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Development of Turbulent Boundary Layers
Along the Curved Walls of an Annular Diffusing Passage®

Shoichi FuJui® and Theodore H. OKIISHI®

ABSTRACT

Turbulent boundary layer development along the curved walls of an axisymmetric dif-
fusing annulus was determined experimentally and compared with results calculated using
a form of the von Kd&rman momentum integral boundary layer equation and several sets

of simple auxiliary equations.

Based on the comparisons made, one iterative solution

method for predicting curved wall annular diffuser boundary layer growth that yields fair

results is proposed.

NOTATIONS
A Passage cross-section area
c Constant in radial equilibrium equation
cr Local coefficient of friction,
1

7o / 'EPUp.a’

Cp Local pressure coefficient,
1

(p—pin) / 5 PUin?
d Portion of the friction work performed in

the boundary layer that is dissipated
H Energy thickness shape factor for flat plate
. flow, &%*/@
H Shape factor for flat plate flow, d*/6
H, Shape factor for axisymmetric flow, d1*/th
H; s+ Special shape factor, (6—0%)/8
" Mass flow rate, 2« S pVerdr
Py, Static pressure at curved passage inlet
P Local static pressure
r Radial coordinate
70 Inner or outer casing radius
7 Radius of curvature of meridional plane

projection of a streamline
7L Casing longitudinal radius of curvature
Ry Reynolds number based on momentum

thickness, gﬁ—
Vv
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a*

Portion of the friction work performed in
the boundary layer that becomes turbulent
motion energy

Free stream velocity for flat plate flow
Free stream velocity at inlet to curved
passage

Potential flow velocity

Mean velocity at the interface of poten-
tial flow and boundary layer regions
Mean local velocity within the boundary
layer

. -
Average passage velocity, =—p7

Axial velocity

Coordinate along the casing or flat plate

Coordinate normal to the casing or flat

plate

Parameter defined by Eq. (A-12)

Axial coordinate

Angle between ¥ and 7

Buri’s shape factor,

r= 61 dUps (U,,,,;Bl)lﬂ

Up,s dx v

Flat plate flow boundary layer thickness

Boundary layer thickness along a normal

line

Boundary layer thickness along a radius

Flat-plate flow dissipation energy thick-
3y "

ness, Soﬁ(l_b—’)dy

Flat-plate flow displacement thickness,

o=

Axisymmetric flow displacement thickness,

Sy ¥ u
—(1-— d
So fo( Up,a) v
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ac* Displacement thickness at the outer wall
on* Displacement thickness at the inner wall
] Flat-plate flow momentum thickness,

) {z7) (1)

o\U U
61 Axisymmetric flow momentum thickness,

by r % u

So 7o<1— Up,s )mdy
Streamline slope
Kinematic viscosity

Fluid density
Fluid shearing stress
Shear stress at the casing

L I - T AV

a
@

INTRODUCTION

The turbulent boundary layer development
along the walls of an internal flow passage is an
important facet of turbomachinery design and
analysis. For example, poor estimates of the
boundary-layer thicknesses at an axial-flow com-
pressor rotor inlet can result in significant inci-
dence angle errors. Boundary layers also strong-
ly influence turbomachine diffuser performance.
Empirical “blockage” factors are used to deter-
mine the influence of wall bounary layers on the
overall performance of turbomachine components
with some success. These empirical blockage
factors are, however, becoming less adequate as
the demand for better designs increases. No en-
tirely satisfactory general method of calculating
the wall boundary layer development associated
with the complicated fiow through a turbomachine
is currently available in the open literature. From
an engineering point of view, the simplified but
reliable methods of boundary layer calculation can
be obtained with acceptable assumptions for spe-
cial flow situations; for example, several attempts
in this direction have already been made!:%:3 for
axial flow compressors. The authors are not
aware of similar work related to flow through
curved-wall annular diffusing passages. In this
paper the von Kérmin-momentum integral ap-
proach for boundary layer development calcula-
tion is used for predicting curved-wall annular
diffuser boundary layer growth. Five different
sets of auxiliary equations are evaluated by com-
paring experimental and calculated results. Based
on this evaluation one iterative solution method
for predicting curved-wall annular diffuser bound-
ary layer growth is proposed. It is recognized
that the effects of longitudinal (streamwise) and
transverse (circumferential) curvature on the aux-
ilary equations can be significant as pointed out
by Wilcken?, Patel® and Cebeci®. As an initial

step, however, it was felt that an assessment of
how the most simple auxiliary equations—namely
those inspired by flat plate flow—would do under
the present circumstances would aid in further
developing an adequate prediction technique.

ANALYTICAL PROCEDURE

A flow model consisting of developing annulus
wall bounary layers which surround a potential
flow core was adopted for the present calcula-
tions. The appropriate form of the von Karman
momentum integral equation”™ to be used is:

1 d 24+ H; dUp,;
e da "t Ty O
_¢cr  vsinig S"vl
T2 TrUpst Jo 7 (1)
where

b r u u
a=\"L(1- ,
! SO ro< Up’a ) Up,a dy

L]
ool 2ot
Hi=d%/6 .

This relationship assumes that several term in-
volving turbulent velocity fluctuations will be ac-
couted for by the auxiliary equations used and
that longitudinal curvature is mild. The last
term of the right hand side of equation (1) can
be easily written as

»siniﬁ(2n+l)0
73Up,s \ n+1 !

assuming that #/Up,:=(y/8;)*. By considering
the fact that the value of n ranged between 1/8
and 1/7 in our experimental data, 2n+1/n+1 was
approximated as 1.9 in the actual computation.
If the function Up,s(x) is known either from ex-
periment or from a potential flow portion solu-
tion, two other equations in addition to equation
(1) are needed to determine the variation of &,
Hy, and ¢y with x. Five different sets of auxil-
iary equations (see Appendix A) were selected
from the literature and, together with them and
the experimentally determined variation of
Up,s(x), equation (1) was solved on a digital
computer with the aid of the Runge-Kutta-Gill
method®. Measured velocities near the edge of
each boundary layer were connected by least-
mean-squares curves of seventh order to provide
the Up,s(x) input. This was done in order to
evaluate the various sets of auxiliary equations.
Based on this evaluation, appropriate auxiliary
equations were combined with equation (1) and
the variation of Up(x) obtained form a potential
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Development of Turdulent Boundary Layers Along the Curved Walls of an Annular Diffusing Passage 3

flow solution to form an iterative solution. The
streamline curvature technique® was used to de-
termine the potential flow field. The governing

In all instances values of displacement thickness,
shape factor, and Up,; at the entrance of the
curved passage were obtained experimentally.

equations used were those expressing radial equi-

librium,
C 2 EXPERIMENTAL PROCEDURE
V,’:c’exp\4dr, (2)
J rmcosd 2
and continuity, Apparatus
=2 \ Virdr (3) The tests were conducted with a wooden an-
= 1: . - - - »
A ple nular diffuser [see Fig. 1(a) for meridional plane
{mm)
120
100 |
80+ OUTER CASIXNG
601 STRUT
SCTION OFF I'1.OW
sl TRIPS DIRECT
20} INNER BODY  \wnrep 106 popoaerons -
oL (__R=20mm z o ANNULUS CENTER LINE
1 | : 3 1 j
—-110 0 100 200 230 280i mm)
| ! 1 1 1 { +
A B C D E I
MEASURING STATIONS
Fig. 1(a). The diffusing passage.

A-1 ' I

\_-STRUT

OUTER BODY

~A-3

{
'

1
LENGTH IN MILLIMETERS
Fig. 1(b). Circumferential spacing of inner body support and total-pressure probe access holes.
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b

OUTER

BODY

| \
' a-2
ALL LENGTHS IN MILLIMETERS
Fig. 1(c).

Circumferential spacing of inner body supports and static pressure taps.

Fig. 2.

Test section outer casing and center body.
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view]. The contours of the outer and inner walls
were described by the parabolic curves,

r=0.00025Z224+60 for the outer casing

4
r=0.00025Z2+20 for the inner casing 4)

and were designed to provide an adverse pres-

sure gradient without flow separation. Buri’s
L g

[see Schlichting!®] shape factor {1’=U1 .
2%

dUp,s (Up,s61
dx (
criterion in the design step. The inner body
was supported by six circumferentially spaced
struts. Six measuring stations—A, B, C, D, E, and
F—were available, the final measuring station F
being located more than one strut chord length
upstream from the strut leading edge. At sta-
tion A three total-pressure-probe-survey access
holes (A-1, A-2, and A-3) were drilled in the cas-
ing, with each hole spaced circumferentially 120
degrees apart. At each of the stations C and F
two (C-1, C-2, F-1, and F-2) survey access holes
spaced 180 degrees apart circumferentially were
available for use. At each of the remaining sta-
tions only one survey access hole was available.
The static pressures acting on inner and outer
walls were measured with taps located in the
hub and casing at these measuring stations. Cir-
cumferential uniformity of static pressure was
examined only at station A. The static pressure
measuring positions were labeled as a-1, a-2 and
a-3 at station A, and b, ¢, d, and e at stations
B, C, D, and E respectively. Figs. 1(b) and 1(c)
indicate the relative circumferential positions of
the struts, total-pressure survey access holes, and
static pressure taps. Figure 2 shows the diffuser
casing and hub. The two large holes near the
leading edge of the hub, originally intended for
use with supports, were sealed during the test
runs.

A schematic diagram of the low-speed wind
tunnel passage upstream of the annulus is shown
in Fig. 3(a). Figure 3(b) shows the annulus
mounted for testing. Airflow was provided by a
centrifugal blower capable of producing a volume
flow rate of 40m3/min (1410cfm) at 2920 rpm.
Screens were placed at four sections of the inlet
conduit in order to promote radial and circum-
ferential uniformities of total impact. Two sets
of 120 mm long straightners were installed in the
inlet conduit to minimize swirl.

Dimentions of the total pressure probe are in-
dicated in Fig. 4(a). The probes used had dif-
ferent angles between stem and impact tube axes
to coincide with the annulus wall slopes at each
measuring station. The probe support shown in

1/4
) ] was used as the separation
v

ye
STAINLESS STEEL TUBING

0.5mmi.d O.Sm}n\u. d.

fe—10 mm —

Fig. 4(a). Total-pressure probe.

~—12mm

THREAD HOLLE

—14 mm—!
i
1

4mm
.

'
A

1omm4~1smm—4

I

A

50 mm

Fig. 4(b). Probe support.

Fig. 4 (b) was attached to the diffuser casing and .
positioning of the probe was facilitated with cali-
pers having a least count of 0.05mm.

Measurements

Tests were conducted under three different flow
conditions, namely, without boundary layer tripp-
ing, with 0.45mm thick trips, and with 1.20 mm
thick trips. The Reynolds number based on the
momentum thickness ranged from about 0.5x 108
at section A to 1.5x10% at section F for these
tests. The inlet velocity was maintained at about
30 m/sec during all of the tests. The static pres-
sure variation along each wall for the thick trip
test is shown in Fig. 5.

Each test run consisted of a total-pressure sur-
vey traverse along a radius, static pressure read-
ings, fluid and room temperature measurements,
and atmospheric pressure readings with checks
at the end of each run confirming that the test
variables had not changed appreciably over the
test period. The zero probe location was deter-
mined by contact between the probe and each
wall surface. The radial traverses were made
at intervals of 0.2 to 0.3 mm within the boundary
layer and at intervals of 2.0 to 10.0mm in the

This document is provided by JAXA.
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0.3
OUTER WAILL
0.2 k
S
0.1
A N F
0'0—10 0 50 100 150
Z (mm)
Fig. 5(a). Wall static pressure variation along
the outer casing of the test section.
0.3
[ INNER WALL
0.2}
S

0.1

C

4 1
100

Z (mm)

L 1B

0.0 50

10 0

Fig. 5(b). Wall static pressure variation along
the inner casing of the test section.

potential flow core region. During a run, only
one access hole was used at a time in order to
avoid the problems associated with probe inter-
ference.

Reduction of Dala

As mentioned previously, the total-pressure
traverses were made along radii. The predicted
boundary layer characteristics are associated with
lines normal to the casing and hub surfaces. In
this section, the method used for obtaining the
‘““measured” normal-direction boundary layer
characteristics is explained. Shown in Fig. 6(a)
is the radial traverse line of a measuring station.
It extends from point Gl to G2. From Gl on
the casing a normal line G1-G4 can be con-
structed. Similarly, line G2-G3 can be drawn

OUTER WALL

-

\XBOUNDARY— LAYER
REGIONS

————

POTENTIAL
FLOW REGION

-
——-—

INNER WALL

Fig. 6{(a). Relationship between the normal
and radial coordinate directions.

200

through G2 on the hub. By assuming that the
static pressure varied linearly from Gl to G2,
we can calculate the velocity distribution along
G1-G2 from the total pressure measurements as-
sociated with that line. By comparing this ve-
locity distribution with the one obtained by the
streamline curvature technique, assuming zero
boundary layer thicknesses, we then can estimate -
the boundary layer thicknesses along GI1-G2.
These estimates did not change appreciably after
further comparing the experimentally determined
velocity profiles and those calculated with the
streamline curvature technique and finite bound-
ary layer thicknesses [see Fig. 6(b)]. The cor-
responding thicknesses along G1-G4 and G2-G3
were then obtained with

dy=6rcos B. (5)

In order to obtain the integral thicknesses along
G1-G4 and G2-G3, velocities along those lines
were required. The static and total pressures
leading to these velocities were obtained as fol-
lows. The static pressures at G3 and G4 were
estimated from the static pressures measurements
at G1 and G2 and elsewhere along the casing and
hub. Passage static pressures were then assum-
ed to vary linearly along the normal lines. The
normal-line total pressures were estimated as be-
ing equal to those values measured on the radial
line at y/cos B distance from the wall,

RESULTS AND CONCLUSIONS

As stated before, experimental data were gath-
ered at three circumferentially spaced positions
at station A and two circumferentially spaced

6(b)

— -—— CALCULATED PROFILE WITHOUT &* and &*
—--— CALCULATED PROFILE INCLUDING &* and &*

SHIFTED PROFILE
‘EXPERIMENTAL PROFILE

Fig. 6 (b). Approximation relationship between
measured and calculated velocity profiles
along a radius.
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Fig. 7(a). Velocity profiles (radial distribution)

at measuring station A.
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positions at stations C and F. These data for
the thick trip case are shown in Fig. 7 and in-
dicate that nearly axisymmetric behavior flow
was maintained through the passage. Apparent
mass flow rates through the channel were deter-
mined using the velocity distributions at every
section. A scatter of about 5 to 6% was ob-
served.

Figures 8 through 11 show the experimental
data associated with the development of the
boundary layers along the outer and inner walls
of the annulus for the thick trip tests. Also
shown are the computed values of displacement
and momentum thicknesses and shape factor ob-
tained using the five sets of auxiliary equations
discussed in Appendix A, equation (1) and either
the measured velocities at the edge of each
boundary layer or the computed values obtained
with an iterative solution. Since the thin trip
and tripless cases exhibited nearly the same
trends as the thick trip flow, only the data for
the thick trip tests are shown.

A comparison between the values of &%, §; and
H, obtained experimentally with those determined
by using the five different sets of auxiliary equa-
tions, equation (1), and experimentally determined
Up,s(x) led to the conclusion that set 3 was supe-

! PERCENT OF PASSAGE HEIGHT FROM INNER WALL !
INNER WALL OUTER WALL

Fig. 7(b). Velocity profiles (radial distribution)
at measuring station C.
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Fig. 7(c). Velocity profiles (radial distribution)

at measuring station F.
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lated (measured variation of Up,(x) used as lated (iterative solution) outer casing dis-
input) outer casing displacement thicknesses. placement thicknesses.
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Table 1. Ratio of the radii of longitudinal
and transverse curvatures to the bound-
ary layer thickness.

718, 70/0r
Section Outer Inner Outer Inner

wall wall wall wall
A oo o 13.3 4.4
B 445.0 445.0 9.4 3.8
C 313.5 364.8 10.9 3.1
D 352.8 287.3 7.8 3.2
E 246.0 269.0 8.0 3.4
F 246.0 289.2 8.0 4.0

rior to the rest for predicting outer wall devel-
opment while set 4 was best for the inner wall.
This observation led to the execution of an iter-
ative solution involving auxiliary equations set 3
for the outer wall, auxiliary equations set 4 for
the inner wall, equation (1), and the streamline
curvature equations [equations (2) and (3)]. The
results of this analytical solution appear to be
fair considering the approximations made. Table
1 indicates the passage longitudinal and trans-
verse curvatures. Bradshaw!® suggests that lon-
gitudinal curvature associated with a value of
7:/0<300 is significant. Cebeci® states that when
the radius of a body in a viscous flow is of the
same order of magnitude as the thickness of the
boundary layer, the transverse curvature effect
on skin friction becomes appreciable. Further
improvements in the present calculation method
will probably be obtained when the auxiliary
equations are revised to clearly reflect curvature
effects. Research along this line is in progress.

APPENDIX A

Shown below are several sets of auxiliary equa-
tions based on flat-plate boundary layer flow.
These auxiliary equations are assumed to apply,
without modification, for the axisymmetric flow
case at hand.

Set 1

The moment-of-momentum boundary-layer
equation for a power-law velocity profile!® is:

dH _ H(H+1)(H-1) 8 dU

Cazr = 2 U dz

+(H2—1)H£2£—(H+1)(H2—1)

¢ ¢ dy
XSD oUF 5 (A-1)

For a uniform shear stress distribution in the
boundary layer,

Sa r dy ¢

o pU% ¢ 2
and equation (A-1) becomes

dH _ HH+1)(H:=1) § dU

6d.1:: 2 U dx

(34
-—-(H’-—l)—z— .

(A-2)

The skin-friction coefficient can be approximated
by the familiar Ludwieg-Tillman!$ equation:

cr=(0.246) (10-0-678H) (R,—0.288) . (A.3)
Equations (A-2) and (A-3) then are auxiliary equa-

tions which together with equation (1) and Up,s(x)
can be solved numerically.

Set 2

If instead of a uniform shear distribution, the
one for zero-pressure gradient boundary layer
flow is assumed along with a power law velocity
profile, the shear stress integral of equation (A-1)
becomes!$>:

¢ ¢ dy  0.08(H-1)
So pUs &~ (H+1)(H+3)

and equation (A-1) reduces to:

0@__H(H+1)(H2—1)£ dU
dz ~— 2 U dz
+(H*—l)(H)i2f—

(H1—-1)(H-1)
(H+3)

Equations (A-4) and (A-3) form the auxiliary set.

R,—0.10

—0.06 R 010, (A-4)

Set 3

If the energy integral equation is combined
with the momentum integral equation the resulti®
is:

di -0 dU

_ 0 dU _d+t
% ax —(H_I)HU dz 2 -

pU3

7 €7 .
H=- (A5)

where

d+t Sa t 4 < " d
pUs Yo pUs ay U) Y

represents the dimensionless friction work per-
formed in the boundary layer by the shearing
stress 7. The amount d is the portion dissipated,
while ¢ is the energy of turbulent motion.
Truckenbrodt!® suggests that f«d and proposes
an empirical relationship for d, namely,

d__ 0.0056

pUs — (UB[v)s *
This result, combined with equation (A-5), yields:
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dH

8 dU Cf]
dr

=H [(H Va2

+0.0112R,~1/6 . (A-6)

For a logarithmic boundary-layer velocity profile

family, the relationship between H and H is
given approximately byld:

~ 1.0240.87H+0.095H*
H= 177 .

Equations (A-7), (A-6), and (A-3) form auxiliary
equation set 3.

(A-7)

Set 4

An empirical relationship for shape factor de-
velopment proposed by von Doenhoff and Teter-
vinl® is:

O—Cﬂ =e4.680(ﬂ—2.915)[__.__ =LY =
dx

—2.035(H—~1.286):l (A-8)

where ¢y is obtained by the Squire and Young!?
formula:
Cr 0.0288
2 [logio (4.075(UB/v))}
Equation (A-9) and (A-8) form auxiliary equation
set 4.

(A-9)

Set 5
The boundary layer entrainment equation® is:

1

——%—[(U)(&—ﬁ*)]=F(Ha—a*) (A-10)

where H; s+ is a special shape factor defined by:

m_p—‘?—aﬁ—cm) (A-11)
If z is defined by
z=0[G(H)], (A-12)
then
ﬁ*-———G(H) BdG(H) aH . (A-13)

dx dH dz
Equation (A-10), (A-11) and (A-12) combine to
form:

dz 1 dU
az =~ G -7 = -
Equation (A-14), (A-13) and (A-3) form auxiliary
equation set 5.

(A-14)
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