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Reconsideration of methods for flutter analysis

Teruo ICHIKAWA

Three different types of fundamental equations of flutter, that is, the differential

equation, the integral equation, and the energy principle are formulated for a
cantilever wing, and their relationship is clarified. Equations of various approximate
methods derived from the fundamental equations are all written in matrix froms by
which it is made possible to find interrelations of the approximate equations and to

discuss their merits and demerits from the standpoint of using a digital computer. Conver-

gence of approximate solutions when increasing the number of degrees of freedom

is examined by numerical calculations.
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(A.32)

[AY+[A] (A.33)

% 2 Theodorsen OEE¥ i

-1,1685246£~04
8,277999%E-0¢
5,402804£-05

-2,0641765-04

~1,6303685-04
1,8537445-04
3.080810£~04
1,7948065-04

~1,.487510c-04

-1,400863c-04
4.571275c-05
2.298240£-04
2,218546c-04
1.,009026£-04
8.,751696£-06

=8.612697=-05

~1,111251£-04

-9.391722€-05

-3,430545£-05
1.514461E-04
3.080589c=04
2.,971483c-04
1,402561F-04

~1,0550835=-04

~-2,521789£-04

-2,274503c-04

~1,425708c-04

K FEK) APPROX F(K) ERROR
1,000000€~02 9,824215E-01 9.823067E-01
2.500000E-02 9,543369€-01 9.551269E-01
4.000000E~02 9,267018E-01 9.267519E-01
5.000000€~02 9,090090€-01 9.088213E-01
5,999999E~02 8,920398E-01 8.918943€-01
8,0000006~02 8,6043186~-01 8.605913E=01
9.999999E~02  8,319241E-01 8.321804E-01
1,200000E-01 8,0463273E=-01 8.064721E~01
1,600000e-01 7,627720E-01 7.626600E-01
2.000000E-01  7,275800E-01 7-.274780E-01
2.400000E~01 6,988879E-n1 6.989199E-01
3,000000E~01 6,649711E-01 6.,651239€~01
3,.400000E~01 6,469461E-01 6,470896E-01
4,000000E=01 6,249763E-01 6.250393€-01
4,400000E=01 6,129575€-01 6.129628E~01
5.000000€=01 5,979360E~03 5.978845£-01
5.599999€=01 5,857205€-01 5.856555E-01
5,999999€a01 5,788016E-01 5,787473E-01
6,600000€~01 5,698898E-01 5.698702E-01
8,.000000E~01 5,541465€=n1 5.5423056-01
1.000000E+0C 5,3904349€-01 5.396011E~01
1.200000E+00 5.299559E-01 5.301133E-01
1.500000€400 5,210131E-01 5,210862E-01
2,000000E400 5,129550E-01 S.,129008£-01
3.000000€«00 5,062801E-D1 5,061524E-01
4.000000E«00 5,036709€E=D1 5,035564E=~01
6.000000€00 5,0168486-01 5.016133€=-01
1,000000€01 5,0064806~014 5,005871E-Q1

~6.167419£-05

G(K)
~4,565208E-02
~8,723862E-02
~1.1600126-01%
-1.3064446-01
=1.425944£-01
-1.604021£-01
-1,723022€-01
-1.,800727¢-01
~1,8756606-01
-1,886243£-01
~1.861940£-01
=1.793191€-01
~1,737580£-01
=1.649839£-01
~-1,591543€-01
=-1,507095e-01
-1.427682€=01
-1,377852e-01
-1,307822~01
~1.,165024E-01
-1,002729e-01
=8.770910€=-02
«7.356527£-02
=5,769124£-02
«4,0003936-02
=3.049606E-02
~2,059571E402
~1,24466%9E~D2

APPROX 6(K)
-4,583586E-02
~8,761187E-02
-1,166485E-01
~1,309852E-01
-1,426616E=01
~1.603600€-01
-1,724450F =01
-1.803511E=-01
-1,877501F-01
-1,R86000€-01
~1,R61029€-01
-1,793200€-01
-1.738392E-01
~1.651225€-01
-1,5928465€-01
-1,50791BE-01
~1,427858E~01
~1.377645E=01
-1,307199E-01
«1,16423RE=01
-1,002815£~01
~8,781554E-02
«7.374710E-02
~5.786531E=02
-4.N006871E-02
=3.N49764E-02
»2,N55814E=02
~1,240738E-D2

ERROR
4.025578E-03
4.278429E-D3
5.579654E-03
2.608985E-03
4.715055E-04
~2.625320E-04
8.340392E-04
1.545785E-03
9.816214E-04
-1,240287E=-04
~4,931467E-04
4,.819716E-06
4.672103E-04
8.397849E~04
8.304777E-04
5,455833E~04
1.235778E-04
~1.507580E-04
~4,767196E~04
-6.752069£-04
8,6042918-05
1,2135456E-03
2,471601E~-03
3,017233E-03
1.,619411€-03
5,455001E-05
=3.824145E~03
~F+156211E-03
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Ao EH TR T TREE (power method) &
Jivic, REERBAEZEMHEOKREWRIZRD S
haze, BE7 bRRERKELONRD I DD
DOREVCHERD DD, 75 v FRITICHBIELT
W5,

F—DEROVWTIRDP L RBEEZEFT I THS 5,
U-g¥ETI(A.32)iIcE 5 113, HERERLN
HhaEBn 7 2—% g #3ALT

z:ii¥~
@

(A.34)

DL T B, 8 BIERRLIBEVRBEETH 5, ERX
TR O 1/k=U/bo ¥ FHh LEBIZKESL
B2RE, TRTO(HHEOEKZ LW BHHEK >V
TU-g FryblLicdlld, TOFEOPDOE
HEIKL2EE CREBALY 52, TOPOR/INEE
BTy IRREEEE X B, 1/k VNSV TS
TORBHERELERBES 2 5. Thid 1/k /&
W B EBEHREERERTREL (ERAR
U? BHHR o KlFIT206), BT EDNHE
WZEKHOFTHAIMNEROEPEZE T 5D TEDHK
o< Y v 2 ABMHIEWEERY, -TZO
Zo0EHIcE 5T T v ¥ OFBERPHCHKIGE
WL RO TREREFIBWERHTE S, #-
THERED /NS (0 DREWV)BREBEEEES X
e LTh, TRRAREVEERCSETHETHY,
75y SRREEIRES L Bbh b, Thill
75y ZRRFEEERD BT TOBEEEHA
THMHERIRL, BUEHEO KR EWE» L EEDE
HEZHETRTII W Ltk B, Ui e
REERIBE v, FEMAIRIZIBRIZIIIEZH
PR THZ LB LA EEVORMIMBL N, TDZ

PRI RE LA BAIEETH 5,

3T, REEEBWTRWO LXHERRKOBEEE
RINKET 50T, F2, BE30EFEEZROIIIY
5B Lo EL, HEIHEOEELEFERD S
VINEREL 250 TIhE ¥ HNETEAOANR
RIEE %25,

DRI OWTREL OFHERD 51920, i
TREEN XL abhTws Hotelling o deflation
¥R, UFCRERDKD, v )y 2255 0n
7 MvoEREEKBL THL, (A.32) TBWT
MHEBRAROBEEEE 4, ThERMETHHEBIVCE
DOEFER7 bV EEFRFR 5 BIUV »n ¢35, T
bbb

Ax1 = 21 X
(A.35)
WA= 2y
&ﬁ/@—jﬂéo &@7 Y IR
Hl :A - Al ad y—ll— (A.%)

» x

A LRILEESZ bVvBEBLUE) &R, £
4 RO TEEEEOLABENE A LR LEEHEEE
9o 5T Hy 12D\ iteration %175k, A D
%2 BAEGHERKRE V2L 2FR) BI UL
TEEEI MR BE LR D, Hi i 41X T
deflate Ehic< bV v 7 REMFFEND, TOHED
Figi, H & A RILKHEROBEETRD DI
AR ALRUKE o b oy REDEZOHEK
DORETIWI L THBW, 65 T iteration i3 1, &
Y1 OEFIZOWTITRILERDZN, Thbid 4
OFROESOBERELRLLIATED, 4 %
v— U~

_ ¥ Ax
21—'——,——
Yo' x

(A.37)

o TEHEYT I L TuE, LoBERBFELLIL
TTES £{47<. B3, HF4, DEFEL LS
Rtz deflation #RTZ Ltk - THON D,

o, ZoFEL VEENRERCBNTT N
TV nbhdBONPDFERD D', TAHIZE
Wi deflate &hiz< b U v 7 248 singular (272
birnwk o k¥E—o>3o8 b LTI, iteration
i x iZonTOARTINWS, A LRICHEKDOHE X
T HBEXD I FREThER L 2. %7
deflate X< bVy 7 ZDOBHERZ bVt A OF
hEBRBZLWHIREABD D,

FBZOR, ThbbMHEOTHE L BEFE D 5
BEOMNEE, 77 v ¥ OBINICIRBICEETRLZ
ERTERV, THIRLEOPDHERD 5 039,
A TRIFA v & y O F D iteration 257425 D
Thodrb, IThEFPRFIATIHEEERL,

WE (4] & 2] ERFFELL, (bl BIhiz
H_T/h&EnwE T3, iteration RISy A 7 EPE T,
2 oW THOEoDHk:{ iterated vector ¥ 7, s,
I P

r = X+x:
s= Ar = 121 x1+22 Xg
{ = As = 212 x1+222 X3

(A.38)
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DX HICET B, [FIRIZ ¥ KOV TOI 20k
{ iterated vector & p, ¢ £ THL
g =3+ »n
(A.39)
o= Ap = 2N+ A2y
LEF S, x: L yj @ bi-orthogonality (y;/xi= 0,
ix7) KXo T(A.38) L (A.3)H 5

T =3 x Aty %

pIS = ¢'r = Zly,’xl + 22}’2’12
(A. 40)
p't = o’s = 22y x + 2ty %

o't = 23y % + 2Pyd
A2 LT, (A 40)0#Fdo=>D b ¥/ 5
oy x EEETLE

p'r2idy — p's(2 + )+ pt =0 (A.41)
FERIZ (A 40) DBEDO=DDRN S
0'r 2 da— o’'s (2 4 29) + o't =0 (A.42)
(A.41), (A.42)&
2022 — 2 (A4 + Z) +22=0 (A.43)
EWD 4 & Lt REETHE
p'r p’s plt
| a'r d's o't =0 (A.44)
E 1 2 2

(A.44) & 24 & 2 2523 -KHFERXTHD, Xt
ST 5EERZ A (A.38), (A.39)05

5 = er—s
YT =4
2 — Ar—s
BT A=,
(A.45)
— 22‘0—‘0
N1 T—1,
_ Aip—o
Y2 L—T,

KIoTHLND, TNHOXNTHRIE 1 TEEH
TEwve ZHLTHLNIERELEE<Z b
ROFHEH L ChBPEIPERERTEED, B
LU L TR IR ER ST 5720,
(A.45) & starting vector ¢ L THEz iteration %47

RODHRIV,
ZOFEOBEERR 5., BHEEO DI ST
5% DY v 7 RAROWTHERITRY, BOR

RIREIFEREEB. TIRFO—FIEZHTTBL,

£
iﬁz 1 3 4
@1 -3 1 5
i 1 6 —2 |
5 |

3 2

L4
o= b w 27 281 BEFHEICX LT starting vec-
tor {1, 1, 1, 1} ZAWTHED iteration %47
%ok, BYREIHORBEZ B 5 0 1200 Eo
iteration & HEL 35, FER L5 BERRERS
R POREEHEIZ5 X104 L L, Thas 2 EgE
THeEIND L IPWHL BART, R xizonT
DEETFT, yIZOWTORERLRER URETH
5o 35 1 ERMEOEEEN 54 Lo TWBD, 50
Elx BXIV y o iteration 21772 57214, (A.45) @
x & y; % starting vector } L T iteration ¥{T
BV, x XAETIR LD & 27T, B2 BEAHER
(A.45) D x; L yp % starting vector L LT3 D
TR H Y, Bodewig DR L KL THEK
FTHERIBERLIICBE v, ThXEIERD
RETH D,

-2 -1

® 3 EREOHAH

b, - Bodewig?®
EEfE R
—8.028578 54 —8.02857835
7.932605 4 7.93290472
5.668863 8 5. 66886436
—1.573191 5 —1.57319074
X &

1) H.P.Y.Hitch;Modern Methods of Investigating
Flutter and Vibration, Jour.Roy. Aero. Soc.,
Vol.68, No.642 (1964/6)pp. 357—373

2) D.S.Woolston and H.L.Runyan;Appraisal of
Method of Flutter Analysis Based on Chosen

Modes by Comparison with Experiment for
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NACA TN
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