000000000000COOODOOOOOOO
0000000000000 000000LeithODO0OO0OO0OODOO upwind OOOOODOODOOODOODOOO
ooo
gooooobooooboooodddogbobbbbbbbbbbbboogUugo g
0 O O Backward-facing step problem, Blunt based body problem O O Rectangular cylinder obstacle
problem 000000 0OD0DO0ODOODOODOOODOODOOODOOOOOODOOODOOODOOODOOOOODOO
0000000000 0D0O0O0O00D00D open boundary conditions OO0O0OO0OO0O00OOOOOOODOOO
ooo

0000000000000 00000000000000000000000000oooOooOOoOoOOgg
0000000000 Oopen boundary 0O0OOOOOOOO0O open boundary conditions OO0 OO0
goooo0o0oooUooUo0oUo0oUoUoULUUDUDUOOOOOOOOOOOOODODODODOODOLODOOUOOO
gooooooOooOoOopoOopopoopoopoopopopoDoo

promising. This scheme was firstly proposed by

1. INTRODUCTION Leonard (1979) in case of the one-dimensional scheme

Development of a stable and accurate scheme is [1]. After that, Davis and Moore (1982) extended this
indispensable to compute numerical solutions of scheme from one-dimensional to two-dimensional [2].
incompressible unbounded flows fRe= 1,000. For However they do not at all give detail of the two-
this purpose, the Leith type three-order scheme is very dimensional Leith type third-order finite difference
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approximations.
In this paper we give detailed description for the
Leith type third-order upwind finite difference

schemes in Section 3. Moreover to test effectiveness
of this scheme, we define three problems of the
backward-facing step, the blunt based body and the
rectangular cylinder obstacle, give detailed description

of finite difference approximations of initial condi-

tions, boundary conditions and sharp corners for each = -u —

problem in Section 4, and give detailed description
of finite difference approximations for the four
investigated open boundary conditions in Section 5.

Then in Sections 6, 7 and 8 we discuss the results ofa Z =0 ("’Z>

numerical experiments for each problem briefly.

2. BASIC EQUATIONS

The two-dimensional viscous incompressible flow
is governed by the following equations: The vorticity
(Q) transport equation in conservation form in case
thatReis the Reynolds number is given by

1

G+ U0+ 0y = 55 G

+{y), M= —— R » (1)

e
and the Poisson equation for the stream-functign (
by

Wy + ll/yy = _Za (2)

wheret is the timex andy the axtial and normal
coordinates, respectively. The subscripts andy
refer to partial derivatives with respectttoc andy,
respectively. Thex andy components of the velocity
(u, V) are given by

(l]y =u, Ll]x = -
3. FINITE DIFFERENCE SCHEMES

®3)

We derive the Leith type third-order upwind finite

difference scheme for equation (1) on the assumption

for simplicity as follows:

(2) T and u are constants.

(b) The spatial finite-difference approximations to
be used contain fourth derivatives in their
leading truncation errors.

(c) The generally small fourth- and higher-spatial-
derivative terms are omitted.

(d) The fourth- and higher-spatial-derivative terms

being multiplied by the generally smdllare
omitted.
(e) The generally small spatial-cross-derivatives
are omitted.
Then we can derive the following equations:
£+ Fﬁ+ F62(>

0% _ 0 (0g) -0 [ 9l _,
a2 ot gt at ox oy  oxt  ay?

0 (3]0 2 ()12 (%) o2 (3¢
ot 6y<8t> ox2 \ ot ay? | ot

ax
0% 0% 0’ 0%
:u2W+Uzay 2ur 5= 2v 03’ (4)
0 2325 20°¢ _, 0% 0*¢
2ulf— - 20l —
ot \ ot? 6t< 6x2 82y ox® ay® )
= uziz <6Z> + u202<6(>
ox2 \ at ay?\ ot
0% 037
=- u3W -uv® oy (5)

We expand(;; about time level n to obtain

N NGl
i, A 0%y
Yot 2

+At3 %

n+1
<, Z' it ot? 6 ot

+ 0O (AtY, (6)
where t = it. Here we insert (1), (4) and (5) into (6)
to obtain

n n 271 270
DT BN VIR VI 4 i 4 )
) L) ax ay x> ov?
2 02 |n 92 |n 03 I” 93 |n
+A—t ZZ’J +U2 i J—aur Z; -2ur Cis >
2 ax ay ax ay®
A 0% 9%
|- s TV (7)
6 0X oy

Here spatial discretization about grid paitjf is
accomplished as follows: Firstly we fit the following
quadratic to{ across grid pointsi ¢ 1,)), (i, j), (i-
1), (i,j+1) and (, j-1),

{ =y + Gl + C3l% + Can + Csn* + Cel (8)
Then we obtain
c1 = dij, C2 =L(Zi+1,j = {i-1),
2AX
=241 + {i-1), (9)

" 2Ax?
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1
4= —';;-,.--I v ':u I
2Ay '

1
ri=ﬁ (a1 = 28+ Lo ca = 0, (10)

Mext we integrate o obtain the average value of
zeta within the (i, jith mesh cell as follows:

[\ Lk [ 5T
ey - L SR O -
ﬂ.:.ﬂ.}' ;,«z-'r Gt = €1 + {7 A + 7 8y

= 'l:l-\.l T :Ild t;'dl..‘_z';l..,l"l' :.--IJ:' * ﬁ ':;l.lll_I;IJ+ |:r,,r-|!- { I I :I

Hence this average value is determined at time
levels n and n+1, yielding {™ and ™' as follws:
il "'llTJ ':1..1 *51 I:rl-.;ll.

Il":;l ‘_'.Iq-l:l

| 1
+E_¢h:r-' 1';1.1 .l ol ﬁ‘;l.'l Lo i

_E‘_N.;:,rl-z;ﬁg‘,_, . (12)

The last four terms in (1) can be intérpreted as

| 1
24 W0 = 200+ AT m g W G T AL

Araf @ i"a_ﬂu] udrae 3'C,

Ty bl e - +0 (ax%), (13}

l + [} L [ [ ] ]
24[':1-” 2 . II"-|-I!’_ ( u+'|_2tm* bt

aeay’ |"“—~h- | wheay ¥

TR == 0 (At (14)

ar ) 4 3y

Then we have the following relation from (7), {12}
(13) and (14):

cr_u_rl_ e rArAT? a'l':.:lr uﬂ.!.-_'n 'a":
i T ¥ 24 i 24 31!'1'

L T 5 VI 17

ek |., By i’ Elf ;
CET L i G
EI. Y hug ] T i
& T il — il
2 |II|.r Tar hdc Eh z dx? i dy’ .'I
] _.fa—"i By ) (15)
6l dx? -EI;I. I

Therefore

I ag; ag"
T R B

o
| n
* ( Tar + u_’.-!.i" ::I —da_ll:?. -i-ll Tt =+ war | —hla:g' [

2 w | 20 3
, [marAs "y w'ar "l 3‘-5"!
L 24 !
] 1
o (DR AR, '”‘J (16)
24 6 | ay

Here we discretize the spatial derivatives of the
ahove equation as follows:
i,

1
aI - E‘;H-Eﬂ.\j' i, I"-.'-'.I'J.J"

1 1
E':':m.; = ':I-I _I:l - E':':m; - 3":|_|+ 3{|-|.| - {n-:.;:" (17}

g
i 1
oy = &_}-{;um: " I:n'.f\-Ll:l_:I

':':l.ul' -1 ':; et = 3% 3, = 4, (18)

'L,

g LG, 2 (19)
3,

ia':.'f <3 _.5_:.1 l:':n.- | 1;- bl fu I ':'EE”
¢ .

?‘;'" é ""I:u:lq g ':il:u * jl:ﬂ-l.f v "-'-:l-dh (21)
VO 7 S T e S (22)

41
Byt Ay

Therefore we finally obtain the two-dimensional
Leith type third-order upwind finite difference
schemes for equation (1) as follows:

{7 ={T + WR+ WL+ WU+ WD

1 o a8
+E Filfh'i[l:'.""lui i ':'u'} - Er' (=12 I:.gi'._l'_gl—ld']

1 i
+E fi_ljlfg.l_l-rl = ":u} = EE ll.i_”: {;'U'_E'J‘-I}
+ I (et =280 + &i=1))

+ }rr {cl..,‘lﬁ.l _.z':l._l"' ;I.'I_ljl [23}
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where if Uij122 0,
AtUis1/oj AtU;-1/2;
Ci+1/2 :# , Ci—uzzf : wWu = - % Ci+1/2(ije1 + ¢ij)
AtU i+
Cj+1/2 = #1/2 , (24) * Cj+1/2 %_ Yy - %C 12+1/2 *
_ Atuj-12 v _ TAL _ At
Cj-1/2 = #’ Y= i Y, = Ay (25) (Gije1 — 280 + ijj-1), (32)
Uisr1/2j = % (Uis1j + Uiy), if Uijs12=0,
Ui-1/2j = %(Uiyj + Ui—l,j); (26) wWu = - % Cj+1/2 (Zi,j+1 + Zi,j)
1 1 1
Uij+12= > (Vijs1+ Vi), + Cj+12 5 -%- gcj2+1/2 *
Uij-112 = % (Vij + Ujj-2), (27) (Gij+2 = 245541 + i), (33)
if Uis1/2; 20, if Ujj-1220,
1
WR= - % Ci+12 (Givrj + (ij) WD = 2 Civ2 (G * Gij1)
1 1 1.2
+ Ci+1/2 6 V= Eci2+1/2 * G 6 H- ECH/Z )
(Jiv1j — 24ij + {i-1), (28) ({ij = 2Gij-1 + {ij-2), (34)
if Uis1/2; <0, if Uij-12<0,
1 _ 1
WR= - 5 Cirar (div1j * Gi) WD = > Ci-1/2 (Gij + &ij-1)
1 1
+ Ci+1/2 % - Y- %Ciz+l/2 * = Cj-112 6 Y, - EC j2—1/2 *
(Jiv2j = 2451 *+ Cij), (29) (Gij+1— 2G5 + ij-1), (35)
if Ui—12; 20, Next the finite diference scheme for (2) are given
by
1
WL = = Ci-12(&ij + {i-1,))
2 N ) Wiy =20 + ¥y + Vi =20 + ¥ ——z.
2 2 b
= Ci-1/2 1. Vi - lCiz—l/z * ax ay
6 6 (36)
(i = 2{i-1j + di-2y), (30)
Finally the finite diference scheme for (3) are given
if Ui_1/25 <0, by
wL= 1 Ci-12 (4ij + {i-1,) Yios = Y Y= _ (37)
2 24X b 20y "
1 1
= Ci-1/2 r - Y- EC i2—1/2 *
(fiv1j — 285 + Gi-1j), (31)
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4. INITIAL CONDITIONS, BOUNDARY
CONDITIONS AND SHARP CORNERS

Figure 1 shows geometry definition of three test
problems. In (A), B1, B2, B3 and B5 are the no-slip
solid walls, B4 the inlet and B6 an open boundary.
Coordinates of points 1 and 2 are (2JH, JH) and (IN,
2JH), respectly. In (B), B1, B2, B3, B4 and B6 are
the no-slip solid walls, B5 the inlet and B7 an open
boundary. Coordinates of points 1, 2 and 3 are (0, JH),
(2JH, 2JH) and (IN, 3JH), respectly. In (C), B1, B2,
B3, B4, B6 and B7 are the no-slip solid walls, B5 the
inlet and B8 an open boundary. Coordinates of points
1, 2 and 3 are (8JH, 2JH), (9JH, 3JH) and (IN, 5JH),
respectly. We note that truncation occurs at x = IN for
unbounded flow. At the inlet, a uniform inlet u-
velocity profile

u@y)=1 (38)

is chosen.
Initial conditions

Initial conditions for the backward-facing step
problem are from (3) and (38) as follows:

Yo =0, (39)
WYon1 = 0.945, (40)
Woj =h+ o1, JH+ 2<j<2JH -1, (42)
Yo, r = 0.94% + Yo 234-1, (42)
Wi =0,0<i<2IH, (43)
Yoauj= 0, 0<j < JH, (44)
Yo=0,JH<i <IN, (45)
W21 = Yo,on, 0T <IN, (46)

whereh = 1/JH, and the value of 0.945 decided by
numerical experiments.

Initial conditions for the blunt based body problem
are from (3) and (38) as follows:

Uho= 0, (47)
(o1 = 0.945, (48)
Woj =+ o1, 2 ) < IH-1, (49)
Woun = 0.94% + o yp-1, (50)
Wo,231 = Yo uh, (51)
Wo.2she1 = 09451 + o am, (52)
Woj =h+ ojp, 2JH+2<j<3IH-1,  (53)
Wo.ash = 0.94%1 + (a1, (54)

Wio=0,0<i<IN, (55)
Wi on = Wogn, 01 < 2JH, (56)
Wi2n = WYoun, 01 < 2JH, (57)
Yo = Yoon, JH< ) < 2JH, (58)
Wian = Yoom, 0<i <IN, (59)

Initial conditions for the rectangular cylinder
obstacle problem are from (3) and (38) as follows:

Yoo =0, (60)
Wo,1 = 0.945, (61)
Woj =h + oj-1, 0<j <5IH -1, (62)
YosH = 0.94% + Wo 5311, (63)
Pio=0,0<i<IN, (64)
Wean, = Wo,2.5m, 2JH < j < 3JH, (65)
Wosnj = Yo,2.5m, 2JH <] < 3JH, (66)
Wi2n= Wo 2.5, 8IH <1 < 9JH, (67)
Yizon= Yo 2.5m, 8JH <1 < 9JH, (68)
Wisin= Wosm, 0<i < IH. (69)

Boundary conditions
Since all the wall boundaries (WB) are no-slip, the
following equations are obtained:

2
ZiT\/—é = _Fg (wir,]wsu - wir]WB)’ (70)
or
Zih\;é: _Fzz (wthB—l - wi,r\]/va)’ (71)
and
__2
Zvr\);,lj_ _Fz (w\?/ml,j - l’UVUB,j)’ (72)
or
__2
Zvr\);,lj_ _Fz (w\?/s—l,j - l’UVUB,j)’ (73)

Also one phoney grid point becomes necessarily
outside the boundaries (B). We extrapolate the values
of these points by the method similar to equation (8)
to obtain

{61 = 3008 = 30 b1 + liea, (74)

I = 3005 — 3851 + Lo,
and

(75)
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1
ZBn+l] = 3581 3(821,1 - ZBn+2,j1 (76)
or
n+l
o+ = 308 - 308 — o2y (77)

Also at the inlet boundary the following equation
is necessary:
o= (l.UzJ + Yo, — 241L)). (78)

Sharp corners

Sharp corners (SC) is the point (2JH, JH) in (A) of
Figure 1, the two points (2JH, JH) and (2JH, 2JH) in
(B), and the four points (8JH, 2JH), (8JH, 3JH), (9JH,

n+l_
OB,j

oB-1, - (85)
OBC: no. 2

The following open boundary condition was
proposed by Mehta and Lavan (1975) [4]:

97 __9ud _ ol
at 0x ay
o __, 00 __0u_,00
X "ot X ay
)1 + 1a(uay+U)
at OB, (86)

in case that at the open boundary the inertia terms are

2JH) and (9JH, 3JH) in (C). We assume the values of dominant.

{ at the sharp corners to take two-values. Then we
obtain the following equations:
For the upstream walls

™l _

ZSC sc™ h2 wSC SG1’ (79)
or

ml _ 2

ZSC sc™ h2 wSC SG1’ (80)
and for the downstream walls

ntl _

ZSC sc™ h2 wSC+lSC’ (81)
or

ntl _

ZSC sc™ h2 wSC—lSC (82)

5. OPEN BOUNDARY CONDITIONS
FOR UNBOUNDED FLOWS

OBC: no. 1
The following open boundary condition was firstly
used by Thoman and Szewczyk (1966) [3]:

v Y, _~00) _
alon™ T 5y s =05 o = 0. (83)
Hence
1_
wcr;a i 24’83—1,1'_ 88—2,]’ (84)

Hence

n+l_
OB,j

C?B,J Ax ((UZ)OBJ B (UZ)OB—lj)
oy (U084 = (00,

for ugB’j >0, (87)

ntl_ -n

ZOB,j_ZOB,j

((UZ)OB+1J (UZ)OB]
(( Z)OB o (uogs,j—l)’

for ugB’j <0, (88)
Uggll =085, ~ AtugBJ e
e (U0 )P~ U ) (00, D, (89)
wg;:lj- = OB—lJ B AXUSEIJ (90)
OBC: no.3

The following open boundary condition is the
Sommerfeld radiation condition firstly used by
Orlanski (1976) [5]:

ﬁo_'_ cﬂp: 0 atOB,

91
ot 0X ®D

whereg@is any variable, and c is the phase velocity of

the waves. Orlanski proposed the following method

which numerically evaluates the phase speed at the
closet interior points every time: Using a leapfrog
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finite-difference representation, we have

n+1

$os ~ P08 - _ C
0B 0B —— (@1 + gn-1 — 24 ).
20t 2nx (%8 * Pos ~ 26

(92)

6. RESULTS ON THE BACKWARD-FACING
STEP FLOWS

In this problem, we show results for Re = 1,000
and IN = 800. Figure 2 shows aspects of flows

according to advance of every simulation timet= 5
Hence the phase speed is numerically evaluated at thefor OBC: no. 1, Figure 3 for OBC: no. 2, Figure 4 for
closet interior points from the above equation as OBC: no. 3, and Figure 5 for OBC: no 4. (In Figure 2,

follows: we use symbols of DTHP and DTHN. DTHP expresses
n n-2 the pitch drawn on streamlines fgr< 0, and DTHN
- _&x $og-1~ PoB-1 . .
= T A - - .(93) expresses the pitch drawn on streamlinesyfar 0.
t n + "2 _ 20" 1
Pop-1T Pop-1 ~ 4¢P oB-2

Also win this Figure is equal td. Hence we use
From the above two equations, we can also obtain the symbols in similar mean for thi@.) Also Figure 6
boundary conditions¢&3} as follows: compares aspects of flows at t = 30, 35 and 40 among
the four OBCs. In (A) of Figure 6, we can see that

ne1 _ 1 = CAt/IAX -1, 2CAt/AX e .
0B =1 1 cat/Ax POB T 1 1 cAt/Ax D1 - variation of flow does not y.et grrlve at the open
boundary at t = 30. Meanwhile in (B), we can find
(94) that variation of flow already arrives at the open
OBC: no. 4 boundary at t = 35, and hence it is the same as well as

at t = 40, as shown in (C). As seen from (B) and (C),
there is severe difference among the four OBCs in
flows in the domain near the open boundary. Hence
we cannot at all conclude which of four OBCs gives

99, cai’: 0 atOB, the most excellent solution, only from these Figures.

ot ox (We here note that computation of flow by OBC: no.
wheregis any variable, and c is the phase velocity of 2 was broken off due to overflow in computation{of
the waves. Bottaro took the average streamwise speedatt > 35.1.) Hence it is necessary to investigate in
in the channel as ¢, and Kobayashi et al. the mean detail which of the four OBCs is the most excellent,
channel velocity as c. The author proposes to take the but this is not the purpose in this paper. Detailed
uniform inlet velocity as c. Therefore, ¢ = 1. investigation will be given in the other paper.

Hence

The following open boundary condition is the
Sommerfeld radiation condition used by Bottaro
(1990) and Kobayashi, Pereira and Sousa (1993) [6]:

(95)

7. RESULTS ON THE BLUNT BASED

(96) BODY FLOWS

(Pg; = (DSB,j _g ((d(;B,j - (Dgal,j)' _ ' '
This problem is more complicated than the
Under the above preparation, we computed the previous one, and hence OBC: no. 2 could not bear
numerical solution of flows to the three test problems practically for this problem due to this complexity.
for unbounded flows to obtain the results shown in We discuss about OBCs for this problem similarly to
the following Sections. As seen from the results, the the previous problem. We show here results for Re =
Leith type third-order upwind scheme is stable and 1,000 and IN = 800. Figure 7 shows aspects of flows
accurate. Also the results showed that there is severeaccording to advance of every simulation time t = 5
difference among the above four open boundary for OBC: no. 1, Figure 8 for OBC: no. 3, and Figure 9
conditions in flows in the domain near the open for OBC: no. 4. Also Figure 10 compares aspects of
boundary, when the problem becomes more flows att=30, 35 and 40 among three OBCs. In (A)
complicate. By the way all the computations of Figure 10, we can see that variation of flow does
conducted under the condition of JH = 40, uniform not yet arrive at the open boundary at t = 30.
grid and hencéx = Ay = h = 1/JH. Meanwhile in (B), we can find that variation of flow

already arrives at the open boundary att = 35, and

This document is provided by JAXA.



8 TECHNICAL REPORT OF NATIONAL AEROSPACE LABORATORY TR-1373T

hence it is the same as well at t = 40, as shown in (C). boundary conditions and sharp corners for each
As seen from (B) and (C), there is severe difference problem, and gave detailed description of finite
among three OBCs in flows in the domain near the difference approximations for the four investigated
open boundary. Hence we cannot at all conclude which open boundary conditions.
of the three OBCs gives the most excellent solution, The results showed that this scheme is stable and
only from these Figures. Hence it is necessary to accurate as was expected. Also the results showed that
investigate in detail which of the three OBCs is the there is severe difference among the four open
most excellent, but this is not the purpose in this paper. boundary conditions in flows in the domain near the
Detailed investigation will be given in the other paper. open boundary, when the problem becomes more
complicated. Hence it is necessary to investigate in
detail which of the four open boundary conditions is
the most excellent, but this is not the purpose in this
This problem is the most complicated among the paper. Detailed investigation will be given in the other
three problem, and hence even OBC: no. 1 could not paper.
bear practically for this problem due to this complexity.
We discuss about OBCs for this problem similarly to
the previous problem. We show here results for Re = [1] B.P. Leonard, A stable and accurate convective

8. RESULTS ON THE RECTANGULAR
CYLINDER OBSTACLE FLOWS
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B4

B5

B5

B6 u}uboun ded

B7  unbounded

B3 2
B2 1
B5
B1
(A) Backward-facing step problem
B4 3
B3l =
B6
B2

B1

{B) Blunt based body problem

B4 3

A3

54

B2

2
B7
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Fig. 1 Geometry definition of three test problems
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Fig. 2 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 1)
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Fig. 3 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 2)
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Fig. 4 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 3)
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Fig. 5 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 4)
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Fig. 6 Difference of flows among four OBCs (Re = 1,000, IN = 800)
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Fig. 7 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 1)
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Fig. 8 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 3)
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Fig. 9 Difference of flows for open boundary: IN = 800 (Re = 1,000, OBC: no. 4)
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Fig. 10 Difference of flows among three OBCs (Re = 1,000, IN = 800)
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Fig. 11 Difference of flows for open boundary: IN = 1400 (Re = 1,000, OBC: no. 3)
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Fig. 12 Difference of flows for open boundary: IN = 1400 (Re = 1,000, OBC: no. 4)
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Fig. 13 Difference of flows between two OBCs (Re = 1,000, IN = 1400)
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Fig. 14 Initial aspects of flows for open boundary: IN = 1400 (Re = 1,000, OBC: no. 4)
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