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Spectrum Analysis of the Response of Multi-Degree-of-Freedom
Linear Systems under Nonstationary Input and its Application to
Airplane Response in Atmospheric Turbulence

by Yoshinori Fujimori

ABSTRACT

An exploratory study was conducted to establish the spectrum representation of
the response of the multi-degree-of-freedom linear system, under the nonstationary
input which is characterized by a product of a deterministic function and a stationary
random process. New spectrum expressions are derived to describe the cross spectrums
of the output within an arbitrary order. The present result includes the definition by
Priestley, as a special case, and has been reduced to the stationary spectrum when a
deterministic function is set constant.

In order to demonstrate feasibility of the nonstationary spectrum analysis the
second order statistics, of the response of the model airplane under nonstationary
atmospheric turbulence, are obtained in terms of the evolutionary cross spectrums of
the generalized coordinates (displacement), their first derivatives (velocity) and their
second derivatives (acceleration). It is shown that the total responses of these quantities,
superposition of the various modes, can be computed at any positions of interest on the
airplane wing.

Some numerical examples are given to evaluate the relative contributions of rigid
and flexible modes to the total responses. One main conclusion from this study is the
fact that the present method is very useful in estimating the maximum mean square at
the transient stage of the acceleration response, which has been overlooked by the
conventional stationary analysis.
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BOZEINT OV TIEH LV EESER SN TV S,
70 00 B 0D 72 B B R O MBI ov Tk Doneley
0 D{DEBEBT B L I\, 1950FERICA - THEEHH
BHELVIROBPTHROSTFTHIELFIAEND LD
W2 572D T, REULE QBN & EH AR OMHEN
LW ERTREND LR 2T2, TOHEFTRBN
Eify 72 BF9e 211 Houbolt 79, 77, 78 1 Diederich 89 ¢
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HB, BILYRITIZEEHOBEIRO—ERHND - T
BD, ZREZEOAR LT, THAUERBEBIIRKDH
BAZEIVWBELRLASY, BEBEIBVWTRABHTE
BORTABRIZIVZROUELIF/ DI Z LATTbIT
B DI~ gke bR A AKETICOWTO
BER O DEA LT SR TWS, A ELEION
TO—BORF L ERM, @, MR kR
bhTwan, ZThizBoRll, 3, ZRTIZEKN
OABR EBIRBEANLDI I REEIRITTHERRT
WEHLDOTH D, HAMIIETELRRIZIDLER
Howell ¢ Lin 115) EVEDBbAI-oRHTHD
A, EEL Lin 10, UD, U8 ppmapynr Uiz, ¥
BB LRMEELT, XBesy , DL EFRO
Wind Shear mRiEg 190 , Helicopter ®» 2 B L& o R
B0, N0 sy, SR )OSFREN,
2.2 %, BE, MEEORINE
CITHIEEFANTOLEHBEROLERNGAL L
TREBOZRICEOMEL LD iP5, ADLLTE
THEADRBENH 1ANEE 2, MEEOEHL LT
FEKBELT, T2 2EHEREELD,
FTHEEBOESHHBRA L

ME+ B M0 e =0 s=1,2n (2-1)
2L
Mi=[f $:(z,y) p(z,y)dzdy
S
=i kO—BEE
Q=ff {F(z,9,0) +E(2,4,0} ¢(z,) dady
S
=i RO—KH
F, = SEROEBIC L5 BEEHY D 0B HE
F,=tLTHRAERIZIZBUERY D DB NEIL
S =¢(z,y) PERSHTVSHE
B = i mORBEE
S =i RO—BEBE
p =HEUEBEUYRTERER
¢, — i ROEHEK
w; = i ROEEE
MEBTAVDEERR2- 10X 510 5,
ZHEZERIZBY, »O7 27 bHEOKEVERL
S L, LTEN ZAEENFETERE LD,

I

F(z,y,t) = -7p4b%(z,y,1) /2

-np(,u_[o‘é(x,y,t)¢(t—z,)d:, (2-2)

F(z,y,t) = zrpouf:w(:c—ucly)d:(z-tl)dtl (2-3)

M2-1 HMZERBOEER

BL 2(2,y,t) = Z2¢;(x,9) §;(t) =2IE

) = Wagner B§¥
o(t) = Kussner B§#

b = BERZRO¥S
U = RITEE
WUt y) = ETFTHRARBEE
Py = 2REE

BB XEOADHENI-EDOREU TREL TS
DL T5, KKEFILHKE B (Frozen Pattern ) b
BoTndET 3, (z,9,2) IHEBIIFCTNDER
THDd0 b ETRRE -Vt L £ 3,

FEHCHIFERE, EEEOHFINLELZNT,
Wagner BE%, Kiisser iz >WTil&kD D& FHT
Do

é(s) =1-0.165¢ > ****

-0.355¢ "
Ws) =1-0.5¢ "5 ~0.5¢°, (BL S=Ut/b
a9, = 56;(2, )€ (1), Z(z,9,0) =2¢;(2,0)€;(1)

THEBILERERT(2-2), (2-3)Ricz, 2
ERAL—BDQ &RDB, Q=0 ;+Q ; LTHET
30T

Qy (1)

= —KpoUgdjm{_/:gm(tl)é(t'tl)dt1+2b—U é'm(t)}
(2-4)
QG'J'<$)

=1rpOUf0t $(t-t)de, [ W(zUt,,y)8;(z,y)dzdy
’ (2-5)

BL 2j=f)0;(z,9),(2,9) dzdy
EHHBER(2-1)RD Laplace K2R3 L
M;p € (p)+8;pE () M0, 78 (1)
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+ npoUgdjm{P2¢_5(p)ém(P)+£(7 pép} =0 i®

(2-6)
ERTQ () ST BEORELLBLTH B, &
DAL i KD E - FIfiDE— FLEARLTWADT
TG ErRTE R Sy, BEMEOEEH
CHEOMZLFRLCTHBEACES T2 0@ 0 &
B2, LLEXFD 4, 13- FEREBOADK R
DTENERBENTES L TH—KRIC0IZIZ 2SRV,
BRI D 4,, EEAKARRINCL2BREHE
EFERDLLTWDS, (2-6)RAi

(Cm{§,) = {6G,j} (2-7)
DESIZBITEZDT, TR

¢ =%’% % m (2-8)
BLr

|Cim| = (Cjp) DFAR

A = BEC,, ORRT

DEHICEBLZLNTES, (2~ 8 )Xo Laplace
YEBET LD

1, Qi
(=21 I<]—ijL') O n(t-0)dT  (2-9)

- Gy _

=A vV AREBEK
(LR.F.)
THHILIIBATHELH(2-9)R %

§(0=2 S h i) Qg (1-T)

=2 k(60 Qg p(Dde

LEC, STHTER LARNBEE S THOTHS
L Qg (ORAN X (0, €,(0) T Y;() ORED
ELTOBILICEHRMHC THS Y, HIZ(1-20) R
KHST 5301

BCE () 6620 = S5 LY Phs,- 7))

Xhig Ct3773) B(Qg n(71) Qg (T))dTydTy (2-11)

(2-10)

LB, ZOROHFORBEREETICOVWTHHALT
Bo 4 v AN ALEBE b, (1) ERDB L&, Laplace
E# xh/c Dummy Parameter p DSHATH S a,,
/1 Cop| DHROBII—BIZERETH D, HREILIH
BEERTEDLNLLIOT, ThICHET S LRE. ;&
(O DEBHFHRLIED hjp(t) OEZTOLOIIERE R

B0 LBLEDHNEABRIERTHINEARY, HE
DEHEFTRTHERERIILTBWEFR I 75 4
EDALEI RV, ZOkD ERAOPIZRIHEBEERE
TRHRBBELAD, ZOT Lidhy (D) ZEGSICRDB L
IATENR-ENTBETHSS, (2-5)REANT
(2-11)RE2BED2DL

E[fj(i;)fk(tg)] = (ﬁpoU)2%’%‘/‘;2%’-,‘@1—?,)&!1
X,/:zhktl,(tz"'z)dtz./;rl‘/;@'1"’1)6’”1/:24;(72"’2)‘1”2
Xf,[ffE[W(xl‘Uahﬂl) W(z,-Ud,,y,)]

s s

X8, (21,¥1) 8 (23,y5) dzydy;dz, dy,

EFHROEREEWIR 1 >OEEERBETHDLLT
WBHDT, KDL B2ODRKIZE>TWB LT3,

(2-12)

W(z-Ut,y) = C{z-Ut,y) G(z-Ut,y)

BL C(z-Ut,y) = aRBRBIH
G(z-Ut,y) = EHHERALE

EOEFRBECHSOWEREZLALTWSLITTH
5, LUTHEDOERIZEVWIZRD & 5 /3 Stieltjes 5
BRVBTEB LT 5,

(2-13)

W(z-Ut,y) =,[°°C(arUt et dr(o,z,y)

(2-14)
GiZoWT
6(z-Ut,y) = [ e dy(w,z,9) (2-15)
(2-13) REMEOLKE ¥ AT
ECdt (@),21,91) 1" (03,25,5))
=0 (0,,§,7) 8(0)-w;) do, do, (2-16)

BL §=z-25, 7=y,"u,

LR C(z-Ut,y) IXETEICBIT B A(t,0), O(@,E 79)i%
@Qnmé@kﬁt&ﬁoébfwé:kﬁ@ﬁén;
90 TTTIRIDTREBK C(2-Ut,y) T EDREh = —
FIZOWTHRA LR DEAWS, £ 0(0,8,7) iIEHE
BRCOAXRZ PATHIEZOHEBARERIKRDL I
ATHITNh T3,

E(G(z,-Ut,,y,)G(2;-Ut;y,y,))]

= [0, & Do -w)e D g g,

= [0(0,E, e ity (2-17)

EHRERGCIIH—TEHOBECHRATEALND A
X7 b ERS TS, 5P
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@(0,5,7])" LG -uuf/U[( ) H(g( )

+—1—T”{31K1( )— " Ky (G )}] (2-18)
40°

fBL g, =RMS. of G
L; = Turbulence Scale of G

& T VI+(Ly/U)?
K, , K, = Modified Bessel Function of the
Second Kind
RO ERCIZEODWTHORGHZBEOEREEAD
DERHDIDTIITRENDELIBBDE L,

azUt)_ BG-U| po

(2-19)

C(:L—Ut,y) = co{e

BL
= ESLERE ;(2-19) RoRXEZ1 LT
5L ZhEEDD,
a,B=fHEEH, 0lalp
OWi-z) =0, for Ut—-x<0
=1, for Ut-z)0
TOBRKRITFEEBRBIZLZ ETHEDILE B M
BEOFEFREORTICHIEDLNTNEIDT, XEDOH
BIZBWTHERAT 2, ZOHRT y- HAIIKDOWTOIE
EFREIT—FLEEZITVEY, ThidmPBoR v
FA~NDEROFARAUKZ ST VELZVWEREDNSE2 DS
TH B,
KILFEEDDHF LWREELHA TS,

6t ap(®) ={f{f¢(w,f,v)eax‘+ﬁx2

X ¢.(21,¥1) Bp(2s,v2) dzady, dzy dy, (2-20)
Mim a(t,@) = € aUyt -(iw-al) T
X hi(Dazf ' Th e T %e  (2-21)

IhH0RBEACE(2-12) X% L HI0EL
ZERTED,

EE& (e )sk(ti?)] ﬁ k(thtz,“’)elw(tl-tz)da)
(2-12a)

8L
wjk(tl’t2’w)

= (”PQU)2C§2%‘{

Qn(,'aa(‘”)“]m,a(tl ’w)Mk_L,a*( tp ,0))
~ Gt af(OM i o(), DMy g (15,0)

- e,n&,ﬁa(w)Mm ,ﬁ( t 1 ,a))MkL’a*(tg ,w)

+%,ﬁﬁ<w)Mm,ﬂ(t“w)MkL"B*<t2:w)} (2-22)
ID(2-22)ACHEAONDBIZ—BEME LD
t) & L ICBIBEF/BEEAN 2 A THD, BR(H
B)ARZbAONWTHR G =k LB LICEDEE
Ehd, FLHFFBREIOI t,=t,=t &L T( 2~
120) AOEAEBHSTHILILIVEXDOND, £
BED (2,,y,) & (25,90 1T BT 2 #E9 ~ Bz
B(Z2(zy,y1,t1) Z(z3,y,,t5)]

‘ZZ'?S (xl,y1)¢k(xg,y2)EE$ (t1>£k(tg)j

(2-23)
—REN OB EIZOWV T OB« i
) &) oItk
BLE; (1) §t)) = o BLE (4161

(2-24)
)
BL 600 = 78,(0)/00 0 —BH ; J20

XD RBOHND, LAL(2-24) ROFARFICZR
DoNdLEMNESLRVDT, HFAVPFEL, »OBR
THIT LWV I REHBVD, BLE; L VEEERE
(Jointly Gaussian ) T J=K O ¥k {352 2IZRILD,
(2-12a) X% (2-24)RRATBE

0w -
Effj(tl)ek(tz)] =[oo @‘(ér) (? (tl,tg,w)ew(tl 2)d/U

7>k
(2-25)
¥%B5, HL
T & (t,t,,0) = (ﬂPoU>20222
£ & =

ema,aa (w)J‘Mj'm,a(tl ,“’)KMkL,a*( ty,®)
~ 6nt 0 (“’)JMjm,a(tl ,‘”)KMkL,ﬂ*(tz,“’)
= Onp @ M g(t1, DMy o (tg,0)

+ 67"-&,/3,8 (w)JMjm“B(tlyw)KMkL,'B*(tg,w)}
(2-26)
-1

ma(t @)

M a2, = 2( ><z)
(2-27)

nguh%@ DERTIL 0 il DV THOBEAKT, &
ik
BRIHHRTH D, 2REBR IS EZERERT
W . ® .
E[Z(T] ,tl)Z(Tg,tz)]

L Gy T ) g0

(2-28)
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aL

T W (Ty,ty, T2, t2;9)
77 1 1 242

=§§¢j(xlsyl)¢k(z2yy2) U.(éng:(tlrt29m)

! (2-29)
ID(2-29) ANRLKEDERBHEEARZ A TH B,
1 SR BIEER z,=2,, v1=y LBEVTHET S,
ESIt;=t, ELT(2-28)REHASTHITAEF
BEB/BDIZLNTEZ, T EARBERSICI ST
hiE 7z 57,

TZT(2-20) RO 6,y 4 @ORRIZONTE R

B2, Toditix(2-18 )XTHEALNTWARR A
S b 008, ) AEERTHT, FEICHERLE
LTWTREHLBESETHD, ZDkH(2-18) REXR
D& 3IE S E DT,

06,1 Tome N (2-30)

*z

9°Lg 143 (oLg/0)*
20U (14 (ale/)?)’
D0y @it Dryden A< 27 + A LZbHBHDTH 5,
ZD(2-30)R%E(2-20)RICRALT

0y (@)= (2-31)

6t af@= 0y @R, s @Ry 5@ (2-32)
B a@= € Y b(a8, €Y D% aaay
(2-33)

23 BWRETL

BEABICAWS=FA(R2 - 2i5t, Z0EF
VIFGEELZBH - BERROF LIBT3 MERLE
AL, Fhil 20 ORESIZHBBEFHLTHT, BD
RIBICIZEFESE LsWE T35, RidahiFRIE B1, BfrY
D my DEBRFHF->TWTAAVAHRIL—-E LT3, X
2-20FFNMIOWTORIEE, EHBEEIIIBSTIC
EabhTnd,

i L o
]
T 7
[}
= /A -
% y
1 %,
mw,EI
|
TN
< . |
Uy
K2-2 HERx F 0
CITHEER2 20T — FEE RSB, B Q9
& - & JEr (2-35)
EF®H $(z,y) =1 R RIS

BT 1 % 85(2,1) = S € 248,008 Qy+SssinhQy

+ 8, sinQy (2-34)
BL Qv=12y/L

Bomif 1 k0REEI:

<hD, BliEE—FD o, 20 THB, —BD, —BE
BOFEILDEREARREK ¢,(z,9) iR ERZDE- ¥,
(z,y) 2 EBILL-b0THB, BB

$:(z,y) =N; ¢ (2,9 (2-36)
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ERILEHN, 12

S pCz,0) 8, (z,9) dzdy = My (2-37)
HoRE B, HREBON, 12 (2-37) b
0 =ff3{(z,y)$j(x,y) dzdy (2-38)
Dy =NN; Oy (2-39)
POHETD, RE2FIETOHL
0, =4b L (2-40)
a, = 4bL{—S (€%2-1)+8,sinQ, + 85 (cos h2y-1)
~ 84(cos2,-1)} (2-41)
0, = ZbL(zgz{ ~si+1stts,s,)

+ (1-e 292){sf+%s —5,8 ) +( % 1)l :

1 2

+51n2.02(2 2 é 4)+(1 COSZ-Qg)S234

+ g(sm.Qgchost)} (28,8,-8,8,)

+{ 1+ 2(sm.(22 cosf2;)}S; S,

{1-
{

+{ 1462 (sin2,- cos 2;)} (28,5;-5, Sy)
{

+{e® (cos@y+sin®,) - ~1}8;Ss) (2-42)
N =1
~ (2-43)
Ng = [%'/(pWD22+mF Dm)]
L O, =26 (s,+s;)" (2-44)

TOBRMBOA v AGEBR O Fourier T
~ 7ﬁ 7 k 9 B—L
h =2 F P’ PZ H, P
1P k%l 1k / P2

8-£

] 8
~ N 7-k
hlz(P) =k%l Elz,kP QA:S,;HLP ( 2- 45)

6 8
FraolP) =k2’ Egy P K/LZ 2
=1 -1

[Ciml = 0DBRET; i=1~T;73=0 &5, 1 v
N ALEBBIT

2'1 Aij m€ (2-46)

BL
z e T
(2—47)

§ -—
A{12;22}’m=k§ {12,22), kTm /[dp{ZHLP L}]p—r
=1~7 (2-48)

B

3
Hy=MMy+ (My8gg+ My 11) By + (8q; Dgp— Dyg 891 ) By
Hy=2M\My(By+ By )+ (M) 095+ My, ) (B, +(B, + By )Bg}

+2(011 09501303, ) B3By

2 3
Hy=M M, {(B,+B;) +2 B, By M My@y +(8 11899 -D1p09;)
2
X (B, +2B3By)+ (M Dgy Myt ) {Bg+B, (B, +By)

2
+B, By By )+, M@ By

H,=2M M;(B,+By)B,By+2M M, (B, +B,)
+(M; 099 My, ) {Be+B5 (B +By )+B, ByB, }
2
+AMaw, {By+Bg (B +B3) 142(0 189501309,

X {BgBg+2B,Bg)

2 2 2
Hy=MM,(B,By) +M1Mzw2{(Bl+Bz) +2B,B,}
+(M 299+, 01) (B (B, +By )+B By By |

2
Mo, {Bg+B,(B,+B;)+B,B,B;}

+(01095 - 12&21)(3 +2B,Bg)

2
Hg=2M M@, (B, +By ) B, By+(M 593 +Mp )B By Bg
2
051, M5®, (Bo+By(By+B;y)+B, BB, )

+2 (8,895 -01309;, )B5Bg

2 2 2
H, =M,M2w2(BlB2) 0, M0, {Be(B,+By)+B,ByB;}

+HA11 825701289 )B:
Hg :Aan‘”gBleBs
By 1Myt 085
Ey, 2=2(B,+By)My+0y5 (B, +B3(B,+B,) )

2 2
By s=My{(B,+B,) +2B,B, |y

+05,, (By+B (B, +B;)+B, By By)

Ep 4= = 2(B,*+By)B,BM,+2(B, +132)M2
+go {Bg+(By+By)By+B,B,yB, )

3

2 2
Ell,s =My(B,B;) +{(B,+B,) "+2B B, }M, 0,

+095{(By+B;y)Bg+B,B3By }
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En,s:2(31+32)BleM2“’g+AzzBleBe
Eu’?:(Bsz)zMz‘”g
E12,1 =-03By
Eyp 2=y {By+(B,+By)B, }
Eyp 3=-013 {Bs+(B,+B;) B,+B, By Bs }
B3 4=01s {Bg+(B,+By ) Bg+B,B3B, )
" Byg 5=-013{(By+B;) Bg+B, By By )
Eyp 6=-019B,B3Bs
E22’1=M1 +O0, By
Eyp y=2M, (B +By )+ (By+B3(B,+B,)}

2
522’3=Mx {(B,+By)"+2B,B, )+, {Bs+B,(B,+B;)

+B, BBy}
Egp ¢=2M, (B, +B;) B, By+4y, { Bg+By (By+By)+B, BB, )
Egs 5= 1(3132)2+A11 {Bg(B,+By)+B,B;By)
Ege =511, ByBg

A,=0.5 Ay=0. 28075750/ b
4;=0.01365(U/b)* B =0.04550/b
B,=0.3U/b By=npyb/2
B =rpU{A,+(B,+B;) b/(20))
By=7p U{A,+B,Byb/(20)}
By=7pl/ A3
I8 (Con BRI B TH B S hyj = hyy ThD, 07
7an®WEEr; =18 BT RTHEHRRE LTRE S,

TOFBETHIZONTD Ry () IKDEY o

Ry, q(@) = €

2L 7, (2b, a~iw/U) (2-49)
Ry o(@) = eﬁab(2LN2/02)(Slsinh92+stinﬂ2)

X Ty (2b, a-iw/U) (2-50)

BL 7,(t,¢) =,/;t:c"e”dz in=8K>0

2.4 ZiE:AA
L =79 (M) b =14 (M)
EI = 3.02x107 (Kgf-M?2)
Pw = 24.6 (Kg/M?)
R = 2.6ll Q, =1.974
Po = 0.12765 (Kg/M3)
U =662 (M/sec) Lg =455 (M)
Og = | (M/sec)

CASE A CASE B
a = 0.0015I a=o0

B = 0.00529 B = 0.07

C(x-Ut,y)

£2-1 HBRZAWEEEK

.0

(

08

06

<
p4!
a = 0.00151
B = 0.00529
o) 1 1 1 ]
0 5 10 15 20
t-x/U(sec)

K2-3 THEEK
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BWHBERYL, o BIL3TRBOER

F2 - 1R TRGENHLERELZEOHEFT €T MIZAR
HAHET o7, EBHHBRIIA > TV IBAETII TR
TO0& LI, HEFUERT T2 —F-LLTDaB
& 2-10FTA),B) LR TWIHEEL L,
A RHIHATE— 7 2FOBET, AEMITIIBR 4
IERMABAL, HI2HALLEIEBL TR SDTH
b, BYRAT , 7ROBKT, HEMEREOARIZ
LD, HLREBILAZEDOT, TOBED t—~ O
DEPBNDLWIEFLE LR D, BTORBLEROHT
W LdbdomE A %, B LIHIDIIHRKR B %
FoTHELAEERTHD I LETRT, GEBOERZ
2 - 3177,

Dryden 2 <2 r 2

EERBDAR7 bl LTHBWe Dryden 2 <7

(M/sec)2 /rad/sec
0™

1072

D, (w)

1073

1074

ADOBRER2 - 4iIZ7FRT, 0=02501 HNWET

HAKBFELT, TNDLSEHVSANREET 5, <A

BEIDAST bAiEo,=ULgy3) TE—7 &H,

SAEICAVICEREZAND L 0,=0.084 TH D,

HER ty=ty=t , =T, by =y =yDEETS,

ZFDDEBERD L H IS 5,
%ﬁ#u@=wg%(uu® —REEDOEL

: g — i) —
Vi, (o) =B (o) —REEOKE
sz — gl _

%ﬁgm@ é%(nw@ A% B 8 0> sk BE

yly,t,0) =¥, 8,70t £ £ f&
Vyly,t,0) =¥;(71,8,75,t0) £ & K

Uiy, t,@) =¥55(7,,t,7,8,0) £ W E E

1 i 1 1 1 1 s I J

K2-4

LIFEFERERICOWTHBET 5,
—BBEILOWTDERARZ b
—REEE KOV TDEFARZ b AER2-5
@), B2 - 6@bInT, Ve ¢ RRAIGE—-FIZE3
FOT=FAF —iF 0=0 DEIVIZEHFLTVDS, (A
B WThOBRIERBAX7 t LOBRIFEHE
RV, B2 -50IZBVTHD L 58 k&L

10 w (rad/sec) IO2

Dryden’s Spectrum

5L, BRAAXNZ b AP0 LHILBELPIIERETS
ERMESLRGVY, THRFABEHREDEDHTH S,
Voo, FHIT—R OB - FIZ LD DTHD0 D
0=, DLIAHIPE I —DDE -2 EF > IEFRHAN
2 bntird, 0o=030BIYDY—-sRANTHD
Dryden Ax7 b A OREEBIZ L 23D TH B, ZOHIT
E— FOERAR7 b A3 ABWThoBELR L
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