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Relationship between Scatter of Fatigue Life and S-N Curve
of 2024-T4 Aircraft Structural Aluminum Alloy Specimens
with a Sharp Notch (Kt = 8.25)

Under a Constant Temperature and Humidity Condition*

By
Toshiyuki SHIMOKAWA®** and Yasumasa HAMAGUCHI**

ABSTRACT

This paper presents an investigation of the relationship between fatigue life scatter and S—N
curve from the standpoint of a kind of error theory. When a new factor serving like an error in
applied stress is added to an identical condition under which an §— N curve has been obtained, it
produces a deviation from the expected fatigue life and the amount of the deviation de-
pends on the slope of the S—N curve. In this study, the accumulated effect of all factors producing
fatigue life scatter, which is found in a fatigue test by nominally identical specimens subjected to
nominally identical repeated stresses, is regarded as an error in applied stress. Equivalent stress is
defined as the sum of applied stress and the error in applied stress. This concept is used for analyz-
ing the results of a series of fatigue tests on 2024-T4 aircraft structural aluminum alloy specimens

with a sharp notch (Kt = 8.25) under a constant temperature and humidity condition. The inter-
relationship between scatter of equivalent stress, S—N curve, where ¥ is the median fatigue life,

and fatigue life scatter is discussed.
It became clear that equivalent stresses are distributed in almost normal distribution and

their standard deviation is nearty constant (0.256 to 0.375 kg/mmz2) regardless of stress level, and
that fatigue life distribution has a strong correlation to the slope and shape of S—N curve.
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1. INTRODUCTION

The fact that the scatter of fatigue life is much
greater than those of other mechanical properties
obtained by static tests has been known for a long
time. To find out an appropriate distribution func-
tion of fatigue life of structural materials is one of the
most important problems for probabilistic design and
analysis of engineering structures. However, not so

many tests the purpose of which is to investigate the

fatigue life scattering properties have been carried
out. This paper attempts to clarify the distribution

property of fatigue life by considering the effect of -

an S—n curve from the standpoint of a kind of error

theory.

The factors which produce the scatter of fatigue life
obtained by laboratory tests may be divided into
the following three groups.

1) The factors depending on the manufactural irregu-
larities of specimens tested and the random varia-
tions in the experimental conditions.

2) The factors depending on the inherent material
variability.

3) The factors depending on the probabilistic nature
of cumulative damage in fatigue processl).

When a new factor serving like an error of applied
stress is added to an identical condition under which
an S— AN curve has been obtained, it produces a devia-
tion from the expected fatigue life, and the amount
of the deviation depends on the slope of the S—»
curve. The effect of most factors belonging to the
groups of 1) and 2) may be estimated in an error of
applied stress. Therefore, the amount of the deviation
produced by these factors should depend significantly
on the slope of the S— N curve at the applied stress
level. This concept suggests that the slope and shape
of the S— N curve should have a great effect on the
scatter and distribution shape of fatigue life. There
appears to have been no other researches considering
the importance of an S—~ curve for the scattering
property of fatigue life than those reported by the
authors? and Matolcsy®. The latter investigated the
relationship between fatigue life scatter and median
fatigue life, assuming the error in load level to be
constant.

In laboratory tests, any one of the three groups is
not concluded to be the most important for the
scatter of fatigue life. However, for specimens with a

sharp notch, whose fatigue life is mostly covered by
the crack propagation period, the test results by
Tanaka et al.¥) showed the effect of the group 3) to
be minor. Taking these facts into consideration, the
authors tried to make fatigue life scatter in this
experiment as small as possible by using the following
methods. The temperature and humidity in the labo-
ratory were kept constant in order to reduce the
effect of a factor in the group 1). Sharp notched
speciinens ‘were selected for this investigation, be-
cause the effect of the group 3) in such specimens has
been shown to be small. And other various experi-
mental techniques were introduced to decrease the
scatter of fatigue life. Under these experimental con-
ditions, the distribution of fatigue life and the crack
initiation period were obtained.

The experimental results are analyzed in the fol-
lowing steps. The accumulated effect of all the
factors producing the fatigue life scatter described
above is regarded as an error in applied stress. Equiva-
lent stress is defined as the sum of applied stress
and the error in applied stress. An S—N curve, where
N is the median fatigue life, is drawn from the ex-
perimental results. Then, the equivalent stress which
corresponds to each fatigue life obtained in the test
can be calculated by the S—N curve and the fatigue
life. The scatter and distribution shape of equiva-
lent stress are evaluated. This evaluation provides
the information as to how much scatter and what
distribution shape of the error in applied stress are
required to produce the fatigure life distribution
obtained in the tests on the engineering standpoint.
On the other hand, an equivalent stress distribution
model is assumed by considering the experimental
results. The fatigue life distribution is calculated from
this mode! and the S—N curve. The distribution prop-
erty of fatigue life for the variation of the slope and
shape of the S—~ curve is also discussed.

2. SPECIMENS AND TESTING PROCEDURE

The material of the specimens was 2024 -T4 aircraft
structural aluminum alloy sheet material in the un-
clad condition. The chemical composition and the
mechanical properties are given in Table 1.

All the specimens were cut from two sheets of the
same batch. The nominal thickness was 1 mm. The
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Table 1 Chemical composition and mechanical properties of the material 2024-T4 used

Chemical composition Cu Si Fe Mn Mg
Content (%) 4.39 0.17 0.32 0.50 1.30
Tensile Yield stress Young’s
strength (0.2 % offset) Elongation modulus
kg/mma2 kg/mm?2 % kg/mm?

51.1 38.6 20 7.35x10°

specimen configuration is shown in Fig. 1. Their lon.
gitudinal direction were coincided with the grain
direction. The specimens were first cut to their rec-
tangular form with a slight oversize. Then the edges
were milled to the accurate width and length of the
specimens. The internal notch of the specimens was
made by drilling in a jig, and the burrs attached around
the hole were removed by light stoning. The theoreti-
cal elastic stress concentration factor in tension, X, ,
is calculated as 8.25%). The specimens tested at one
stress level were sampled randomly so as to exclude
any bias on the results originating from the position
of specimens in the sheet. Prior to testing, the speci-
mens were simply degreased in Ethyl Alcohol and
wiped dry with clean tissue,

Fatigue tests were performed on a conventional
sub-resonant fatigue machine, operating at the fre.
quency of 1,800 cycles per min. It is schematicaily
lustrated in Fig. 2. All tests were carried out with a
constant Joad amplitude by only one fatigue machine.
The specimens were loaded on fully reversed plane
bending by a four point bending fixture. Because this
machine was driven by a synchronous motor, some
overloads were originally observed during several
seconds after the machine was set in motion. In order
to prevent these overloads, a flywheel of about 2.4 kg
was attached directly to the motor and a brake was
used during several seconds after the machine was
switched on. The overloads were completely removed
by these devices. The synchronous motor was driven
by the electricity of constant frequency and voltage
supplied from a special power source equipment in-
cluding a quartz oscillator.

The temperature and relative humidity in the labo-

ratory were kept within the ranges 22 to 24°C and 50
to 56% respectively. Record samples of the tempera-
ture and relative humidity at about 50 c¢m apart from
the specimen being tested are shown in Fig. 3. Such
difference as between (a) and (b) in Fig. 3 was due to
the air conditioning method. Namely, electric heaters,
a refrigerator, a humidifier and a dehumidifier were
used properly according to the season.

3. TEST RESULTS

3.1 Damage Curve Represented by Fatigue Crack
Propagation
To get the percentage of fatigue life covered by
fatigue crack initiation period and the behavior of
its propagation, the damage curve represented by
fatigue crack propagation was investigated. Fatigue
damage accumulated in a specimen, D, is defined as

Eq. (1).

D:-——f_—ég_- ........................ (1)
lf ¢,
where [, is the specimen width, ¢, is the notch
length, and ¢ is crack length, i.e., the sum of the
notch length and true crack length. True crack length
is defined as the average crack length on both sides of
the specimen surface. The replica of the specimen
surface at arbitrary number of cycles n was taken by
using a thin plastic film. Crack length on the replica
was measured through a 200 times magnification
microscope. The relation of the damage D and the
cycle ratio n/N is shown in Fig. 4, where N is
the number of cycles to failure. Fig. 4 shows that a
crack initiated in the first 5 percent of fatigue life
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when an applied stress was higher than or equal to

g
8 kg/mm2. About 30 percent of fatigue life was T =1 ’
covered with the crack initiation period at the applied T
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stress 7 kg/mm?2. Hence, it became clear that a fa- v 1\ 7
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Fig. 2 Schematic view of the testing machine
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0 0.5 1.0
Cycle Ratio n/N

Fig. 4 Cycle ratio versus damage curves represented
by fatigue crack propagation

3. 2 Fatigue Life Distribution and Its Statistical
Parameters

Fatigue life tests were conducted at nine stress
levels, which were 6.5, 7, 8, 10, 12, 15, 18, 21 and
22 kg/mm?2. For every stress level series, each speci-
men was tested using the appropriate load to give the
same nominal stress. The test results of fatigue life N
are given in Table 2 and shown in Fig. 5, plotting on
log-normal probability paper. The series of tests
stressed at 6.5 and 22 kg/mm? were performed to
determine both external portions of the S~ curve in
the range of S=7~21 kg/mm?, where N is the
median fatigue life. Hence, the number of specimens
tested at these stress levels was smaller than that at
other stress levels, and the tests at 6.5 kg/mm? were
truncated at 13,000,000 cycles. Statistical param-
eters computed from the test results of Table 2 are
presented in Table 3. The plotting method used in
this paper is the median ranks proposed by Johnson®.
The median ranks are selected for the following three
reasons. First, the distribution of order statistics is
not necessarily symmetric. Second, when the distri-
bution of order statistics transformed by some func-
tion, the median of original order statistics is trans-
formed to the median of new ones. Finally, the medi-
an fatigue lives, N, are used to draw an S—N curve in
a later section. Johnson has given the median rank
table in Ref. (6) up to only sample size 20, so the
median ranks used were calculated by the computer

program of incomplete Beta function in Ref. (7).
Fig. 5 shows that the distribution shape of fatigue
life is practically log-normal at high stress levels
§ =10 ~ 22 kg/mm?, whereas it departs from the log-
normal type atlower stresslevels S = 6.5~ 8 kg/fmm?2.
The coefficient of variation of life, ¥, , and the
sample standard deviation, i.e., the square root of un-
biased variance, of log-life, 61 , are commonly used as
an index of the scatter of fatigue life. Their values in
Table 3 are small and nearly constant for higher stress
range S =15~22 kg/mm?. Their values become larger
as an applied stress is decreased lower than S=15
kg/mm2. The values of ¥y and ¢, in Table 3 are
much smaller than many other fatigue test results®)
9),10), 11), 12), 13), 14), 15), 16), 20) and nearly equal to
those in Ref. (17). It proves that the desired experi-
mental results, i.e., small fatigue life scatters, were
obtained.

As presented in Fig. 4, a crack grew throughout
most of the whole life, when an applied stress was
higher than or equal to 8 kg/mm2. While, a fatigue
life was covered with crack initiation and propagation
periods, when an applied stress was not higher than
7 kg/mm? . However, Fig. 5 shows that there was no
remarkable difference in fatigue life distributions be-
tween the two stress ranges.

4. ANALYSIS OF TEST RESULTS
AND DISCUSSION

4.1 SN Curve’s Equation

As shown in the preceeding section, there is the
scatter in experimental fatigue lives and their distribu-
tion shape is not necessarily symmetric. Hence, the
standard S— curve is drawn from the median fatigue
lives, ¥, in Table 3. The S—N curve fitted to the ex-
perimental S—N relations by eye is shown in Fig. 6.

The analytical expression of the S—N curve is
required for the later analysis and discussions of the
test results. A good S—N curve approximating suf-
ficently to the experimental data could not be
obtained by only one equation over the test stress
range. In order to get a sufficient degree of approxi-
mation, S—N curve’s equations are determined sepa-
rately around each stress level at which fatigue tests
were carried out. S—N curve's equation around an
aimed stress level, which is one of the test stress levels,
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Fig. 5 Fatigue life distributions of Table 2
Table 2 Experimental data of fatigue life
Stress Stress Stress Stress Stress Stress Stress Stress Stress
No. S S S S S S S S S
22kg/mm?|{21kg/mm?2|18kg/mm?2{15kg/mm? |12kg/mm? | 10kg/mm? 8kg/mm? 7kg/mm? | 6.5kg/mm?
1| 13,600 | 18,400 | 42,100 | 101,600} 265,200, 490,500 1,351,300 | 1,958,700 | 4,037,200
2| 13,600 18,900 | 42,300 | 111,000| 266,100 | 545,100 |1,546,000 | 2,280,700 | 4,822,400
3( 13,700} 19,100 | 42,700 | 111,000| 273,500 | 623,100 |1,646,800 | 2,356,700 | 5,162,300
4| 14,400 19,200 | 43,100 | 112,000| 276,900 | 634,500 |1,649,700 | 2,461,000 | 5,192,900
5| 14,600 19,300 | 43,400 | 115,500| 291,300 | 654,200 |1,663,800 | 2,803,300 | 5,655,700
6 14,700| 19,400 | 43900 | 116,400 298,200 | 707,400 |1,674,600 | 2,820,300 | 5,754,000
7| 1480071 19,400 | 43,900 | 117,600| 301,200 | 723,300 {1,690,500 | 2,911,100 | 5,918,000
8| 14,900 19,400 | 44,100 | 118,200| 302,000 | 731,100 |{1,700,200 | 2,947,800 | 6,082,400
91 14900 19,500 | 45,200 | 119,700| 302,200 | 744,700 [1,774,600 | 3,001,200 | 6,268,100
10} 15,500 | 19,700 | 45,700 | 122,900 302,800 | 765,800 {1,809,300 | 3,160,800 | 6,565,200
11} 15,700 19,900 | 46,000 | 125,600| 306,200 | 772,700 1,811,300 | 3,162,000 { 7,412,000
12| 15,900 | 20,000 | 46,300 | 126,400 306,400 | 775400 |1,846,500 | 3,213,300 | 7,419,200
13 16,200 { 20,100 | 46,600 126,600 | 307,400 775,500 |1,910,700 | 3,237,900 7,895,700
14| 16,300 | 20,100 | 46,800 | 126,600| 318,000 | 780,300 1,920,500 | 3,273,000 | 8,043,400
151 16,500 | 20,300 | 46,800 | 128,000| 326,100 | 800,500 |1,934,800 | 3,336,600 | 8,346,200
16| 16,600 21,000 | 47,400 | 128,000 327,000| 813,100 |1,983,600 | 3,549,800 | 8,455,000
17| 16,700 21,300 § 48,100 | 128,600| 330,000 | 826,600 |2,038,100 | 3,579,000 | 9,366,800
18| 16,900 21,300 | 48400 | 129,300 331,300 | 829,300 {2,069,100 | 3,631,800 11,531,900
19| 16,900 | 21,600 | 48,700 | 131,200| 332,400 | 843,400 |2,089,800 | 3,649,700 |13,000,000*
20| 17,100 | 21,700 | 49,600 | 131,500| 333,400 | 847,200 2,101,000 | 3,666,900 |13,000,000*
21| 17,200{ 22,000 | 49,600 | 133,200| 334,300 | 858,100 |2,149,300 | 3,770,000 {13,000,000*
22 22,500 | 49,800 | 133,500| 351,200 858,300 |2,160,800 | 3,890,400
23 22,800 | 51,000 § 133,500| 353,200 867,800 [2,179,200 | 4,278,600
24 22,800 | 51,100 | 135,300 354,100 873,700 |2,187,500 | 4,326,900
25 23,100 | 51,200 | 135,400| 366,000 880,800 |2,285,000 | 4,482,300
26 23,200 | 52,300 | 136,700| 366,200 | 887,400 |2,308,700 | 4,683,700
27 23,600 | 52,800 | 137,200| 369,600 | 898,000 {2,311,400 | 4,931,600
28 23,700 | 53,800 | 137,600| 375,200| 907,100 {2,541,800 | 5499,500
29 24,000 | 53,900 | 140,300! 377,400} 923,600 |2,733,600 | 6,001,600
30 24,600 | 57,400 | 142,300| 384,400[1,118,300 [4,023,600 | 6,894,700

*) Indicates that the specimen did not fail.
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Table 3 Statistical parameters of fatigue life obtained by the experiment

Specimens with a Sharp Notch (Kt = 8.25) Under a Constant Temperature and Humidity Condition

. Standard Coefficient Standard
Stress Mefhan Mgan deviationof | of variation Me.:m deviation of Number of
S life life life of life log-life log-life specimens
kg/mm? N N oN VN K oL n
22 15,700 15,600 1,200 0.0769 4.1907 0.0338 21
21 20,700 21,100 1,800 0.0849 43220 0.0364 30
18 47,100 47 800 3,900 0.0824 4.6780 0.0353 30
15 128,000 126,400 10,000 0.0789 5.1005 0.0353 30
12 326,600 324,300 34,100 0.1053 5.5086 0.0460 30
10 806,800 791900 | 123,000 0.1554 5.8932 0.0715 30
8 1,959,200 | 2,036,400 | 482,300 0.2368 6.2994 0.0882 30
7 3,443,200 | 3,658,700 {1,107,800 0.3028 6.5458 0.1236 30
6.5 {7412,000 - - - - - 21
25
o 20 '\\
€ N
E \u\ @ Experimental Data of
z N Median Fatigue Life
\\
@ 15 e ]r
2 \ f
£ g i
%51 N
10
\\‘
.\*\ "
5
10% 10% 108 107
Number of Cydles to Failure N
Fig. 6 S—~ curve for median fatigue life
Table 4 Parameters of S—A curve and sum of squares
Stress Sum of squares
S Se A B C
kg/mm? T
21 1.003 X 10! 3.666 X 10° 1.348 X 10* 5.568 X 107! 0.298 X 1071°
18 -1.000 X 103 1.051 X 10° -3.940 X 10° 2964 X 1073 0.362 X107
15 1.420 2.645 X 10? 1.007 X 10° 2.521 X 107! 0.142 X 107
12 -1.440 X 107! 1.827 X 10! 1918 X 10* 2354 X 107! 0.137 X 1072
10 -5470 X 10! 9.832 X 10! -6.256 X 10° 3.103 X107 0612 X107
8 6.385 2.610 X 107 4.005 X 10° 4018 0.353 X 1073
7 6.464 3.883 X 1038 6.205 X 107 4.591 0948 X 1078
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is determined using total five experimental S—N rela-
tions, i.e., at the aimed stress level and each two
levels over and under it. For S = 7 and 21 kg/cm?, the
S—N curve equation is determined from four experi-
mental S—A relations, because fatigue tests were
made at one stress level under or over these stress
levels. The experimental S—V relations are approxi-
mated with an equation proposed by Weibull '®,
that is

§—s,=A(N+B)"

where Sg, 4, B and C are parameters. The following
procedures are used to determine the four parameters.
i) Se and B are given arbitrary constants. For ex-
ample, Se and B are put zero. Any choice of initial
value does not influence final results. i) Introducing
Se and B into Eq. (3), 4 and C are calculated so as
to make the sum of squares 7, minimum.

- ~ 1 1 2
Ta= ) {log (Nt B)+— log(5,=S)—~ — logA}

i=1

............ (3)

where m is the total number of experimental S—N re-
lations used to determine the S—N curve equation,
i.e., 5 or 4. ii) Introducing S,, A, B and C obtained
above into Eq. (4), the sum of squares T'is calculated.

m

T= E [logﬁ,- '—log{(

=1

) —8})?

Si - Sc
(4)

Moreover, v} by changing Se and B in steps and re-
peating the processes i), il) and iif}, the four parameters
Se, A, B and C are finally determined so as to make
T of Eq. (4) minimum. The calculation described
above is easily done using a digital computer.

The four parameters and the sum of Squares T
finally obtained for each stress level are listed in
Table 4. T in Table 4 shows that fairly good approx-
imations are obtained for every stress level. The
value of 7 at S=18kg/mm? in Table 4 is not
minimum. Comparing this value to those at other
stress levels, it is considered to be sufficiently
small. Hence, the calculation of the parameters is
suspended after this value had been obtained. Each
S—N curve drawn by Eq. (2) and the parameters in
Table 4 show a good agreement with the S—N curve
in Fig. 6 around the aimed stress level.

4.2 Equivalent Stress Distribution Derived from
Experimental Fatigue Life Distribution and
S—N Curve

In the present paper, the accumulated effect of all
factors producing the fatigue life scatter is regarded as
an error in applied stress, and the error is estimated
in the stress deviation from the median S—N relation.

Equivalent stress is defined as the sum of ap-

plied stress and the error in applied stress. Therefore,

as the calculation procedure is illustrated in Fig. 7,

equivalent stresses can be calculated from the experi-

mental fatigue lives in Table 2 and the S—N curves

determined by Eq. (2) and Table 4. The symbol S, 4

is used for representing equivalent stress calculated as

described above.

The calculated equivalent stress distributions have
been plotted on normal probability paper and are
shown in Fig. 8. The statistical parameters of equiv-
alent stress are shown in Table 5. Fig. 8 appar-
ently presents that equivalent stresses are distributed
practically in a normal distribution at every stress
level. The standard deviation of equivalent stress,
gs,4 , in Table 5 is considerably small and nearly
constant irrespective of stress level. Therefore, the

coefficient of variation of equivalent stress, #5,,4 ,

in Table 5 becomes larger as stress level lower.

The value of ¥;,, ranges from that of static tensile

strength to a little higher than it.

The facts ascertained here about the equivalent
stress distribution show that an s—~ curve plays an

important role on the distribution property of fatigue
life.

St

Equivalent Stress

Logarithm of Number of Cycles to Failure log N

Fig. 7 Calculation procedure of equivalent stresses
from experimental results
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Table 5 Statistical parameters of equivalent stress
Stress Mean géﬁ,%f?gﬂ Coefficient
S Sra OsrA of variation
kg/mm? kg/mm? kg/mm? Vsra
21 20.94 0310 0.0148
18 18.05 0.267 0.0148
15 14.86 0.256 0.0172
12 12.20 0.291 0.0238
10 10.00 0.363 0.0364
8 793 0.375 0.0472
7 7.04 0.348 0.0494
4.3 Fatigue Life Distribution Derived from an Equi-
valent Stress Distribution Model and S—N Curve %
In this section an equivalent stress distribution
model is assumed, fatigue lives are derived from this §
model and the S—N curve as illustrated in Fig. 9, and ?:’
the scatter and distribution shape of fatigue life .g
derived are discussed. It is shown in a former sec- ';:E
tion that the distribution shape of equivalent stress =
is almost normal and its standard deviation is
nearly constant regardless of stress level. Hence, the Logarithm of Number of Cydes to Failure  log N

equivalent stress distribution model is assumed as
follows: the distribution shape of equivalent stress is
normal and its standard deviation is constant regard-
less of stress level. Equivalent stress is denoted by
S,p in this section, and its mean by S,z . The
mean coincides with the median in a normal distribu-
tion. The standard deviation of S,z is notified by

Fig.9 Calculation procedure for fatigue life distribution

from the equivalent stress distribution model

ds,g , which is considered to represent the scatter of
the error in applied stress described in the Introduc-
tion and the section 4. 2.
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4. 3.1 Theoretical fatigue life distribution in the
case of infinite sample size
The probability density function of equivalent
stress p(S, g ), is given by

1 (SrB—SrB ) 2
(Spp ) = exp|— BB
P moSrB 2081‘32
(SC<STB<A'B_C+SE) ...... (5)

The relation between S,z and ¥ is provided in Eq.
(2). Hence, the fatigue life N corresponding to

S,B is given by

A 1/¢
Ns= (m)

The relation between the probability density function
of theoretical fatigue life, f (N), and that of equiva
lent stress, n(S,p), is as follows

FUNYAN=—p(S,8)dS,g w=weemeee (D)

From Eqs. (2), (5), (6) and (7), 7(N) is given by

: -(c+1) - _ol 2
f(N) :“AC(N a2 exp [—{(N+B) (Ns+B) }
V2n ag,p 2(05,8,/4) 2
(0 <KN<Coo)  eerveeiineenns (8)

On the other hand, the region where the s—¥
curve is considered to be a straight line is observed in
Fig. 6. The S—N curve in this region can be repre-
sented by Eq. (9), i.e., a straight line on semiloga-
rithmic graph paper.

S=—alog N+ 5p = wcorremrmrrrrnmennn. (9)
where a and b are positive constants. Applying the
same procedure used for deriving Eq. (8), the proba-
bility density function of log N, that is ¢ (logN),is

given by,
1 (logN—TogN)?
I _ _
3( OgN) VZTC(GSTB/G,)exp{ 2(05,-3/0)2}
............... )
where
togN = (b—S,g ) a  woreereereenee an

is the mean of logN. Eq. (10) shows that fatigue
lives in this region are distributed in a Log-normal
distribution.

When sample size is infinite, the theoretical fatigue
life distribution can be discussed by Eq. (8) or (10).
While the sample size tested in this paper was finite,
the discussion with regard to the theoretical distribu-
tion of fatigue life should be changed in a case of fi-

nite sample size. This is dealt with in the next section.

4. 3. 2 Theoretical fatigue life distribution in a case
of finite sample size

In general, a fatigue life distribution obtained by an
experiment is considered to be only a sample from
a population. It does not hold any theoretical uni-
versality. Therefore, a finite number of equivalent
stresses determined by the equivalent stress distribu-
tion model ought to have theoretical universality. It
is assumed that each equivalent stress is selected as
the median of order statistics. The reasons why the
median of order statistics is used here are the same as
those from which the median ranks were selected for
the plotting method in the section 3. 2 and the S—N
curve was drawn by the median fatigue lives in the
section 4. 1.

Let the mean equivalent stress Sz be a test
stress level. The standard deviation g,z which is cal-
culated from a finite number n of equivalent stresses
is assumed to be equal to the mean of a5, 4(0.316kg/
mm?) in Table S. Hence, the i-th order equivalent
stress S, p,; at any test stress level is given by Eq. (12).

SyBi =S—rB+t|' 0s,B

where ¢; is the standard normal variate correspond-
ing to the i-th order median rank. Sample size n is
substituted by 30 which is the number of specimens
tested at one stress level. As mentioned above, the
equivalent stress distribution model in a case of
finite sample size is defined.

As illustrated in Fig. 9, the theoretical fatigue life
distribution can be calculated from the equivalent
stress distribution model and the S—A curve deter-
mined by Eq. (2) and Table 4. The fatigue life distri-
butions calculated are shown in Fig. 10, plotting on
log-normal probability paper, and their statistical para-
meters are listed in Table 6. For S=7kg/mm?,
only the median fatigue life is listed in the Table, be-
cause the longest fatigue life was calculated to be in-
finite. As Fig. 10 shows, for high stress range where
the S—N curve in Fig. 6 is practically linear, the
distribution shape of fatigue life is considered to be
log-normal. This is also clarified by Eq. (10). On the
other hand, where the S—N curve exhibits down-
ward curvature, i.e., in low stress range, the distribu-
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Fig. 10 Fatigue life distributions calculated from the equivalent
stress distribution model and the S—# curve
Table 6 Statistical parameters of fatigue life calculated from the
equivalent stress distribution model and the S—y curve
. Standard Coefficient Standard
Stress Median Mean deviation of variation Mean deviation
S life life of life of life loglife | oflog-life
kg/mm? N N ONn VN u oL
21 20,700 20,700 1,800 0.0856 4.3148 0.0372
18 48,400 48,600 4,700 0.0963 4.6847 0.0417
15 120,400 121,000 12,100 '0.1003 5.0809 0.0434
12 347,300 350,000 41,000 0.1171 5.5412 0.0507
10 780,400 789,300 114,700 0.1453 5.8928 0.0628
8 1,899,700 1,935,600 304,700 0.1574 6.2818 0.0670
7 3444,100 - - - — -
. 1 shape of fatigue life has a tendency to form the log-
03 ; normal type. The lower tail of a skewed fatigue life
z I 1
o | distribution in Fig. 10 fits well a one-sided censored
g ® Experimental Results | log-normal distribution. This agrees well with the
| OTheoretical Values results of a large scale fatigue test (the total number
3 ‘:% ’, of specimens tested at one stress level was 973) by
§ %’: 0.1f Bloomer and Roylance?® and gives a theoretical basis
§ E i to estimate the lower tail of a fatigue life distribution
“"é 0 e . . ! which is important for probabilistic machine or
© 5 10 15 20 structure design. The distribution tendency of fatigue
Stress S kg/mm? life illustrated in Fig. 10 agrees well with that obtained

Fig. 11 Coefficient of variation of fatigue life

tion shape of fatigue life departs from the log-normal
type, and its skew is pronounced. However, because
the standard deviation of equivalent stress assumed in
the model is comparatively small, the distribution

by the experiment in Fig. S.

To compare the calculated scatter of fatigue life
with that observed, the coefficient of variation of
fatigue life in Table 3 and Table 6 is shown in Fig. 11.
Both values of calculated and observed agree well,
except for the case of S =8 kg/mm2. The longest
fatigue life at S = 8 kg/mm? in the experiment seems
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to be longer than expected as the median of order
statistics.

It became clear by the above discussion that the
proposed equivalent stress distribution model pro-
vides a good explanation for the experimental results
of fatigue life distribution within the interpolated
region of the S—N curve drawn from the experimen-
tal results.

5. CONCLUSIONS

All factors producing fatigue life scatter were re-
garded as an error in applied stress. Equivalent
stress was defined as the sum of applied stress and the
error. This concept was used for analyzing the results
of a series of fatigue tests on 2024-T4 aircraft struc-
tural aluminum alloy specimens with a sharp notch
(K¢ = 8.25) under a constant temperature and humid-
ity condition. The interrelationship between scatter
of equivalent stress, S—N curve and fatigue life scat-
ter was discussed. The conclusions are summarized
below.

1) The microscopical observations indicated that a
fatigue crack grew throughout most of the whole
life of a specimen, when an applied stress was
higher than or equal to 8 kg/mm?, while an ap-
plied stress was not higher than 7 kg/mm?, the
fatigue life was covered by the two periods of
fatigue crack initiation and propagation. Neverthe-
less, there was no significant difference in the dis-
tribution shape and scatter of fatigue life between
the two stress ranges.

2) The scatter of fatigue life obtained in this experi-
ment was much smaller than many other fatigue
test results.

3) The distribution shape of equivalent stress was
found to be practically normal. The standard de-
viation was nearly constant (0.256 to 0.375 kg/
mm?) regardless of stress level, and the coeffi-
cient of variation ranged from 0.0148 to 0.0494.

4) The proposed model of equivalent stress distribu-
tion, which has a normal distriburion with a con-
stant standard deviation regardless of stress level,
gave a good explanation of the experimental
fatigue life distributions within the interpolated
region of the S—N curve drawn from the experi-
mental results.

5) The following facts were verified experimentally
and theoretically. In the stress range where the
S— curve on semilogarithmic graph paper is
practically linear, the distribution shape of fatigue
life is considered to be log-normal. On the other
hand, where the S—N curve exhibits downward
curvature, the distribution shape of fatigue life de-
parts from the log-normal type and its skew is pro-
nounced. However, because the standard deviation
of equivalent stress obtained in this study is
comparatively small, the distribution of fatigue
life has a tendency to form the log-normal type.
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