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Abstract

The membrane dynamics of spinning solar sails have a special relevance when considering attitude control of the
spacecraft. So as to model the system accurately, the bending stiffness of the membrane has been included in the numerical
approach, as it is believed to have strong effects on the behavior of the sail. First, this study shows that the influence of the
bending moment on the attitude of the sail during its spin axis reorientation should not be neglected. Given the difficulty of
measuring the actual bending stiffness of the membrane, finding a control system capable to perform the same regardless
of its value is necessary. Therefore, this paper presents a new control system and its corresponding logic to lower the
influence of the bending parameter on this attitude maneuver performance. Finally, a frequency analysis on the vibrations
arising in the membrane when considering different bending stiffness values is done. This last analysis shows the shift in
the natural frequencies obtained, remarking the importance of the bending stiffness when considering the dynamics of a
mast-free sail.
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1. Introduction
Solar sails take advantage of the photons’ momenta to

be driven by SRP. As a means of fuel-free propulsion, these
spacecrafts are actively studied at several institutes around
the world.

IKAROS, launched by JAXA in 2010, was the world’s
first successful solar sail mission. Following its success,
OKEANOS [1], in which this document focuses, was pro-
posed as the next solar sail mission, its concept consisting
on a landing and sample return of Jupiter Trojan asteroids
by means of a solar sail-craft.

During IKAROS’ operation, the membrane deformation
and spacecraft attitude was observed to differ from the sim-
ulated one. Such difference is believed to be caused by the
bending stiffness present in the membrane, often overlooked
in the literature [2] [3]. Considering the importance of mem-
brane dynamics and deformation when performing attitude

control in a flexible body, a model including such rigidity
has to be used. Besides, due to the fact that OKEANOS
has more elements than IKAROS on its membrane, it is ex-
pected to have an increased rigidity, so further study on the
bending dynamics of the sail is required for the better im-
plementation of attitude control.

In this document, a study of the effects of the bending
moment on the sail’s motion will be done. Such analysis
will take place during a simulated spin-axis reorientation
maneuver for the aforementioned OKEANOS. The attitude
control system that is to guide the maneuver will be based
on thruster application. Control by means of an input in the
membrane has already been studied in [4] by means of RCD.
In our present case of study, however, considering that the
surface of OKEANOS is set to be 2000 m2, that is, 10 times
larger than that of IKAROS [5], and that its operation takes
place in a low SRP environment, thrusting has been chosen
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above the former control. Also, since the bending moment
is a non measurable parameter of the membrane that plays
an important role on its dynamics, a control method and its
logic such that the motion of the sail does not get affected
up to a great measure by the bending stiffness need to, and
will, be proposed.

Finally, a frequency analysis on the out-of-plane motion
of the particles of the sail will also be performed so as to
compare the vibration modes arising in the membrane for
different bending stiffness cases.

2. Modeling
As mentioned above, the target of analysis is the

OKEANOS solar sail-craft, a 40m span solar sail. Given
its dimensions and the impossibility of using scaled mod-
els due to the thickness of the membrane, the study of its
dynamics has been done by means of the MPM.

2.1 MPM
The MPM consists on substituting the elements of the

membrane by particles connected by springs and dampers.
Compared with other dynamic models such as Finite El-
ement Method, the MPM offers a simplified construction
and a lower computational cost. The model has been vali-
dated via numerous vibration experiments in vacuum cham-
bers [6]- [8].

In this approach, the mass of each particle is determined
based on the membrane configuration, obtaining a nonuni-
form mass distribution per each of the four petals. The
spring constants are determined by applying the principle
of virtual work on an element [9]. The inter-particle force is
described in Equation 1 as presented in [10]:

F =

{
kt(L−L0)+βkt L̇ if L≥ L0
αkt(L−L0)+βαkt L̇ if L < L0

(1)

2.1.1Bending Stiffness Model
Bending stiffness is modeled my means of torsion

springs, placed so as to connect two adjacent surface ele-
ments. The force acting in the outermost particles of one
element, those being C and D are obtained from Equation 2:

Fi = kθi ·
LAB(χ−χ0)

li2
(2)

According to [11], a system of three consecutive particles
can be regarded as a beam structure. From the cantilever
equation, the deflection is:

wi =
Fili3
3EI

(3)

if wi is small enough, χi = wi/li and kθi is then derived
as:

kθi =
3EI
li
≡ kθ0 (4)

Despite the cantilever model allows us to approximate
the effect of the bending moment on the sail, according
to [12] the deformation observed in IKAROS during low-
spin operation did not match the simulations, but was that
expected from a more rigid membrane model, that is, pre-
senting a greater bending stiffness.

Both in IKAROS and OKEANOS cases, before its de-
ployment the membrane was folded. The creases formed
on the membrane during the folding process are believed to
present a higher bending stiffness, which might have led to
the divergence between the model and the real deformation.
Therefore, the surface elements placed in a crease have to
be treated accordingly.

For a system of surface elements in which the particle A
exists over a crease, the torsion spring constant is obtained
by a correction factor:

k∗
θi
= κθ kθ0 (5)

The parameter κθ is difficult to be obtained in ground, so
in this paper several values will be considered so as to simu-
late different possible situations of membrane deformation.
The forces acting on particles C and D as shown in Figure
1 are obtained by substituting ki in Equation 2 for its corre-
sponding value.

Fig. 1: Bending force model scheme.

Finally, forces acting on A and B are set to cancel the
rigid-body motion of the triangular elements.

3. Spin-Axis Reorientation
This report will focus on the membrane dynamics when

applying attitude control for the reorientation of the sail.
The attitude control of the sail is done mainly by the im-
pulsive torque originated from the thrusters present in the
spacecraft. OKEANOS has a total number of eight thrusters
on the main body to perform spin up, spin down and reori-
entation.

As only a spin-axis reorientation will be performed, only
the Z-axial thrusters will be considered. Such thrusters
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provide a force of around 20 N and are displayed symmet-
rically along the main body, at a radial distance of 1.8 m
from the center of the probe.

The Rhumb-Line maneuver will be used to perform the
attitude change of the sail. It is one of the most effective
and yet easier ways to change the orientation of the spinning
axis up to a certain value. The maneuver simply consists on
giving an angular impulse on detection of a certain inertial
reference, in this case the Sun, approximately once every
revolution around the major spinning axis.

4. In-Body Thrust Simulations
4.1 Results

The spin-axis reorientation maneuver has been per-
formed for several κθ so as to obtain a mean effective K in
creases going from zero (no bending stiffness considered)
up to 1× 10−2, increasing its value by a factor of 10 from
Kθ = 1× 10−8 onwards. K = Kbeam is the one obtained
by a κθ = 1, and its value is approximately 1× 10−5. The
value indicated is just to give the order of magnitude in
most part of the sail, since it changes accordingly with the
distribution of the membrane devices.

Since the membrane was observed to start differing in
behavior at K = 1× 10−2, in this document the results for
only the K = Kbeam and K = 1×10−2 are presented to avoid
repetition.

In Figure 2 (L), the pitch angle for both cases of inter-
est is presented, as well as the relative difference among its
values. The difference between both cases grows as high
as 20% in the last stages of the simulation, and keeps itself
over that value during most part of it. For the roll angle (C),
no significant differences are observed, the same as it hap-
pens with the angular velocity in the hub, that in both cases
presents strong oscillations.

5. Tip-mass Thrust Simulations
In the previous section, the response of the sail was found

to vary depending on the bending stiffness. Therefore, a
new control system lowering the influence of the parameter
is desired.

Besides, the current control method has a low perfor-
mance and presents a strong nutation motion on the hub that
tends to diverge. In [3], it was found that the disturbance
introduced by the flexibility of the membrane into the equa-
tions of the system makes its stability depend on the dump-
ing of the sail-hub connection mechanism, usually low and
difficult to increase.

Here, a new control setting is proposed. The thruster in-
put is to take place at the tip-masses, that is, four thrusters

placed respectively in each of the tip masses of the space-
craft are considered. The thrusting force considered is 5 N,
and the Rhumb Line Maneuver will still be used.

5.1 Results
As it is shown in Figure 3 (L), when comparing the two

cases of interest they both present a similar behavior, with
the pitch angles overlapping. The difference among them is
kept below 10% during great part of the simulation.

As for the roll angle, ideally, should have been kept zero.
However, an undesired attitude appears. Besides, differ-
ences arises between the bending cases compared, like it
is observed in Figure 3 (C). That difference is generated by
the actual direction of the thrusting force in every one of the
cases studied. Different bending moments affect the lay-
out and particle position of the sail, translated into different
thrusting vector orientations and, therefore, different values
of the undesired roll angle in detriment of the pitch.

In Figure 3 (R), the values are far lower the ones got from
the in-body thrusting.

The differences observed between the pitch angles are
believed to be caused by the difference in roll angles com-
mented above.

5.2 Roll Control
In order to counteract the apparition of the undesired roll

angle, a simple roll control is proposed to see whether the
correction of the roll angle reduces the difference when hav-
ing different bending stiffnesses.

The control system is still the Rhumb Line Maneuver,
but the attitude of the hub is fed to the system allowing for
different activation times for the thrusters.

As it can be seen in the Figure 4 (C) plot, with roll con-
trol being active, the roll angle is kept between 1 and−1◦ in
the most unfavorable case (K = 1×10−2). Without signifi-
cant differences in this angle, the divergence between pitch
angles is found to be below 5% during the most part of the
maneuver.

The nutation motion of the hub also disappears for both
cases with the newly implemented control logic.

Therefore, with the roll control, the attitude does not de-
pend anymore on the bending of the sail when a thrusting
input of 5 N is applied over the membrane.

6. Frequency Analysis
From the results obtained in the previous sections, it is

believed that the differences in the spin-axis reorientation
maneuver performance might be caused by higher vibration
modes excitation in the flexible-most membrane. Therefore,
in this section, the vibrations arising in the membrane will
be studied.
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Fig. 2: Pitch (R), roll (C) and nutation of the probe (R) for K = Kbeam and K = 1×10−2 for in-body thrusting.

Fig. 3: Pitch (L), roll (C) and nutation of the probe (R) for K = Kbeam and K = 1×10−2 for tip-mass thrusting.

Fig. 4: Pitch (L), roll (C) and nutation of the probe (R) for K = Kbeam and K = 1×10−2 for tip-mass thrusting with Roll
Control.

6.1 Equation of Motion
Considering a uniform and circular membrane in a linear

region, where in-plane and out-of-plane vibrations can be
treated independently, the latter will be considered under the
plane stress assumption.

Assuming Ω to be constant and the inner radius of the
membrane to be far smaller than the external one, the force
in the out-of-plane (z) direction acting on a membrane in-
finitesimal element dM = ρhrdrdθ can be derived using the

principles on the von Karman thin plate theory [14]:

dFz =

(
∂

∂ r

(
rσrr

∂w
∂ r

)
+ 1

r
∂

∂θ

(
σθθ

∂w
∂θ

)
− Eh2r

3(1−ν2)
∇4w

)
hdrdθ (6)

Considering
dFz =

∂ 2w
∂ t2 dM (7)

the equation of motion is finally obtained:

ρ
∂ 2w
∂ t2 = 1

r
∂

∂ r

(
rσrr

∂w
∂ r

)
+ 1

r2
∂

∂θ

(
σθθ

∂w
∂θ

)
− Eh2

3(1−ν2)
∇4w (8)
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Ignoring the bending stiffness contribution in the equa-
tion of motion, Equation 8 can be solved analytically, from
which the derivation of the natural frequencies can be ob-
tained [2]. The natural frequency of the vibrations in a
flexible membrane made dimensionless by the spin rate
ω̂ = ω/Ω obtained in [2] is presented below:

ω̂nν ′ =
√

3+ν

8 (ν ′+n−1)(ν ′+n+1)− 1+3ν

8 ν ′2 (9)

In our case of study, the force due to the thruster input
should be added into the equation, as well as the coupling
between the hub and membrane. Thus, the analytical ap-
proach to be solved gets its complication increased. There-
fore, a numerical approach is chosen. The out-of-plane vi-
bration of the particles along the simulations presented in
the previous section will be analyzed in the frequency do-
main by using a FFT to search for the excited frequencies
as well as the differences in front of a force input depending
on the bending parameter K.

6.2 FFT Analysis
Apart from the case of a forced input |F |= 5 N and ∆θ =

0.5◦, the results for a higher input case, that is, |F | = 10
N and ∆θ = 1.5◦, are presented to show the membrane re-
sponse when increasing the magnitude of the external force.

Only the results for the K = Kbeam and K = 1× 10−2

bending stiffness parameter values will be shown, being the
first representative for the flexible case, that being from K =
1× 10−8 to K = 1× 10−3. They have been represented in
Figure 5.

It can be seen that regardless of the input force, in terms
of frequency all figures present the same behavior depend-
ing solely on the bending stiffness considered. As expected,
the amplitude of the vibrations increases with the magnitude
of the external force.

For a bending constant given from the cantilever approx-
imation, K = Kbeam, the excited frequencies are those cor-
responding to ω̂ = 1, 2 and 3 which, considering n = 1 in
Equation 9, are those modes excited for a circumferential
order ν ′ = 1, 3, 5, respectively. The dominant peak out of
these three is the one at ω̂ = 2, with ω̂ = 1 gaining relevance
as the input force increases.

As for K = 1×10−2, the excited frequencies are ω̂ = 1.2,
2.9-3.1, and the peak at 2 does not appear. As the input force
becomes larger, higher order frequencies are excited, and a
peak at ω̂ = 5 makes its apparition. Besides, as expected
when observing Figure 4 (L) and (C), the amplitude of the
vibrations for the higher bending case is major. Also, it is
important to point out that, while the frequencies observed
in Figure 5 (L) correspond up to a great extend with the
theoretically predicted ones when considering the equation
of motion without taking into account the bending stiffness,
the ones in Figure 5 (R) present a certain deviation from
the values stated in Equation 9. Therefore, a more exten-
sive analysis on the vibration modes regarding the complete
equation of motion should be done to understand the change
of behavior observed.

Fig. 5: Frequency Analysis for K = Kbeam (L) and K = 1×10−2 (R).
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7. Conclusions
In this document, the effects of the bending stiffness on

the solar sail to be used for the mission OKEANOS during
an attitude control method for changing its spin axis have
been studied.

In Section 4, the results for the reorientation by Rhumb-
Line Maneuver using the in-body thrusting system of the
sail where presented. The pitch angle of the whole sail was
indeed changed effectively after the simulation, although its
performance was lower than what was expected theoreti-
cally. Regarding the bending stiffness, when varying the
rigidity of the sail, attitude changes followed.

So as to avoid the instability introduced by the connec-
tion between the body of the spacecraft and the sail itself,
a new control system is introduced in Section 5: tip-mass
thrusting. The tip-mass permitted undergoing an attitude
maneuver with the same response from the sail regardless
of it presenting a higher rigidity. However, because of the
apparition of an undesired roll angle its performance was far
from perfect.

In Subsection 5.2, the control algorithm is improved by
feeding the roll of the hub to the policy. The roll angle
and the nutation that in previous cases arose in the hub are
kept close to zero. More importantly, with the newly im-
plemented control the attitude of the sail does not vary with
the rigidity. The control presented, although simple, offers
an axis reorientation system the performance of which does
not depend anymore on the stiffness of the sail.

As for the frequency analysis, a difference on the modes
excited was found depending on the bending stiffness. As
future work, a study on the natural frequencies and oscilla-
tion modes parting from the complete equation of motion of
the sail should be developed thoroughly.
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