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On the Vibration Analysis of Aircraft Wings

By Tadahiko KAwAl, Hideo IzuMi
Hayato ToGAWA, Yoichi HAYASHI

Based on the variational principle, the fundamental equation of lateral torsional
vibration of a beam with variable cross section is derived and the general method
of solution of such a beam is proposed in this paper. In those equations of
motion, the effect of shear deformation as well as that of rotatory inertia on the
vibration characteristics of the beam are considered so that the realistic vibration
analysis of a wing structure may be possible. Taking a typical jet transport plane
as an example, a vibration analysis is extensively made and results obtained are

compared with that of previous investigators.
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% 3 & Properties of the ‘‘dumbbell”’ units

Sta.ltion ! ( X}‘gSG) ! ( XI(I)OG) » So e= % m * d=2 ﬁ —gt
) ' b ] Qbein) (Ib-in) Gn) LT P

0 ' 17,400 | o0 R — 17,400 | _—
90 6,09 |  8.72 42,273 | 7 3,019.5 74.7
186 10,200 | '93.16 140,083 13.734 © 5,100 | 189.15
268 4,200 | 3.72 —8,400 -2.0 . 2,100 59.39
368 3,400  2.77 .. —6,800 -2.0 1,700 56.95
458 680 0.40 . -2,720 | —4.0 30 47.84

ZHDODOREEE AV, BX T35 2 v MaEBEOREMETE, UTUuA 0508850
THTis » TH B,

7, (19), (20) FIT CD KIVHFE LN HREBBFEROELRLTERI 3,

@D MEFRBORBB TR O

METIRBOBITNE (20) XTEHEAZAOND an BLY by BT R -RKATFERLY an &
JV bn 2 HE L TRONUDREBGTER Y, FRAVENCES Z L XRET . Lo Tm=n
=7 Tl THELNZEMERERFERXO I (22-1) KoM 52605, s (22-1)
AU TORBHFERIIT N TERIERT HT LT D,

(22-1) KRHFHR, GBHBHRZEOBHOHACEMATE S, HWMEHRO HAITE, F—K
EHEEH FITBE, B_REAREREEORBELICHIE LTVDDT, —KiZ
Cin=Cpn1=C2n=Cpe=0

Thd, €LTC, TOBEHEBLZBXCANTRE RS Z LiZindnbd, RMMEFIHSEESHD
IFME R 2 UTIREROFIER (22-1) KX, — o0XRFEEF ICERFEROFERXCIN S
ZENDMND,

(1) WY EBRAHERE (22-2) K
() FYEE BRIENTFHTIRE (22-3) X

Tixbb, O OHETIFIBBORMEN, () OHBEIZBEOF.OEOEY O EEDR]
BENE B —KEKE (BROFTHIPRBBITETHS) L LTHEATVR I Ehibhd,

D MRV IRBOIREBB S ERXDO—KRTE

COBEORBEAERT QL KLY m 2WELT (23) RomikHHh D,

ZoXd (22-1) XAk, ARFR AWREHROEHFOBECEMATE 35, —RICHEED
RBEDOHT I v v 7 ORMAERKIEOIRY BB L TERBICREL, Lii-T, BROfF
DHROMEEAIBICE LA LES, B, ROFEVRENCBEL T, AREAFRE LTE
A RBBIT 21T TFTH D,

dID  #dE Y SRR OIRE B B D —B
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OBEORBEFERT, MBTRERR OBV IRE2RFEEE LTED D X&Y
(24-1) KXom<HFE 1N B,

FLT, SRR L OSIRVIESOHE L A, mHEHEROBEE, REBHFERIXN
MEB & IERNHIRBO oD FERITTRET 5,

(1) MK (24-2) X

(D) FENFRE (24-3) K

AV) sk IR B D BEHTH

BB BS54 Bisplinghoff 12785 - T, BAROML £ 23 DET D, (F7:, BE M O
HEIFHEIEXESR)

(a) Kz E) (Cantilever bending modes)

COHE (22-1) KA TN D EEE Ann Bany Cony Diny Fan 8L Gun OFERERD
m<G5x2bN0b, (B 4-1 F~5H 46 £2H)

41 £ Apn OFEER (FRRHETRE) X107

e 1 2 3 4 5
1 11837 1.0298  0.02139  0.03839 —0.38246
2 1.02778  2.81705 1512588 | —0.42897 | —0.96032
3 o0u3 157258 2.80144 |  0.39720 —0.78684
4 0.0383 ~0.42807 | 0.39720 2.44767 1.11686
5 —0.3826 —0.96032 —0.78684 1.11686 . 3.39848

%42 K Bma ORHER (FRBHTEE) X107'D

Nf 1 2 ; 3 4 5
1| 000012 . —0.00000 [  0.00000 | —0.00012 ~0.00001
_—274%_" —0.00001 | 0.00080 0.00015 0.00007 —0.00037
3 A| 0.00000 zruwo.ooow ;7 0.00206 0.00084 0.00039
4 | —o.0002 000007 | 0.00084 0.00507 0.00254
5 | —0.0000 —0.00037  0.00039 . 0.00254 0.00949
B A3 E Com OFER (WRRETIRED  X107* Ib/sec?
Tm 1 | 2 | 3 | 4 5
T "7176‘.75;7 338.053 305.164 222.471 184.115
M";*‘  238.053 435438 | 5637.38 4045.95 2794.83
5 205.164 |  5637.38  31122.6 29199.3 | 15699.6
& . 20241 | 405.95 | 29199.3 112367. 87735.3
5 184.115 2794.83 | 15699.6 87735.3 286963.
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44 F Dppn OBMEE (H‘ﬁ%ﬂﬁ”’ﬁ&) X10"*1b
-~ :i—-;] - ] Tttt T ot
. 1 7 2 3 ; 4 5
1 1.41599 0.54810 |  —0.34416 | —0.06961 |  —0.45762
2 1.81528 2.68937 —0.05395 —1.18786 ;  —0.76513
- i
3 0.62259 2.47044 1.82123 | —1.15750 . —0.71274
4 0.06339 0.03026 1.56682 2.20764 ' —0.23082
5 —0.55702 —0.68728 0.49292 . 2.48259 2.85810
45 K Fon OREE (FERGTRE) X107
:;‘ - n - { ! d’ - T o7 -
w1 2 L 5
1 1.88546 1.39725 —0.16407 | —0.31986 |  —0.63568
2 1.39725 3.11864 | 0.91331 |  —1.11962 i —0.60355
3 —0.16407 0.91331 2.16309 0.62962 —0.10550
4 —0.31986 ~1.11962 0.62962 3.17722 1.15300
5 —0.63568 —0.60355 —0.10550 1.15300 3.13592
B 46 K Gun OBEER (WRBHTED) X107*Ib/sec?
el N m - - - = T _T*‘_ T T T T T T - - -t
el 1 R B 3 4 s
1 4660.20 1015.58 —347.805 186.794 — 44,5006
2 1015.58 38269.0 6521.61 |, —2124.99 1165.50
3 — 347 .805 6521.61 105512. 15793.9 ' —5468.80
4 186.794 —2124.99 15793.9  +  205807. 30414.0
— 445006 30414.0 329101,

5

1165.50

—5468.80

INH0ERYHACT RERGFEXNRKDOOBN D,
(1) #ehFERC L 2EH (25-1) =&
() BMEEOEBFZRLIHE (25-2) K

(i) BEES L OCEEEEORELEE LHE (25-3) K
INHESOREK S EXEL DATATRON 205 EFHEBI L VBV LREL B RFIUE
TR T, B8RRI LUE 7-1 M~F 7-3 NER)
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B8 FE HFRFRUWIEE (rad/sec)

Vibrating mode Ist 2nd 3rd
Met}’od i——f—’-—/- . < - .
Our method 11-631 43.361 115-38
Our method 11310 40433 101 -62
(shear)
Our method
(shear +rotatory inertia) 11-309 40-426 101-58
Bisplingnoff
{shear) 1279

1.0
0.8
3 0.6
g
B
g
<
0.4
0.2
0 53 04 0. 0.8 7.0
z/L
— Qur method
________ Our method (shear included)
—_——— Bisplinghoff (shear included)

5 7-1 Ist cantilever bending mode
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(b) THHEBBRMHEE (Unrestrained bending modes)
(22-2) KB LV (22-3) KZEENSD Amn Bony Cany Diny Frun 3L U Gun OBHEIZROE
DM G2 b5, (B 51 F~5 56 XEHR)

51K Amn OFER (WiEHRH

19

FIRE) X107*1b

1 | 2 3, 4 5 6 7

1 2.0959 0o | —1.5278 | 0 | 081907 0 | —0.69512

2 o | o802 | 0 0.65026 0 ~0.00927 | 0

3 | —1.52678 0 | 2.0%79 | 0 | -1.57108 0 0.91163

4 0 0.65026 0 é‘ 1.67740 0 | —0.61470 | 0

5 | 0.81907 1 0o | —1.57108 ‘ 0 2.59890 0 ~2.06625
6 .0 '—o00e . 0 . -06U0 0 | 2.02496 0

7 ~0.69512 | o | o6 | 0 —2.06625 0 3.03128

% 5-2 & Bmn OKREF (AR EHRHTRE) X1071b

T2 I 5 6 | 7
! o ! 0 0 0 0 0 0

2 -; 0 0.00006 0 0.00005 0 | —0.00006 0

3 1 o | 0 0.00015 0 —0.00007 0 0.00010

4 | 0 | 0.00005 0 0.00045 0 —0.00026 0

5 [ 0 ' 0 —0.00007 0 0.00074 0 —0.00040

6 } 0 | —0.00006 ! 0 —0.00026 0 0.00128 0

7 ! 0 0 0.00010 0 —0.00040 0 0.00179

P 53K Cmn OEEE (G ARETIRE) X107 1b/sec?

10 __r o 0 0 0 0 0

2 4 0 o0 o 0 0 0 0

s 0 i 0, 193.87 ‘ 0 | —365.370 0 345.113

4 o o 0 883.632 0 —1213.10 0

5 o 0 ~365.370 | 0 3635.58 0 —4199.70

6 0 0 1 0 —1213.10 0 9040.88 o

7 0 0 | 35.113 0 —4199.70 0 20872.8
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% 54 K Dmn ONMER (MREHIRATRE) X107'D

n\mjm 1 2 3 4 ' s |6 7
1 1.42304 0 1.52682 0 | 0.34085 0 | —0.14486
2 0 1.20957 0 0.77411 0 —0.13592 |, 0o
3 | —0.20008 0 —1.31803 0 —0.79897 0 | 0.13049
s 0 1.13193 0 2.06756 | o | o369 0
5| —0.74287 0 ~0.57099 0 | 0972583 0 0.89454
Mswﬁi 0 ~0.08634 0 ~1.17963 | 0 —1.47332 . 0
7 0.46250 0 1.52898 0 | 0.49097 0 | —1.63956

B 55K Fnn ONEE (GREHREFRE) X107

ema 2 3 s+ L5 L e | 7
1| 1.88546 0 1.39725 0 -0.16407 | 0 ; —0.31986
e 0 1.88546 0 1.39725 | 0 —0.16407 0

5 | 1.397% 0 3.11864 0 0.9131 fwﬂo —1 11962
4 | o 1.39725 0 31184 | 0 | 091331 { 0
5 | —0.16107 0 0.91331 0 . 21609 | 0 | 0.62062

6 0 —0.16407 0 0.91381 | 0 | 2.16309 o

7 | —0.31986 0 —1.11962 0 ' 0.62962 | o | 3.am2

H 56 & Gme OHER (FHREHRHTIRE) X107 lb/sec’

n\m 1 2 3 4 5 ! 6 ; 7

1 | 4660.20 0 1015.58 0 ! —347.805 | 0 | 186.784°
2 0 4660.20 0 1015.58 0 | —347.805 | 0

s | 1015.58 0 38269.0 0 6521.61 | 0 ]—2125.04

4 * 0 1015.58 0 38269.0 0 | 652161 ' o
5 | —347.805 0 6521.61 0  [105512. l o |1s193.9

6 0 —347.805 0 6521.61 0 jossi2. | 0

7 186.784 0 ~2125.04 0 157939 0 1205807

ThHOERFERLT, REBFELELN D,
(i) #METERIC L SRS
NERE) (26-1) A
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FEXRIRE) (26-2) X
() BINEEOZELEZE LI HE

NFRRE (26-3) =

FEXNFIRE (26-4) K
(i) BIMEER L UHEBEEEOZRLZR LB E

NIRE (26-5) =
FEXRFRE) (26-6) KX

21

INHOBRBBFEXOBIERLBIRRSIVEIMIIFR T, (B8 1~% 92 BERXRFIUH

8-1 ¥ ~% 8-5 MZH)

|91 & e E B R IRE

HRED (rad/cse)
Vibrating mode st 2nd 3rd
Method N ool _\./_‘_\_/_ NS
Our method 14-198 49.783 119.51
O“Esgitrh)"d 12 -437 40 -760 9118
Our method
{shear+rotatory inertia) 12-436 40752 96-086
Bisplinghoff
‘S('s’%,';ﬁ) 15-316 53.545
E 9-2 & WHHARMYERE
FENFRIRE) (rad/sec)
Vibrating mode Ist 2nd
Method -ANA- AN\ A-
Our method 26-339 69+043
Our method 25 .748 64840
(shear)
Our method
{shear 4 rotatory inertia) 25-744 64.823
Bisplinghoff .
(shear) 2885
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1.0

z/L

Amplitude

—1.0

Our method
------- Our method (shear included)

%E 8-5 2 nd unrestrained antisymmetrical bending mode

V) Y EBORETH
HOWEHRER 54013 Bisplinghoff 127855 C, B5MOmM L 2bDET 5D, (i, EikgE®
I OBETHEI LRSHR)

(23) KBHOLNHDFBE Inn BLD Jnn ORERIROWL T D,

B6-1 K Imn OBEER (FRBEVIKE X107

o 1 | 2 ’ 3 4 5
1 k( 6763.81 | 10557.9 . 2053.83 —7661.70 —8364.53
2 | 10567.9 . 19375.6 C 4040.11 —13982.4 —14383.5
3 » 2053.83 i 404011 ‘ 3339.38 —1771.71 —2885.96
4 ~7671.70 ‘ —13982.4 f —1771.711 14435.8 13097.3
5 ~8364.58 | —14388.5 | —2885.9 13007.3 15232.2

This document is provided by JAXA.



9
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%62 % Jnn OBEER (WREBEVIEE) X107 1b/sec’

T—m 1 : 2 ! 3 4 § 5
1 4764430 j 1991740 —2058960 | 219633 | 286415
2z 070 | 33198500”] 16606200 8638260 | —457488

3 205890 16606200 ' 92220400 37056600 —17951600

4 210633 —8638260 | 37056600 | 181378300 75533500
s 286415 —457488 | —17951600 75533500 270359000

IhHDRFERLUT, REBGENX Q1) X2KkdDh b5,
L3 @) ROBTERELE 10 ERIVBIRITRT.(F 10 XL OHE 91 M~% 95 X
iy

10 £ ARHFRBEYVEY (rad/sec)

Vibrating Ist 2nd 3rd 4th 5th
mode
Method a‘ ------ - M SN A W W
Our method 23.792 114 .08 18659 278 .27 352-08°

Bisplinghoff 22 -357

'/
0.8 Vd

Amplitude
=)
o

e

o
'S
\,\
'\

02

0.2 0.4 0.6 0.8 T.0z/L

Our method

~—-e—-— Bispiinghoff
# 9-1 X Ist cantilever torsion mode
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(VD)  FishE HRH0R 0 3 iR 8 O T 6

BETFHEBENMENRE 46 5

(24-1), (24-2) KXV (24-3) KBNS H BRI Anay Buny o
2N FES5FE, BOERIVRIZRTETED Epy B3I Hpn VT, RO L5 BB

y Jmn OBAEIL, T TS

FERXKE S,
M 71 R Enn OFMER (W H R0 IR 9 BAUIRE) X107*1b
em 2;’”3% 4 _:“5 s 7 7
1 738840 | 0 | 16.9313 0 %“8.07983 0 i—7.68253
2 0 3.5438 0 | 10.0910 0 036 | o
3 —7.0100 0 |-11.468 | 0 |—6.53130 o 2.73224
4 0 . 10.9632 0 | 201714 0 8.80041 | 0
5 —28m246 0 | -51s194 , 0 | 0.01323 0 10.1700
6 0 | -7.048 | 0 142495 | 0 —6.61281 | o0
7 1Laws 0 | 18981 0 | 3.7 0 |-15.0045
B/ 72K Hpn OBRER (MEEHRHETEY ERIKS) X107
e 2 3 4 5 6 7
1 67528 0 17.1419 0 6.97288 0  |-10.8039
2 o | esm® 0 171419 | 0 . 6.97288 0
3 e | 0 30.6901 0 i 13.3108 __g o I-16.0817
o 0o . 171419 0 30.6901 o | 13.3108 0
5 . 697288 | 0 . 13.3108 0 | 7.6353 i 0 3.03348
6 o | 69788 | 0 13.3108 | 0 7.63553 i 0
7 -10.80% ! 0 16087 | 0 - 3.0848 | 0 | 230012

(1) PR ITRYEEOARZ L LIRS
HIIRE (28-1) X
FEXFRIRE (28-2) X

() BYREORBLERE LHE
HERE) (28-3) K

PLESEOREBAFEA LB THELE 11 RFLUE 10 Krmd, (B 11-1 R~ 11-2

B LUE 10-1 K~ 104 KZ=H)
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8 11-1 & WA BRGRE Y SRIRE

xS B IR T (rad/sec)
"~ _  Vibrating mode
Method o Ist 2nd
Our method 13.937 24.425
0“(’8}]‘?;30‘1 12.354 24.210
Bislgg‘eirhg’ff 15.310 22.410
¥ 11-2 ¥ WHERRGYEY ZRRY
JEXFRIRE) (rad/sec)
~~-._ _ Vibrating mode
Method T —_— Ist 2nd
Our method : 23.588 27.058
Our method
(shear)
. T .
Bisplinghoff i
(shear) | i

e —

\— Elastic axrs

Our method
------- Our method (shear included)
————— Bisplinghoff (shear included)

F 101 Nodal line of Ist unrestrained symmetrical coupled bending-torsion mode

——— Qur method

------- Our method (shear included)

— - —-— Bisplinghoff (shear included)

5 10-2 Nodal line of 2nd unrestrained symmetrical coupled bending-torsion mode
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\- Elastic exis

Our methood

% 10-3 X Nodal line of Ist unrestrained antisymmetrical coupled
bending-torsion mode

/ \ Efastic axis

Our methood

% 10-4 X Nodal line of 2 nd unrestrained antisymmetrical coupled
bending-torsion mode

5. ¥ B

BlEZRNT, FEFLISSITEAL-EANMANERORIHR” ¢ EEROH A CTHEE
L, £OTFIRVIRENCEIT 2 TRV R LI, ZOBRIRCTE, EBROREBEOEKE
BRTICISATED £ 5, ROUHEELLOCHEEMOBELIZE L ThHE, Z0HE,
WM IES CROB RO FEIZEEIZL - T 5 E{RE L THRIED N TV 52, Eib
B LLEZTHDIOLERL,
ZOFHBEEHCTRENLY = » MR EOREENT £ KGRI 7z 5 TIT7s\ -, Bisplinghoff
ORFTIRER L HBRE L TAIABR P ENTHLROLEBYVTHS,

(1) Bisplinghoff 05 x 7:HTRER L RER L —BELTWBH, SEVIRBOBEY ==
DFE R BT —RIZ 10~20% EEHIH TV B,
COBNTER—ODOZRRMBITETHIZEHORUER2 5 25bDTHY, AUTED T LK
FrE BRI T 5, EROHBER IS TUIZDOEETOERL, BOOE—, B, F=<—
FALE TRERZEDHKY 5% LITITINE % L 5Bl BT 2 & » TREBRFES B T
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Bo X §4 OROICRAMIRBFENTC LR RO RN, 1R RHIHBOICES 2 b3
SHMBE X TOTFHACTEY, <tV v 7 AR LHHETHSN, BERFERCEHLNLSH R
BOENMHERHEIN T2, L, BRI Bisplinghoff DEFEIZEZ BT
WIRWDTEFERAOEBRIIC IARENYRHTETZ L Bbh b2, Thbikhge L
TEZBRD B FCROAEREBOBEIALTDZTHA I, WAL TH, RKOLALE
FrifiZebH DB E — FORWENCEI U TN ISEC e » T2 & B 2 B s 2 b, Bisplinghoff
BUEBHTORR LV IRTHENRVDD LB 5,

(2) HEOBS, HERM, TOMBIEOERME VS ARBTEOHEELYA—IZ L THw
THRTNEMHETH DL BN 505, REWLAERIIESZT 2 Bisplinghoff 013785 7:
<Yy 7 2ABEL Y SEMTERNCTRIETE -T2 TR vt Bbhd, FEF
BEBOMEBEOLILBT, oy v P RHMFORINICHT 2EAREROHE L LTT
SERMSRHDHDOLHEELT 5,

(3) FAREOBTKER, O AR L 2EARGBOETIE, BROBETHH 10~15%
oo LABD BN, EEEEOBBIEA LEROHETIMATE REDO LD THS
ZERbhole, Lchio T, EBEOMEBOBRBBEITIF WV TRIMNHEAEOEELTIIRIEL D
ERTOIVNENSHDEZZ L Do

DI LT, FEEFIMEBHOREEN L LTI IOFENREMIWZ DT L 238D
72DT, FEVIREBROMEBOBEIFIMCSA L TEBER LB L TALWEFE L T2,

Z ORI, WEFEHFBEO—ANIANCORBERLEML, MAFHETHVWBITE T
eDTHBH, HUHEEOZBELER L T\ 2h »720DT, Bisplinghoff DREFTHER & K D HE
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