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A Comparative Study on TV-Stable Schemes
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National Aerospace Laboratory

ABSTRACT

Three representative schemes among the TV-stable family were tested for comparing

smoothness of solution, resolution power of fluid dynamic discontinuities, and imple-
mentation cost. A TVD of Harten-Yee type, its TVB modification by Shu’s method, and
ENO proposed by Harten-Osher were chosen and use was made with discretization at the

second order. Problem tested for space one-dimension was Sod’s one and that for two-
dimension shock propagation around 90 degree bend in a channel. The tests had been

conducted under the same computational conditions. Although all the schemes tested

showed almost equal resolution for shocks, ENO scheme provided the most smooth
solution across shocks. The TVD scheme captured an instability in slip surface associated
with Mach reflection. Implementation cost increased in order of TVD, TVB, and ENO.
The cost increment of ENO to TVD was less than 10%.
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DENSITY, SCHEME=TVD, N=60, CFL~0.99, F.LIMITER=S

1
2.0
1.0 L
SN ET N T T ST (VUNUN NSNS N SN SN SN NN SO AU N
0.0 0.1 u.2 0.3 U.4 0.5 V.6 0.7 0.8 G.S 1.0
MERN=ROE KMF=1, ¢=0.100
DT/DX=0.476, PROB.NO.=3,
(a)

DENSITY, SCHEME=TvVB, N=60, CFL=0.99, F.LIMITER=1
8.0~

1 ]’l l 1 ] J. ' 1} lJ 141 L l 1 I 1 l
0.0 0.7 0.2z 0.3 0.« 0.5 0.8 0.7 0.8 0.8 1.0

MERN=ROE KMF=1,KPS1=18=0.100, B=3.0, M=0.7
0T/0X=0.472, PROB.NO.=3,

(b)

DENSITY, SCHEME=END, N=60, CFL=0.89, F.LIMITER=S

2.0

1.0~

J

PN IS NN TN ESUNWRNNS AU SN [N VN AN SN SN NN N N
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.% 1.0

MERN=ROE KMF=1,KPS1=18=0.100
DT/DX=0.478, PROB.NO.=3,

(c)
X1 Density distribution, n=60, CFL=0.99, and (3) TVD : (b) TVB :

and (¢) ENO results, x numerical, — exact solutions.

Thic dociiment i nrovided hv TAXA



FeOMTERABERNF Y v R I U LEXE

TV, SCHEME=TVD, N=60, CFL=0.99, F.LIMITER=5
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2 History of total variation corresponding to cases in Fig.1.

Thic dociiment i nrovided hv TAXA



110 RMZEFHAMHARSRIER 9 5

UNO/ENOH 8 5,

(3) &R*— it HERBEOHIBAICILE UER
mDZ IS B,

B2

100
TV = 2 Ajiyso
1=0
DEBAFCBIIAEAT o, PLIZLDOTH S,
TVRERAF— LTI, BZZT 5 7 1049
TV((n+1)d4¢)<TV(ndt) +#NE 13
THy, PliELshDIZE &
TV(ndt)<TV(O)+H2E8=FRE
P o—FMIBL T 5 h—ETRIFEL ST
ZTH5H, EBOHETIRR 2ZDL I ICHHEHRR
Ty 7OMTVEEEMT2FNE, ZOEBMN
READRIIBE SN EL D55, R2h O
DB/ O
TVB<TVD<UNO/ENO
DFETHY, B1DHpLIELF 512 TVD
& UNO/ENODEMH T 5,

3.2 2X&X;Euler FEER
—RHEEEOT T, REEATEMIN/CER 2
KILD Euler FEAXAZ ML, 2T 0BHOEA
OEHEBECRLHAE L, COMBRAERLIVES
D LISRF— LOREICER LTRSS DD,
CITHEELTHERT 5,
BFIRRAF—LEbHBOLDT, BRAMIC
1318, BHOFT4a/B, L THREICEA—&KZ
DEEHEZFITEL, Z&KIr=14D7EL2K&K
ELMYBADMRCHERE < » K22 OFEEHR
ENEFELILSDOE UTHIRRYARET 5, BE
FRIF3BIESE, SABRFAI/RESCHSEL
TEHEAT D0 (2D Rjsisz, i PEARD I B,
YFR IO LTI Roe DN T %, S8 ICH

LTHERIEEEAV 2, BBE< » 2 20K,

ZOBRRFENIRA~ » B 1L.07T THERK»
LERmERAFGEIEERERRNAOE THEE =N
b, BEmMTIMEOARL (B D&HELHT. T
FHTOUNBIEABETH L, HRAF - LILLOHER
#2129, &5HI3 Courant = 0.99 TiTHAL

1o

K35

(1) FRAF—- L HKEEE@ (A, <~ 2
T, o N URD) PROI(EERNER L)
ZRIFICHIEL TV S,

(2) T RHBEOBRFIER LT 2ERE
(EERR ) OB L TIITVD & UNO/
ENOMIZRBE TVBARDE BN TH 5,

(3) O EOREE 1o 5 FBE (KB Tl
Vo PNTHZONED, ZOREE - BEhr/h
SVWOTHETRF VY IOXIHIHZONS )
ETVDARE bR (HIRL TS,

(4) BOB\BOMXILUNO/ENOMEEL BB,

LEMbM B,

—F, AE IR MIBERAF— LD by, ODRRS

ShbhhrdLdic
TVD < TVB <UNO/ENO

Thbd, EBITIZUNO/ENO:TVD< L1 THoT,

4. &

RIETOERICLY, UTol)IlHmnz e

5o

(1) TVBOLH2WPHHTTVDAEELLD L
LTHEODEMNEODOTUNO/ENO 25 Z
oM &,

(2) WNBHEOMBLEMT 505, K3 X b
DOTVDHHER R 5,

(3) UNO/ENQW F7EHtA MM HE, HIZIL
REZESEOBEEWIILE - REUHEELED
N3,

-

2 £ X B

1) Harten, A, “On a Class of High Resolu-
tion Total-Variation-Stable Finite-Differ-
ence Schemes”’, SIAM J. N.A.,, Vol. 21,
1984, pp. 1-23.

2) Harten, A., “High resolution schemes for
hyperbolic conservation laws™, J. Comp.
Phys. Vol. 49, 1983, pp. 367-393.

3) Yee, H.C., Warming, R.F. and Harten, A.,
“Implicit Total Variation Diminishing
(TVD) for Steady-State Calculations”,
J. Comp. Phys. Vol. 57, 1985, pp. 327-

Thic dociiment i nrovided hv TAXA



4)

3)

6)

7

8)

9)

10)

11)

12)

13)

FeRMEMARTERNF > VR U9 simE 111

360.

Yee, H.C. and Kutler, P., “Application of
Second-Order-Accurate Total Variation Di-
minishing (TVD) Schemes to the Euler
Equations in General Geometries”’, NASA
TM-85845, 1983,

Yee, H.C. and Harten, A., “Implicit TVD
Schemes for Hyperbolic Conservation Laws
in Curvilinear Coordinates’, AIAA J., Vol.
25,1987, pp.266-274.

Davis S.F., “TVD Finite Difference
Schemes and Artificial Viscosity’’, ICASE
Report No. 84-20, 1984,

Roe, P.L., “Generalized Formulation of
TVD Lax-Wendroff Schemes”, ICASE
Report No. 84-53, 1984,

Yee, H.C., “Construction of Explicit and
Implicit Symmetric TVD Schemes and
Their Applications’’, J. Comp. Phys. Vol.
68, 1987, pp. 151-159.

Osher, S. and Chakravarthy, S., ‘“Very
Higer Order Accurate TVD Schemes”,
ICASE Report No. 8444, 1984.

Osher, S., “Riemam solvers, the entropy
condition, and difference approximations”,
SIAM J. N.A. Vol. 21, 1984, pp. 217-235.
Lax, P., “Hyperbolic Systems of Conserva-
tion Laws and the Mathematical Theory of
Shock Waves”, CBMS Regional Conference
Series in Applied Mathematics 11, SIAM,
Philadelphia, 1973.

Aki, T., “A Computer Study on Mach
Reflection around a Concave Surface”, in
Proc. 1st Appi Workshop on Supercomput-
ing, Ed. R.H. Mendez, Institute of Super-
computer Research, 1987, pp. 1-20.

Shu, C.-W., “TVB Uniformly High-Order

14)

15)

16)

17)

18)

25)

26)

27)

Schemes for Conservation Laws”, Math.
Comp. Vol. 49, 1987, pp. 105-121.
Chakravarthy, S.R., Harten, A., and Osher,
S., “Essentially non-oscillatory shock-
capturing schemes of uniformly very high
accuracy”, AIAA 86-0339, 1986.

Harten, A. and Osher, A., “Uniformly high-
order accurate nonoscillatory schemes, 1",
SIAM J. N.A. Vol. 24, 1987, pp. 279-309.
Harten, A., Engquist, B., Osher, S., and
Chakravarthy, S.R., ‘“Uniformly High
Order Accurate Essentially Non-Oscillatory
Schemes HI”, J. Comp. Phys. Vol. 71,
1987, pp. 231-

Harten, A., Osher, S., Engquist, B., and
Chakravarthy, S.R., “Some Results on
Uniformly High Order Accurate Essentially
Non-Oscillatory Schemes’, J. App. Numer.
Math. Vol. 2, 1986, p. 347.

Shu, C.-W. and Osher, S., “Efficient im-
plementation of essentially non-oscillatory
shock capturing schemes’, ICASE Report
No. 87-33, 1987, KU ICASE Report No.
88-24, 1988.

Sod, G.A. ,' “A Survey of Several Finite Dif-
ference Methods for Systems of Nonlinear
Hyperbolic Conservation Laws”, J. Comp.
Phys. Vol. 27, 1978, pp. 1-31.

Roe, P.L., “Approximate Rieman Solvers,
Parameter Vectors, and Difference
Schemes”, J. Comp. Phys. Vol. 43, 1981,
pp. 357-372.

Takayama, K. et al., “Shock Propagation
along 90 Degree Bends”, Report Inst. High
Speed Mech., Tohoku Univ., Vol. 35,
1977, pp. 1-30.

Thic dociiment i nrovided hv TAXA



112 EFHITMFRAESE™ 95

.0 N=800

R0=-12.0 RI!=8.0 N-800 RO=12.0 R!=8.0 N=800
MS5=2.20 GAMMA=1.40 MS5=2.20 : GAMMA=1.40
1S0BAR N-800 1S0PYCNIC N=800

(b}
RO=12.0 RI=8.0 N=800
MS=2.20 : GAMMA=1. 40
1508AR N=800

(©)
[X] 3 Shock propagation around 90 degree bend, grids : 4/degree along the bend
and 131 across the bend width, M; =2.2, r=1.4, CFL=0.99, and (a) TVD :

(b) TVB : (¢)ENO
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