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ABSTRACT
The effect of small perturbations on steady nonlinear transonic 

small disturbance flow-fields, in the context of two-dimensional flows 
governed by the general-frequency transonic small disturbance 
equation with nonreflecting far-field boundary conditions, is 
investigated. This paper presents a time-linearised time-domain 
solution method that includes effects due to the shock-generated 
entropy and vorticity and shock wave motions. The solution procedure 
correctly accounts for the small-amplitude shock wave motion due to
small unsteady changes in the aerofoil boundary conditions, and 
correctly models a flow-field with embedded strong shock waves. Steady 
and first harmonic pressure distributions for the NACA 0003 aerofoil 
with a harmonically oscillating flap, and NACA 0012 aerofoil
undergoing a sinusoidal pitching oscillation, are predicted and 
compared with the Euler results. 

1.0  INTRODUCTION 
Transonic flows are characterised by the presence of adjacent 

regions of subsonic and supersonic flow, usually accompanied by 
shock waves. In the past, there has been much activity in the 
development of computational methods for the analysis of 
time-linearised transonic flows. This activity was motivated by the 
need to supplement expensive and time consuming wind tunnel tests 
with an affordable and reliable alternative.

This paper presents a simple and fast scheme for computing 
time-linearised solutions to the general frequency transonic small 
disturbance (TSD) equation subject to nonreflecting far-field
boundary conditions. The first author presented the time-linearised 
theory in Ly and Gear(1,2), and has shown the importance of proper 
modeling of shock wave motion if one wants to obtain accurate 
time-linearised transonic solutions. The purpose of this paper is to
present the modifications that have been recently incorporated into the 
time-linearised theory and existing potential code,  

TranFlow2D, of Ly and Gear(2) to enhance its capabilities to model  

flowfields with embedded strong shock waves, so that Euler-like 
solutions can be obtained. The resulting time-linearised theory will  
be referred to as the modified time-linearised TSD (MTL-TSD) 
theory throughout this paper.

First modification is the inclusion of the shock-generated entropy 
and vorticity effects (Hafez and Lovell(3), Whitlow et al.(4), Batina(5) and 
Dang and Chen(6)) to enhance the capability of TranFlow2D in
simulating flowfields with embedded strong shock waves. The second 
modification involves a procedure, which we have referred to as the 
shock jump correction procedure (Ly and Gear(2)), that allows one to 
include the shock wave motion effects by correcting the solution values 
behind the shock wave, such that the time-linearised form of the shock 
jump condition will be satisfied.  

We treat the unsteady flow as a small perturbation about a steady 
(mean) state. This results in a coupled flow problem for the steady 
and first-order unsteady reduced velocity potentials. The steady flow 
problem is governed by the usual nonlinear steady TSD equation (Ly 
and Gear(2), Traci et al.(7,8), Fung et al.(12) and Ly et al.(13)) and
shock-generated entropy and vorticity effects are incorporated. The 
governing equation for the first-order unsteady reduced potential is 
linear, locally of mixed elliptic/hyperbolic type depending upon the 
nature of the steady-state solution, and solved in conjunction with the 
shock jump correction procedure. This will effectively correct the 
solution values behind the shock wave, which in turn introduces the 
shock wave motion effects into the time-linearised solution. In the 
closure, the validity of the present theory is verified by 
comparing the predicted results for the NACA 0003 aerofoil with a 
harmonically oscillating flap, and NACA 0012 aerofoil undergoing a 
sinusoidal pitching oscillation about quarter chord point, with those 
obtained from the NAL’s Euler code. The comparisons show that the 
MTL-TSD theory has the capabilities to capture the flow 
characteristics shown in the Euler results. 

2.0 GENERAL-FREQUENCY TSD EQUATION AND 
BOUNDARY CONDITIONS 

The unsteady, isentropic and inviscid flow over a thin aerofoil is 
assumed to be governed by the general-frequency TSD equation, 
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which  may be written in a convenient form as 
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and x= / x, etc. 
The spatial coordinates (x, z), t and have been nondimensionalised by 
c, c/U and cU , respectively. In nondimensional terms, the fluid 
velocity vector is given by v =(u,w) = grad(x + ).  Here u denotes the 
value of x at sonic condition, that is, where local Mach number is one. 

Figure 1. Boundary conditions. 

Nonreflecting boundary conditions (Gear et al.(1) and Kwak(17)), derived 
from the theory of wave propagation, are employed at the far-field 
computational boundaries, and Kutta condition is satisfied at the 
trailing edge and pressure continuity condition ia also satisfied in the 
wake region behind the aerofoil. The flow tangency boundary condition 
is imposed on a flat mean surface (approximation to the aerofoil) in 
terms of aerofoil slopes as depicted in Figure 1. The aerofoil lies on the z
= 0 plane with the leading and trailing edges located at x = 0 (also the 
origin of the Cartesian coordinate system) and x = 1, respectively. 
Nonreflecting far-field boundary conditions are imposed at some finite 
distances and serve to simulate the disturbances that propagate 
outward from the aerofoil to infinity. Consequently, the far-field 
boundaries can be moved closer to the aerofoil. Any shock wave that 
exists in the flowfield must satisfy the shock jump condition (Fung et
al.(12) and Ly et al.(13)) derived from the conservation law form of 
Equation (1), namely, 
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together with the condition derived from the assumption of 

irrotationality, 

x
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3.0 MODIFIED TIME-LINEARISED TSD THEORY 
This section describes the time-linearisation process of the 

general-frequency TSD equation in time domain and the two 
modifications introduced into the inviscid theory. 

3.1 Time-linearised time-domain formulation 
In the time-linearisation process, we assume unsteady 

disturbances are small relative to a fixed mean state. This mean state 
is presumeably represented by the nonlinear steady flowfield (Ly and 
Gear(2), Traci et al.(7,8) and Ly et al.(13)), and result in a coupled flow 
problem for the steady ( s) and first-order unsteady ( u) reduced 
potentials. The main dimensionless parameter governing unsteady 
flow is the reduced frequency number, k. The disturbance is assumed 
small, so that the aerofoil motion and reduced potential can be 
time-linearised as, to first-order approximations  
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We define the mean potential by the steady-state potential obtained at 
the mean position of the aerofoil motion. This restriction ensures that 
the calculation of the first harmonics potential is accurate.  

There are two advantages of time-linearising the reduced potential 
of the form shown in Equation (8): 
1. Shock wave motion effects can be included in the time-linearised 
calculation, so that the solution within the shock trajectory will be 
correctly predicted. 
2. There are no restrictions imposed on the mode of aerofoil motion 
that can be simulated, comparing to the harmonic decomposition of the 
following form  
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where o is a complex-valued oscillatory component of the reduced 
potential.  To facilitate the use of high density of grid points 
surrounding the aerofoil, a smooth non-uniform computational mesh is 
constructed via an algebraic mapping process.  In general terms, the 
mapping functions 
can be represented by 

= (x)                                          (11) 
= (z)                                          (12) 

Substituting approximations (7) and (8) into Equation (1) with the 
boundary conditions shown in Figure 1, and separating the steady and 
unsteady components, we find that s satisfies the usual nonlinear 
steady TSD equation, 
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Equation (13) is locally of elliptic/hyperbolic type representing 
subsonic/supersonic flow when Ws is positive/negative, and its solution 
contains discontinuous jumps that approximate steady shock waves. 
The required steady boundary conditions are those depicted in Figure 
1 without the time-dependent terms and with sreplacing . While  u

satisfies 
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subject to the same far-field and wake boundary conditions of Figure 1, 
but with u replacing  and the following aerofoil boundary condition 
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Equation (15) is linear with respect to u, and it is locally of the same 
mixed elliptic/hyperbolic type as Equation (13), depending upon the 
nature of the steady-state solution. The linearity of Equation (15) 
makes the computational effort required to obtain a solution much less 
than the effort required to obtain a solution of the full nonlinear TSD 
equation [Equation (1)]. 

The required solution for  s, which does not depend on  u, is solved 
independently, and is then used in the unsteady solution process to 
determine u. This approach has the benefit that s need not be 
regenerated for each unsteady boundary disturbance or reduced 
frequency of interest. Once  is determined, the isentropic pressure 
coefficient can be determined from 
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On the right side of Equation (17), the first term and terms inside the 
brackets correspond to Cps and Cpu, respectively, and the critical 
pressure coefficient is defined by 

uCp 2 (18) 

3.2 Inclusion of shock-generated entropy and vorticity effects 

The shock-generated entropy and vorticity effects, similiar to those 
reported by Hafez and Lovell(3), Whitlow et al.(4), Batina(5) and Dang 
and Chen(6), are incorporated into the steady analysis, so that 
flowfields with embedded strong shock waves can be simulated
accurately. Rotational effects become influential when strong shock 
waves exist in the flowfield, since vorticity is generated due to the 
entropy changes along the shock. Such effects were not included in 
the conventional inviscid TSD theory, see Gear et al.(1), Ly and Gear(2)

and Ly et al.(13), because of the irrotationality assumption necessary for 
the existence of a velocity potential. Therefore, when modelling such 
flowfield it is essential to include the shock-generated entropy and 
vorticiy effects. We replace the streamwise flux of Equation (13) by an 
alternative flux, and rewrite the new steady governing equation with 
an artificial time derivative appended, so that the method of false 
transients can be applied (see Ly et al.(13,18), Ly(14) and Catherall(19) for 
more details), 
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In the modification to include vorticity effects, v is treated as a sum of 
potential and rotational components, and the rotational component 
assumed to exist only in the region downstream of the shock wave. 
Since entropy is constant in steady flow, and assuming small shock 
curvature, the steady streamwise component of v, namely us, for grid 
points behind the shock wave is modified to 
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The first two terms on the right side of Equation (22) represent the 
contribution from the inviscid model, and the last two terms are 
related to the production of shock-generated entropy. The entropy jump 
is a function of the normal Mach number upstream of the shock 
wave (Rankine-Hugoniot shock jump relation), and the shock wave 
location must be determined before the entropy jump can be computed. 
The present finite difference scheme uses a type-dependent finite 
differencing strategy (see Gear et al.(1), Engquist and Osher(20),
Murman(21) and Subsection 4.2) to capture shock waves and to properly 
treat the local subsonic and supersonic regions, thus the shock wave 
can easily be located. Consequently, the modified TSD theory will have 
a new steady governing equation given by Equation (19).  

3.3 Inclusion of shock wave motion effects 
In two-dimensional small-disturbance transonic flowfields, the 

shock waves that usually occur are nearly normal to the flow direction 
(Tijdeman(16)). Therefore, we can assume that if the steady flowfield 
has a shock wave, then this shock may be approximated by a normal 
shock wave. We computed the shock wave motion in conjunction with 
the solution to Equation (15). The shock wave motion effects are 
incorporated into the solution procedure by correcting the solution 
values behind the shock wave, such that the time-linearised form of 
the shock jump condition [Equation (5)] is satisfied. The shock wave 
motion is time-linearised (Ly and Gear(2) and Fung et al.(12)) as, to 
first-order approximation and, 
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where u is the magnitude of the time-linearised shock motion. The 
reduced velocity potential at the shock wave is expanded via a Taylor 
series expansion about = ( s), 
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threading the shock front and neglecting higher order terms in u,
provides 
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In addition to the above relations, the shock wave speed relation is 
required, so that ucan be computed once  u is known. Simplifying 
Equation (5) for normal shock waves, and making use of Equations (8) 
and (23) leads to Ws= 0  and the following time-linearised shock 
jump condition relations, 
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Equation (27) is integrated at the shock foot at each time level of the 
solution process.  

4.0  NUMERICAL IMPLEMENTATION 

4.1 Steady and unsteady finite difference based algorithms 
The numerical solution procedure involves applying the method of 
false transients (Ly et al.(13,18), Ly(14) and Catherall(19)) to solve Equation 
(19) for s, and noniterative alternating directional implicit (ADI) 
method in conjunction with the shock jump correction  procedure to 
solve Equation (15) for u.
The ADI method computes the solution by marching forward in time 
from its initial steady-state to subsequent time levels in a two-step 
process from time-level tn to tn+1. Intermediate values, ( , , t), are 
computed at the midpoint of each time interval. We first write 
Equation (15) and all associated unsteady boundary conditions at 
time-level tn+1/2, which is the midpoint of time levels tn and tn+1, and 
evaluate t by the trapezoidal rule and tt by a second-order accurate 
nonstandard forward difference rule involving solution values from 
time-level tn 2 to tn+1. The vertical derivative is averaged between 
the values at time-level tn and tn+1. Equation (15) is then split into 
two half equations with computed along the = constant lines of 
the computational grid in the first half step, and then along the =
constant lines in the second half step for n+1u . It is necessary to 
introduce boundary values for , which we will not discuss here, that 
are compatible with the interior algorithms corresponding to the two 
half equations, so that a global truncation error of second-order in 
time can be attained. Equation (26) is differentiated with respect to 
time at time-level tn+1/2, and replacing the time-linearised shock wave 
speed term with Equation (27). The final finite difference scheme 
being globally second-order accurate in the spatial and time 
dimensions, except in the flow regions where shock wave motion 
occurs, in which case the time dimension is reduced to first-order 
accuracy. In the first half-step we solve for along = constant lines 
using 
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in conjunction with the computation of new value behind the shock 
wave, 
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With determined, the second half-step follows, computing n+1

u along = constant lines using
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in conjunction with the updated n
u values along the shock 

wave, 
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4.2  Spatial discretisation 
In the finite difference schemes, the first streamwise and vertical 
derivatives are differenced using standard second-order accurate 
upwind and central rules, respectively. While a second-order accurate  
Engquist-Osher type-dependent difference rule (Gear et al.(1) and
Engquist and Osher(20)) is used for the second streamwise derivatives. 
As the flow changes from subsonic to supersonic, Engquist-Osher 
type-dependent operators smoothly change from a central difference 
rule (to account for the domain of dependence of elliptic region) to an 
upwind difference rule (to account for the absence of downstream 
influence in hyperbolic region). This ensures a smooth transition 
from subsonic to supersonic flow. Hence, entropy violating 
decompression shock waves will not develop. As the flow changes
from supersonic to subsonic, the Engquist-Osher type-dependent 
operators change to an appropriate shock point operator 
(Murman(21)), and for the computation of u the shock jump 
correction is implemented at this stage. The correction procedure 
disregards the actual variation in u, and thus, is only able to 
account for small-amplitude shock wave 
motions. 

Table 1: Case studies. 

5.0  ASSESSMENT OF MODIFIED THEORY 
The first author has confirmed the validity of the time-linearised 
calculations by demonstrating that the time-linearised theory is 
capable of generating results which are similar to that predicted by 
the nonlinear scheme of Gear et al.(1) (solving the full nonlinear TSD
equation) for transonic flows over an aerofoil in small-amplitude 
motions, see Ly and Gear(2) for more details. In this section we apply 
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the MTL-TSD theory and code (version 2 of TranFlow2D) to compute 
the time-linearised results for the cases tabulated in Table 1, and to 
show that Euler-like solutions can be obtained by comparing present 
results with those predicted by the JAXA’s Euler code (details on the 
Euler solver can be found in Kheirandish et al.(22) and Nakamichi and 
Kheirandish(23)). All unsteady results become periodic within four cycles 
of oscillation, with the last cycle providing the estimate of the unsteady 
pressure distributions. In addition, linear results obtained from solving 
the unsteady compressible subsonic small disturbance equation are 
presented for reference, so that the pressure peaks generated by the 
shock waves (shown in the transonic results which follow) can easily be 
distinguished. All angles are positive for trailing edge down, and 
moments are positive for nose up, taken about the aerofoil 
quarter-chord point. 

Figure 2. Comparison of steady pressure distributions for the NACA 

0003 aerofoil with a 9.6% chord flap at M = 0.93 and m= 0 deg. 

5.1  NACA 0003 aerofoil results 
The first two cases consider flows over an NACA 0003 aerofoil with a 
harmonically oscillating 9.6% chord flap (flap hinge located at 90.4% 
chord). The results are compared in Figures 2 and 3.  The steady 
pressure distribution corresponds reasonably well with the Euler 
result as shown in Figure 2, except for the very small regions adjacent 
to the shock wave located  at 74.7% chord, where the MTL-TSD 
theory gives a much sharper shock profile. The steady shock wave 
strength is also well predicted, with the jump in Cps approximating  
the steady shock wave and Cps / C p > 1 indicating locally supersonic 
point. To assist in the comparison of the unsteady results, an 
approximating trace of the pressure responses in the form of a 
truncated Fourier series with only one harmonic is fitted to the result 
by a least squares procedure. The fitted parameters are then written in
complex-valued form, so that the real (in-phase) and imaginary 
(out-phase) parts of Cp per unit of flap deflection, where Cp = ( C+p -
C p )/ , can be extracted and plotted as shown in Figure 3 for 

reduced frequencies of  

.
Figure 3. Comparison between the Euler, MTL-TSD and linear results 

for the NACA0003 aerofoil with a harmonically oscillating 9.6% chord 
flap at M = 0.93, k = 0.125  

and 0.25, m = 0 deg and = 1 deg. 

125 and 0.25. The positive peak of the real pressure part is caused by 
the changes in aerofoil slopes across the flap hinge. While the peak of 

the imaginary part is due to the existence of steady shock wave, 
leading to the observation that the embedded shock waves in the 
steady flowfield require corresponding shock waves in the unsteady 

perturbation flowfield, which in effect result in harmonic changes in 
shock wave strength. Also noting that the comparison of the imaginary 
part behind the shock wave for case 2 (k = 0.25) is much better than 

that of case 1 (k = 0.125). 
The amplitude of shock excursion is proportional to 1/k, and so, the 

flow region influenced by the shock wave motion for high-frequency 

flows is small, which suits the application of the time-linearised 
methods. Hence, resulting in the improvement of the imaginary part 
of the solution. If the time-linearised theory is formulated in the 

frequency domain, one can in fact show that the amplitude of shock 
excursion is proportional 1/k via the following relation, 












 ikto
xu e

k
i 
2

)1(
 (33) 

where u and o are related by 

 ikt
u e0   (34) 

Even  though the MTL-TSD theory slightly over predicts the pressure 

perturbation peaks, the comparison is good in general, since both 
methods give the same trend of pressure perturbation distributions 
along the aerofoil surfaces. Furthermore, all pressure peaks are 

correctly captured, particularly the negative peak appearing in Figure 3 
for k =
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:_;ZFigure 4. Comparison of steady pressure distributions for the NACA 

0012 aerofoil at M = 0.84 and m = 0 deg. 

0.25. The authors suspect that the small discrepancies in the 
comparison are due to the amount of incorporated (numerical) entropy 

being not exactly the same as the true value, and due to the fact that 
the unsteady flowfield is treated as a small pertubation about the 
steady flowfield instead of the true mean flowfield. However, the 

discrepancies in the shock region being small indicate that taking the 
steady flowfield and steady shock position to represent the mean 
flowfield and mean shock position, respectively, is reasonable. The 

mean shock position determined by the Euler code is about 75.6% 
chord, which is very close to the steady shock position predicted by the 
present MTL-TSD theory of 74.7% chord, a difference in distance of 

less than 1% chord. Note that it is essential to have a well defined 
steady (mean) flowfield, because a good agreement on the steady 
pressure distribution is a prerequisite to obtain a good agreement on 

the unsteady pressure distribution for the time-linearised 
computations. In future work we may consider taking the mean 
flowfield 

from a complete nonlinear unsteady solution of Equation (1) for cases 
where the steady and mean shock waves are not close to each other. 
The linear theory, as expected, is only able to capture the pressure 

peaks due to the flap hinge. 

5.2  NACA 0012 aerofoil results 

The next three cases are for flows over an NACA 0012 aerofoil 
undergoing a sinusoidal pitching oscillation about quarter-chord point, 
and the results are compared in Figures 4 to 7. The steady part of cases 

3 and 4 is also studied by Whitlow et al.(4) and Fuglsang and 
Williams(24), and the steady part of case 5 is an AGARD (Advisory 
Group for Aerospace Research and Development) test case for 

assessment of inviscid flow methods. The comparison of the 

Figure 5. Comparison between the Euler, MTL-TSD and linear results 

for the NACA0012 aerofoil undergoing a sinusoidal pitching oscillation 
about quarter-chord point at  
M = 0.84, k = 0.25, m = 0 deg and = 0.25 and 0.5 deg. 

steady pressure distributions in Figures 4 and 6 is exceptional good, 

specifically in the accurate prediction of both the shock wave positions 
and strengths. 
The perturbation pressure for the NACA 0012 aerofoil cases is 

extracted based on the following formula, 


 dteCikC ikt

pp
~ (35) 

  The MTL-TSD theory is able to capture the trend of the pressure 
distributions determined by the Euler theory (i.e. giving the same signs 
of the real and imaginary parts), but the unsteady results are usually 

slightly over predicted, see Figures 5 and 7. 
Since the NACA 0012 aerofoil has no flap or moveable lifting surface 
where the aerofoil slopes change rapidly, the sharp pressure peaks 

shown in these plots are due to the shock wave only, and again, are 
well captured by the present theory. The steady shock positions are 
located very close to the mean locations, thus increasing the accuracy of 

the present results. The Euler method employs a body conformed 
dynamic grid system (Kheirandish et al.(22) and Nakamichi and 
Kheirandish(23)), in which a new grid configuration is generated at each 

time level corresponding to the changes in the aerofoil position. While 
the present theory uses a stationary grid system with the flow 
tangency boundary condition imposed on a flat mean surface 

(approximation to the actual aerofoil) in terms of aerofoil slopes. 
Because of the  
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Figure 6. Comparison of steady pressure distributions for the NACA 

0012 aerofoil at 
M = 0.8 and m = 1.25 deg. 

Figure 7. Comparison between  Euler, MTL-TSD and linear results 
for NACA0012 aerofoil in a sinusoidal pitching oscillation about 
quarter-chord point at M = 0.8, k = 0.25, m = 1.25 deg and  =

0.25 deg. 

different grid systems, the authors expected some discrepancies to 

occur around the aerofoil nose. The discrepancy occurs only for the real 
pressure part, and becomes large for increasingly large maximum 

angle of attack. For example, in Figure 5 the discrepancy for case 4 is 
larger than that of case 3, since the angle of attack can reach upto 0.5 
deg in case 4 compared to 0.25 deg in case 3. Similarly, Figure 7 shows 

much larger discrepancy for case 5 where the maximum angle of 
attack is 1.5 deg. This observation is consistent with the expectation 
that the distribution of the real (in-phase part) depends on the aerofoil 

profile and motion, since if comparing to cases 1 and 2 where only the 
flap that moves and 90.4% of the aerofoil is stationary, no such 
discrepancies occur around the aerofoil nose. The small peaks that 

appear in Figure 7 around 30 to 40% chord are generated by the vortex 
development in this region. Again, the MTL-TSD method captured 
such flow phenomenon remarkably well. 

6.0  CONCLUDING REMARKS 
An effective treatment of unsteady transonic flows, with moving 

shock waves, as a small perturbation about the steady (mean) flowfield 
was described. The solution method, in conjunction with the shock 
jump correction procedure and the inclusion of shockgenerated entropy 

and vorticity effects, has successfully produced accurate time-linearised 
time-domain solutions for transonic flows with embedded strong shock 
waves. The modifications made to the inviscid TSD theory leads to the 

development of a second version of  TranFlow2D code. Solutions can 
be obtained in an acceptable turn-around time on current high 
performance personal computers, hence making it an ideal tool for 

performing two-dimensional transonic aeroelastic analysis and for 
students to experience numerical aerodynamic computations. Based 
on the present study, we obtained the following conclusions: 

1. The satisfactory correlation of the results demonstrated that the 
presented theory is capable of predicting unsteady transonic flow with 
embedded strong shock waves. 

2. The presented time-linearised formulation illustrated the 
importance of proper modeling of the shock wave motion in order to 
obtain accurate time-linearised transonic solutions. 

3. The theory has been demonstrated to be successful, in a sense that it 
could be used to provide input for aeroelastic computations for which 
only infinitesimal magnitude motions need be considered. 

4. In future work we may consider taking the mean flowfield from a 
complete nonlinear unsteady solution of the general-frequency TSD 
equation for cases where the steady and mean shock waves are not 

close to each other. 
5. There is a future potential for a three-dimensional version as a fast 
method to be used for flutter predictions. 
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        
         
  
            
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




          



 ( ) ( ){ }   Φ= 

( ) ( ){ }   Φ=  
 ( ) ( ){ }   Φ= 


          Φ
Φ  Φ        

    Φ      



       



( ){ } ( ){ } ( ){ } ( ){ }  &&&&  =++  


         

        



( ) ( )( )∫∫ ++−=
 

 
 

 

 ψψψρ  


ρ
             


  ψ       
       


       




         

          
         




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








      

          
         

  

 

        
      


        
       
         





   






     
       










        

          

         

        
       
        
       









         
        
       
        
       
       
          
       

         


       
        



This document is provided by JAXA.



Proceedings of Lectures and Workshop International- Recent Advances in Multidisciplinary Technology and Modeling -　　43







          

         
   





      




































      










































    

        
  

        
      
       
     
       
        



       





         
        








         


         



 


 



 



 



   
       
       


             


         
       


 
      


  
      


                
     


      
      


 


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Abstract.            
           



        
      

             

  

         





1 ITRODUCTIO

   
       
    
      
      

    
   
      
    
     
    

     
     

    




    
  


     
      
    
    

      



    

     
     
    
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      
       
    

      


    
 



   

     
     


    
  
   
    
     
    

      
    
     
   


    

    
     
    
     

     
     
     
       

    


2 THE SYSTEM “V&V”

(VALIDATIO AD
VERIFICATIO)PLA



      

     






       
     


      
     

     


     

    
    
      
  


      
    

      
   

     
     
      
      
     
     
   
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





3 MULTIDISCIPLIARY SYSTEM

LOADS AD AEROELASTIC
PROCESS DURIG SYSTEM
IITIALDESIGPHASE


       
     
       
       
      
     
     

      
     
     
    

     
      
     
     


     
     
     
     
     
    
      
        

      

     
     
      
     
     
     
    

    

    




        

      
    
     

    
  
     
   
    
    
     
    

  
      
     

     
    
   
      
 
      




     
     

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
  
     

     
    
      


       

This document is provided by JAXA.



Proceedings of Lectures and Workshop International- Recent Advances in Multidisciplinary Technology and Modeling -　　47




       

     

    
     
      
     
     
      
     
    

    
    
     



4 MULTIDISCIPLIARY SYSTEM

LOADS AD AEROELASTIC
PROCESS DURIG SYSTEM
DETAILEDDESIGPHASE


     
    

      

      
     
     
   
     
    
     
      
     
      
      

    
     
      
       

      

      

      
       

     
     
     



   
   
     
     
     
    
   
     
      
     
    

   
      
     
     
      
   
      
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      


      

     

    
      
     
      
     
    
 



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

5 MULTIDISCIPLIARY SYSTEM
LOADS AD AEROELASTIC
PROCESS DURIG SYSTEM
VALIDATIOPHASE


     

      
      
    

     

    
     
     
      
     
    
       
      
      

  
    
       

   

     

     


  

    





    
     


       
    
    
         

      
      
       
      







     
    
     
    

    

     

    

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       
     
      

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
     
    
     


     
    
      

     
    

      
    
     
      
     

     
 
   

    
     
     
    



     

      
     


     
      

     
  

     

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     
      

     
    
   
     
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Flutter LCO in Isentropic Flow: Analytical Theory

A. V. Balakrishnan ¤

Abstract: Using full continuum models, we establish purely theoreti-
cally that in two-dimensional isentropic °ow, the °utter speed for a slen-
der high-aspect ratio wing is a Hopf bifurcation point of the aeroelastic
structure dynamics which can be expressed as a non-linear convolution
evolution equation. The °utter speed is determined by the linearized
model and the LCO is periodic with period

¡
2¼
!

¢
where ! is the angular

°utter frequency in the linear model, and can be expressed as a harmonic
series.

Introduction

Using full continuum models, we establish purely theoretically that in two-dimen-
sional isentropic °ow, the °utter speed for a slender high-aspect ratio wing is a Hopf
bifurcation point of the aeroelastic structure dynamics which can be expressed as a
non-linear convolution evolution equation. The °utter speed is determined by the
linearized model and the LCO is periodic with period

¡
2¼
!

¢
where ! is the angular

°utter frequency in the linear model, and can be expressed as a harmonic series.
We have taken some pains to describe the model in enough detail since contin-

uum models are rare. Because of the page limitation we have had to omit all details
of proofs of results.
The structure model, which goes back to Goland [1], is described in section 2.

Of course, the main simpli¯cation is to neglect camber, but it is not expected that
this signi¯cantly alters the qualitative nature of the results and certainly not the
°utter speed, which is based on the linearized model. In section 2 we also describe
the isentropic °ow model and the boundary conditions in more detail than has been
done in the standard texts on aeroelasticity [2, 3].
Some attention is paid to the linearized model in section 3, in particular to the

role of the Possio equation, which is practically ignored in [3]. The importance of
the linear model is that the solution to the non-linear problem can be boot-strapped
on the linear, as we show in section 4. It is shown that the aeroelastic structure
equation can be described as a non-linear convolution-evolution equation, for ¯xed
M , with U as the speed parameter for which the Hopf bifurcation theory applies.
The °utter LCO is not sinusoidal but periodic, with period

¡
2¼
!

¢
where ! is the

angular °utter frequency determined from the linear model, and is expressed as a
harmonic series.

¤Flight Systems Research Center, UCLA. Research supported in part under NSF grant no.
ECS-0400730.
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Figure 1: Wing Structure Beam Model

1 The Structure Model

The earliest model of a wing structure stated in terms of a partial di®erential equa-
tion would appear to be that of Goland [1, 2], which utilizes a uniform slender (i.e.
zero thickness disregarding camber) rectangular `beam' model with two degrees of
freedom|plunging (beam bending) and pitching (beam torsion)|a cantilever beam
attached to the fuselage and free at the other end. With h(t; y) denoting the dis-
placement normal to the structure plane and µ(t; y) denoting the pitch angle about
an axis parallel to the y-axis (see ¯gure 1),

¡b < x < b; 0 < y < ` <1; t > 0

the structure dynamics can be described as:

mÄh+ SÄµ +EIh0000 = L(t; y)
IµÄµ + SÄh¡GJµ00 =M(t; y)

¾
; 0 < y < ` (1:1)

where prime denotes derivative with respect to the y-variable, with appropriate
boundary conditions (cantilever or free-free). The forcing functions on the right-
hand side, the lift L(t; ¢) and the momentM(t; ¢), are determined by the aerodynam-
ics model described in the next section, and will depend on the structure dynamic
variables h(¢) and µ(¢).
We can also add a control term as in [4] but the emphasis in this paper is on

the aerodynamics, by far the more complicated part.

2 The Aerodynamic Model

The basic references here are [5, 6, 7]. The air°ow is described in terms of Eulerian
dynamics where q is the 3£ 1 °ow vector

q(t; x; y; z) t > 0 x; y; z 2 R3

2
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supplemented by the positive-valued thermodynamical variables:
Pressure p; p(t; x; y; z) ¸ 0
Density ½; ½(t; x; y; z) ¸ 0
Temperature T; T (t; x; y; z) ¸ 0

We may also include the entropy S(t; x; y; z). Any two of the variables will determine
the other two. A basic assumption is the Perfect Gas Law,

p = ½RT
R = cp ¡ cv; ° =

cp
cv
> 1

where cp; cv denote speci¯c heat at constant pressure and volume, respectively. Far
¯eld values (jzj + jyj + jxj ! 1) will be denoted q1; p1; ½1; T1 and assumed
¯nite.

2.1 The Field Equations

All relations we need to describe the dynamics are to be deduced from two laws:
1. Law of Conservation of Mass:

@½

@t
+r ¢ (½q) = 0 (2:1)

2. Law of Conservation of Momentum:

½
Dq

Dt
+rp = ¸¢q + (¸+ ¹=3)r(r ¢ q) (2:2)

where ¹; ¸ are constants (may depend on T ) describing the °uid (air). ¹ is the shear
viscosity and ¸ is the bulk viscosity. To this we must add an \energy equation" [5,
p. 33] which we shall need to discuss more below. We note that ¹ is very small for
perfect gases. In air, ¹ = 1:85£ 10¡5kg/m/s, ¸ = 0:6¹. The question of smallness
of ¹; ¸ has to be ultimately referred to the Reynolds number [see 5, 6].

2.2 Aeroelastic Boundary Conditions

In viscous °ow, the boundary condition on the wing boundary is characterized by

q(t; x; y; 0) = q1(t; x; y; 0) + k
Dz

Dt
; jxj < b; 0 < y < ` (2:3)

where z is the wing displacement: in the direction normal to the wing,

z(t) = h(t; y)¡ (x¡ a)µ(t; y); 0 < y < `; jxj < b: (2:4)

All we are interested to obtain from the °ow is the pressure di®erential over the
wing

±p(t; x; y) = p(t; x; y; 0+)¡ p(t; x; y; 0¡)
from which we calculate what we need in (1.1), the lift and monent:

L(t; y) =

Z b

¡b
±p(t; x; y)dx; 0 < y < ` (2:5)

M(t; y) =

Z b

¡b
(x¡ a)±p(t; x; y)dx; 0 < y < `: (2:6)
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It is convenient to consider Dz(t)
Dt) as the \input" and ±p(t; ¢) as the \output"|

relating the Lagrangian dynamics of wing structure to the Eulerian °ow dynamics.
q1 is the air speed, the far-¯eld (jxj; jyj; jzj ! 1) °ow,

q1 = U(i cos®+ j cos¯ + k cos °)

in the usual way. ® is the \angle of attack".

2.3 Isentropic Flow

Our ¯rst simpli¯cation is to consider the non-viscous case

¹ = 0 = ¸ (2:7)

where the °utter phemonema are not lost. However, we need to invoke a thermo-
dynamic assumption, that the entropy S(t; x; y; z) is constant, and thus the °ow
is \isentropic". This is a remarkably simplifying assumption that makes the °ow
irrotational. For this however we need to invoke the Gibbs relation,

TrS + rp
½
= r(cpT ) (2:8)

By the Perfect Gas Law,

r(cpT ) =
cp
R
r(p=½)

and hence
rp
½
=
cp
R

"
rp
½
¡ p

½2
r½
#
;

relating the pressure to density. With

° =
cp
cv
> 1;

this yields

r log
Ã
p

½°

!
= 0

or
p = A½° ; (2:9)

where A is a constant. Now by de¯nition

dp

d½
= a21

where a1 is the speed of sound, and we have that

°
p1
½1

= a21

where p1; ½1 are the undisturbed or far-¯eld values of pressure and density as-
sumed constant.
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Getting back now to the inviscid version of the momentum conservation law, we
have

@q

@t
+ (q ¢ r)q + rp

½
= 0: (2:10)

Hence with
= r£ q

we have
@

@t
+r£ (q ¢ r)q = 0:

Using the identity

(q ¢ r)q = 1

2
rjjqjj2 ¡ q £

we obtain
@

@t
+r£ (q £ ) = 0; t ¸ 0:

For given q, we may consider this as a linear equation

_ = L(t)

where
(0) = 0:

Hence it follows that
(t) = 0

or
r£ q = 0:

Hence
q = rÁ (2:11)

where Á is the velocity potential, and we have \potential °ow". The point to be
noted here is that we do not invoke Crocco's Theorem as in [8]. This idea is borrowed
from [6, p. 71]. Note that we can have isentropic °ow which is rotational depending
on the initial °ow (see [5, p. 24], for more).
Hence

@q

@t
+
1

2
rjjqjj2 + ¢p

½
= 0

or

r
"
@Á

@t
+
1

2
jrÁj2 + p

½

#
= 0:

Hence
@Á

@t
+
1

2
jrÁj2 + p

½
= Far Field Values =

1

2
U2 +

p1
½1

U = jjq1jj
and

p

½
= A½°¡1 =

a21
° ¡ 1

Ã
½

½1

!°¡1

5
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or

½°¡1 = ½°¡11
(° ¡ 1)
a21

"
1

2
U2 +

a21
° ¡ 1 ¡

@Á

@t
¡ 1
2
jrÁj2

#
:

We can now invoke the law of Conservation of Mass and obtain

@

@t
½°¡1 = (° ¡ 1)½°¡2 @½

@t

= (° ¡ 1)½°¡2[r ¢ ½rÁ]:
After a little analysis this leads to the Euler Full Potential Equation for the velocity
potential Á

@2Á

@t2
+
@

@t
jrÁj2 = a21

Ã
1+

° ¡ 1
a21

³U2
2
¡ @Á
@t
¡ jrÁj

2

2

´!
r2Á¡rÁ ¢rjrÁj

2

2
: (2:12)

The main thing to note in this equation in contrast to the Navier-Stokes is that
there are no (spatial) second derivatives of the °ow velocity rÁ. Because of this
the boundary condition (2.3) is now simpli¯ed to \no slip" on the boundary °ow,
or

k ¢ rÁ = rÁ1 ¢ k + Dz
Dt

on z = 0; jxj < b; 0 < y < `:

Unfortunately this is not enough for uniqueness of solution. For that, we have
to add

±p = 0; z = 0; jxj > b; y > `; y < 0
and the Kutta condition

±p = 0; z = 0; x! b¡ :

We still need to show how to calculate ±p from the °ow equation. Let Ã denote the
acceleration potential

Ã =
@Á

@t
+
1

2
jrÁj2:

Then

p =
½1a21
°

Ã
1 +

° ¡ 1
a21

³1
2
U2 ¡ Ã

´! °
°¡1

;

which is usually simpli¯ed to

p =
½1a21
°

Ã
1 +

°

a21

³1
2
U2 ¡ Ã

´!

so that at z = 0
±p = ¡½1±Ã:

Again we may think of Dz
Dt as the input and ±p as the output. We shall show how

this connection is provided by the Possio Integral Equation [9]. We only consider
the subsonic case:

U

a1
< 1:

6
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3 Linear Aeroelasticity

We specialize from now on to 2D, or Typical Section (Airfoil) Theory, where we drop
the dependence on the y-coordinate but only in the aerodynamic °ow equation. In
particular,

Á1 = U(x cos®+ z sin®)

where ® is the angle of attack.
Our focus is on the question of stability about the `equilibrium'|steady or time-

invariant|state. We can readily verify that

Á = Á1

µ = 0; h = 0

is a time-invariant solution of the aeroelastic equations, where U;® are totally arbi-
trary. There are other time-invariant solutions but only for a discrete sequence of
values of U (see [10]), which we shall not consider here.

3.1 Linearization

It is natural to begin with the aeroelastic system linearized about the equilibrium
state because stability is completely determined by the linearized system. For this
purpose we exploit the unique feature of the problem in the boundary conditions

@Á

@z
=
@Á1
@z

+
Dz(t)

Dt

where

Dz(t)

Dt
= ¡ _h(t; y)¡ (x¡ a) _µ(t; y) + µ(t; y)@Á

@x
; z = 0; jxj < b

= wa(t; x); the downwash for ¯xed y

and, as far as the °ow is concerned, the structure state variables are just scalar
parameters for ¯xed y. Hence for each t > 0 we may start by assuming that the
solution is analytic in them, in some neighborhood of the zero structure state. Thus
let Á(¸; t; x; z) denote the solution corresponding to ¸µ(t; y), ¸h(t; y), for scalar ¸,
with

Á(0; t; x; z) = Á1(x; z)

and

@Á(¸; t; x; 0)

@z
= U sin®¡¸

³
_h(t; y)+(x¡a) _µ(t; y)

´
¡¸µ(t; y)@Á

@x
(¸; t; x; 0); jxj < b;

and Á(¸; t; x; z) satis¯es the Full Potential Equation in 2D. We assume the power
series expansion

Á(¸; t; x; z) =
1X
1

¸k

k!
Ák(t; x; z) + Á1(x; z); ¡1 < x <1; z6= 0 (3:1)

7
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where

Ák(t; x; z) =
@kÁ(¸; t; x; z)

@¸k

¯̄
¯̄
¯
¸=0

(3:2)

for each t > 0; ¡1 < x; z <1 excepting z = 0; jxj > b, for j¸j < R; 0 < R.
Note that the no-slip boundary condition can be stated

'(¸; t; x; 0)

@z
= ¡¸[ _h(t; y) + (x¡ a) _µ(t; y)]¡ ¸Uµ(t; y) cos®¡ ¸µ(t; y)@'

@x
;

z = 0; jxj < b (3:3)

and the 2D potential ¯eld equations can be expressed:

@2Á(¸; ¢)
@t2

+
@

@t

"µ
@Á

@x

¶2
+

µ
@Á

@z

¶2#
+ (° ¡ 1)@Á

@t

µ
@2Á

@x2
+
@2Á

@z2

¶

= a21

"
1 +

° ¡ 1
2a21

Ã
U2 ¡

µ
@Á

@x

¶2
¡
µ
@Á

@z

¶2!#µ
@2Á

@x2
+
@2Á

@z2

¶

¡1
2

@Á

@x

@

@x

"µ
@Á

@x

¶2
+

µ
@Á

@z

¶2#
¡ 1
2

@Á

@z

@

@z

"µ
@Á

@x

¶2
+

µ
@Á

@z

¶2#
(3:4)

To obtain the Ák(t; ¢; ¢), we di®erentiate (3.4) with respect to ¸ and set ¸ = 0.

3.2 The Linear Problem

For k = 1 we obtain the linearized ¯eld equation

@2'1
@t2

+ 2U cos®
@2'1
@t@x

+ 2U sin®
@2'1
@t@z

= a21

"
(1¡M2 cos2 ®)

@2'1
@x2

+ (1¡M2 sin2 ®)
@2'1
@z2

¡2M2 sin® cos®
@2'1
@x@z

#
(3:6)

omitting the airfoil jxj < b; z = 0.
From (3.4), we obtain that the no-slip boundary condition becomes

@'1(t; x; 0)

@z
= ¡

³
_h(t; y) + (x¡ a) _µ(t; y)

´
¡ µ(t; y)U cos® (3:6)

with Ã(¸; t; x; z) de¯ned by

Ã(¸; t; x; z) =
@'(¸; t; x; z)

@t
+
1

2
jrÁ(¸; t; x; z)j2

±p(¸; t; x) = ¡½1±Ã(¸; t; x); jxj < b:

8
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De¯ning

±p1(t; x) =
@

@¸
±p(¸; t; x)

¯̄
¯̄
¯
¸=0

(3:7)

we have
±p1(t; x) = ¡½1±Ã1(t; x)

where

Ã1(t; x; z) =
@

@¸
Ã1(0; t; x; z)

=
@'1
@t

+
@'1
@x

U cos®+
@'1
@z

U sin®

and
±Ã1(t; x) = 0; x! b¡

= 0; jxj > b:
Hence the linear problem is given by (3.5) with boundary conditions, with the

structural equation (1.1) with

±p1(t; x) = ¡½1±Ã1(t; x)

L(t; y) =

Z b

¡b
±p1(t; x)dx (3:8)

M(t; y) =

Z b

¡b
(x¡ a)±p1(t; x)dx (3:9)

Let

A1(t; x) = ¡
±Ã1
U
(t; x); jxj < b

=
±p1(t; x)

U½1
which is the Kussner pressure doublet function [2]. Then the Possio equation relates
the `input' wa(t; ¢) to the `output' ±p1(t; ¢), linking the Lagrangian dynamics to the
Eulerian. Extant treatises on aeroelasticity [e.g. 3] end at approximately this point.

3.3 The Possio Equation: Zero Angle of Attack

To reduce complexity we shall only consider the case ® = 0, referring to [8, 11] for
non-zero angle of attack. We shall also need to state it for more general `down-wash'
functions than (3.6), subject to the condition

wa(t; ¢) 2 Lp[¡b; b]; 1 · p < 2

and wa(t; ¢) is absolutely continuous in t ¸ 0. The Possio equation is usually stated
in terms of the Laplace transform (actually the Fourier transform; see [12] for the
time domain version). The Possio equation is

ŵa(¸; x) =

Z b

¡b
P̂ (¸; x¡ »)Â(¸; »)d»; jxj < b; Re¸ > 0 (3:10)

9

This document is provided by JAXA.



Proceedings of Lectures and Workshop International- Recent Advances in Multidisciplinary Technology and Modeling -　　73

where the kernel is given in terms of its spatial Fourier transform:

P̂ (¸; i!) =

Z 1

¡1
e¡i!xP̂ (¸; x)dx; ¡1 < ! <1

=
1

2

1

·+ i!

p
·2M2 + 2·M2i! + (1¡M2)!2; · =

¸b

U
(3:11)

=

Z 1

0

e¡¸tP (t; i!)dt; Re¸ > 0

where
A(t; x)! 0 as x! b¡

A(t; ¢) 2 Lp[¡b; b]; 1 · p < 2;

absolutely continuous in [0;1] with _A(t; ¢) 2 Lp[¡b; b] also.

Â(¸; ¢) =
Z 1

0

e¡¸tA(t; ¢)dt

ŵa;1(¸; x) =

Z b

¡b
P̂ (¸; x¡ »)Â1(¸; »)d»; Re¸ > 0; jxj < b

where
wa;1(t; x) = ¡ _h(t; y)¡ (x¡ a) _µ(t; y)¡ µ(t; y)U cos®:

Because of the similar property required of the structure state variables we have
that Z 1

0

e¡¾t
³
jjA1(t; ¢)jjp + jj _A1(t; ¢)jjp

´
dt <1 (3:12)

Moreover, with

'̂1(¸; x; z) =

Z 1

0

e¡¸t'1(t; x; z)dt; Re ¸ > 0

with the Lp ¡ Lq transform

^̂'1(¸; i!; z) =

Z 1

¡1
'̂1(¸; x; z)e

¡i!xdx; ¡1 < ! <1

we have

^̂'1(¸; i!; z) =
¡1
2
¢ 1

·+ i!
^̂
A1(¸; i!)e

¡
p

M2·2+2M2·i!+(1¡M2!2jzj; ¡1 < ! <1:
(3:13)

To obtain the time-domain version, let

°1(t; x) =

Z t

0

A1(t¡ ¾; x¡ U¾)dt; ¡b < x < b+ Ut (3:14)

= 0 otherwise:

10
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Then (see [13]), for z6= 0,

'1(t; x; z) =

Z t

0

Z 1

¡1

@

@z
G(t¡ ¾; x¡ »; z) _°1(¾; »)d» d¾; (3:15)

where

G(t; x; z) =
1

2¼
p
1¡M2

Z 1
r (t+

Ux

c1
2 )

1

d¾p
¾2 ¡ 1

r2 =
1

(1¡M2)

µ
x2

c21
+
z2

c22

¶

c21 = a
2
1(1¡M2); c22 = a

2
1

which is the potential °ow solution to the linear case.
Stability of the linearized aeroelastic system is then determined by:

mÄh+ SÄµ +EIh0000 =
Z b

¡b
U½1A(t; »)d»; t > 0; 0 < y < `

Iµ Äµ + SÄh+GJµ
00 =

Z b

¡b
U½1(x¡ a)A(t; x)dx; t > 0; 0 < y < `

See [14] for a solution and the detailed study of °utter instability speeds as a function
of M .
For the non-linear problem, we need the time-domain solution of (3.10). This is

best expressed in operator form

A(t; ¢) = PT wa(¢; ¢)

where T is the Tricomi operator

T f = g g(x) =
1

¼

r
b¡ x
b+ x

Z b

¡b

s
b+ »

b¡ »
f(»)

» ¡ xd»; jxj < b

and P is a Volterra operator of the form

PA = g; g(t; ¢) =
Z t

0

P (t¡ ¾)A(¾; ¢)d¾:

The kernel is known explicitly only forM = 0 and contains delta function derivatives
[9], but only ±-functions for M 6= 0 (see [14].

4 Flutter as an LCO

Here we begin with the key result [18], the solution of the non-linear Possio equation.
For each y; 0 < y < z:

±p = ½1U
³
I ¡ PT L(µ)

´¡1
PT wa;1(¢; ¢) (4:1)

11
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where wa;1 is the linearized downwash and L(µ) is the operator de¯ned by

L(µ)A = g

g(t; ¢) = µ(t; y)
³
¡A(t; ¢) + _°1(t; ¢)

´
(4:2)

We can now state the non-linear aeroelastic system equations. Let `1; `2 denote
the functionals corresponding to lift and moment.

`1(A) =

Z b

¡b
A(x)dt

`2(A) =

Z b

¡b
(x¡ ab)A(x)dx:

Then we have
mÄh(t; y) + SÄµ(t; y)¡EIh0000(t; y) = `1(±p) (4:3)

Iµ Äµ(t; y) + SÄh(t; y) +GJµ
00(t; y) = `2(±p) (4:4)

where ±(p) is given by (4.2). This can be expressed as a non-linear convolution-
evolution equation in a Hilbert space for each M with the speed U as a parameter
to which Hopf-bifurcation theory applies. We naturally omit the details. The
°utter speed is determined by the linearized model as in [14]. Let ! denote the
corresponding angular frequency in the linear model, with structure response

x1(t; y) = sin!t

¯̄
¯̄h(0; y)
µ(0; y)

¯̄
¯̄ 0 < y < `

being the solution to (4.3), (4.4) with

±p = ±p1

= ½1UPT wa;1(¢):
More generally we de¯ne

±pk = ½1U
³
PT L(µ1(¢)

´k
PT wa;1(¢)

and xk(¢; ¢) the solution to (4.3), (4.4), with

±p = ±pk:

Then the LCO can be expressed

1X
1

xk(t; y)

which is no longer sinusoidal, but is a harmonic series with period
¡
2¼
!

¢
. We omit

details.
As for the corresponding °ow solution, it is shown in [15] that it can be de-

composed into the sum of two parts, one part which has no shocks and is solely
responsible for the lift, and the second part which may contain shocks but produces
no lift and cannot be linearized.

12
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Decentralized Flight Trajectory Planning of  
Multiple Aircraft  

Nobuhiro Yokoyama*

National Defense Academy, Yokosuka , Kanagawa, Japan 

Abstract: Conventional decentralized algorithms for optimal trajectory planning tend to require 
prohibitive computational time as the number of aircraft increases. To overcome this drawback, 
this paper proposes a novel decentralized trajectory planning algorithm adopting a constraints 
decoupling approach for parallel optimization. The constraints decoupling approach is formulated 
as the path constraints of the real-time trajectory optimization problem based on nonlinear 
programming. Due to the parallelization and no-redundancy, the computational time for one cycle 
in the proposed algorithm is not so sensitive to the number of aircraft as the conventional 
algorithms. Several results of numerical simulations are presented to demonstrate the effectiveness 
of the proposed algorithm.

I. Introduction 
Autonomous flight trajectory planning will play an important role in free flight operations [1] in which each 

aircraft is capable of dynamically updating its flight plan and assuming responsibility for maintaining conflict-free 
trajectory (i.e. maintaining sufficient vertical or horizontal distance from own aircraft’s trajectory to the other 
aircraft’s trajectory). Thus far, many algorithms have been proposed for trajectory planning with conflict prevention 
and resolution [2-12]. These algorithms can roughly be characterized as follows: 1) Protocol-based or optimization-
based: Although the optimization-based algorithms [6-12] tend to require substantial computational time, they offer 
desirable trajectory which minimizes specified criterion (e.g., arrival time delay, fuel consumption, etc.). The 
advantage of the protocol-based algorithms [3-5] is their simplicity. 2) Applicable to only a pair of aircraft or 
multiple aircraft [2]: From a practical viewpoint, applicability to multiple aircraft is more desirable. 3) Centralized 
or decentralized: Centralized algorithms [9-12] are well-suited to conventional ground-based air traffic controls, 
while decentralized algorithms [3-8] may be more suited to free flight operations because of their distributed nature.  

This paper covers the optimization-based decentralized algorithms for trajectory planning of multiple aircraft, 
because they are most advantageous in view of safety and efficiency. This class of algorithms can further be 
distinguished between sequential algorithms [8] and simultaneous algorithms [6,7]. In the sequential algorithms, 
during the computation and update of an aircraft’s trajectory, the computations and updates of the other aircraft’s 
trajectories are stopped. Thus, the computations and updates of the trajectories are executed in one by one manner, 
and the computational time for one cycle (i.e., time to update all the relevant aircraft’s trajectories) grows 
prohibitively as the number of aircraft increases. On the other hand, the simultaneous algorithms optimize each 
aircraft’s trajectory at the same time in a decentralized fashion. The simultaneous algorithms use the computers 
distributed in each aircraft more efficiently than the sequential algorithms in the sense that there are no sleeping 
times for the computers in the simultaneous algorithms. Nevertheless, the conventional simultaneous algorithms 
usually require prohibitive computational time in multiple aircraft cases. For example, the approach by Bicchi et al. 
[7] requires the optimization of not only the own aircraft’s trajectory but also the other aircraft’s trajectories. 
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Therefore, the computational time for this approach grows combinatorially as the number of aircraft increases. A 
game-theoretic approach by Tomlin, et al. [8] does not include this type of redundancy. However, the algorithmic 
complexity of this approach also grows combinatorially as the number of aircraft increases, and hence it may 
become computationally prohibitive for more than three aircraft.  

In order to overcome this drawback, this paper proposes a simultaneous decentralized algorithm using 
constraints decoupling approach for parallel optimization. The constraints decoupling approach is formulated as the 
path constraints of the real-time trajectory optimization problem based on nonlinear programming. Due to the 
parallelization and no-redundancy, the computational time for one cycle in the proposed algorithm is not so sensitive 
to the number of aircraft as the conventional decentralized algorithms. The effectiveness of the proposed algorithm 
is evaluated through several numerical simulations. 

II.  Trajectory planning algorithm 

A. Description of aircraft’s motion and trajectory 
The state equations are based on the kinematics of an aircraft. For simplicity, only the horizontal motion is 

covered in this study. Let us define M  as the number of aircraft and ( 1, , )j M  as the aircraft index. The state 
equations of an aircraft j  are described as follows,  

( ) ( )cos ( )j j jX t V t t  (1) 

( ) ( )sin ( )j j jY t V t t  (2) 

( ) ( )j jt t  (3) 

( ) ( )j jV t a t  (4) 

where t : the time, ,j jX Y :  the position of the aircraft, jV : the horizontal velocity, j : the heading angle, j : the 
heading angular rate caused by the aircraft’s bank, ja : the horizontal acceleration.  In this simple kinematic model, 
the state variables ( )j tx  and the control variables ( )j tu are described as 

( ) [ ( ), ( ), ( ), ( )] , ( ) [ ( ), ( )]T T
j j j j j j j jt X t Y t t V t t t a tx u  (5) 

In addition, the motion of the aircraft is constrained by the following inequalities,  

min max( ) ( ) ( )j j jV V t V  (6) 

max max( ) ( ) ( )j j jt  (7) 

max max( ) ( ) ( )j j ja a t a  (8) 

where min max max max( ) , ( ) , ( ) , ( )j j j jV V a  are the constants.  
Let us define the reference time as 0t  and the horizon interval as hT . Discretizing the time domain 0 0[ , ]ht t T

into N  uniform intervals, let us express the nodal time as 0 1 0, , , ( )N ht t t t T , i.e., 

0 ( ) ( 0, , ), h
i

Tt t i T i N T
N

 (9) 

The trajectory at time 0 0[ , ]ht t t T  is described by the nodal values of the state variables ( )j itx  as well as the 
control variables ( )j itu . In addition, the control variables are assumed to be piecewise constant at each interval 
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1[ , ]i it t . As shown in Fig. 1, the trajectory beyond the horizon time ( 0 ht t T ) is described by the straight line and 
the circular arc that connect the node at the horizon time with the destination point.  

B. Configurations of algorithm 
A unit cycle of the algorithm completes in the time interval T . This unit cycle is split into three phases - the 

conflict reduction (CR) phase, the trajectory optimization (TO) phase, and the trajectory broadcast (TB) phase. It is 
assumed that the clocks of all the aircraft are synchronous. At the beginning of the cycle, the currently planned 
trajectory is modified in the CR phase to reduce the degree of conflicts with the other aircraft’s trajectories. Then the 
trajectory modified in the CR phase is updated in the TO phase to minimize a given objective function. After the TO 
phase, the updated trajectory is broadcasted as the aircraft’s latest trajectory. It should be noted that the role of the 
CR phase is to offer appropriate initial solution to the optimization algorithm in the TO phase. The details of the CR 
phase and the TO phase are described in subsection C and D, respectively. 

Let us define Bt  as the time when the current cycle starts. The reference time 0t  is set to be 0 2Bt t T . It is 
assumed that the aircraft is always controlled to track the trajectory at [ , ]B Bt t t T , which is fixed in the current 
cycle of the algorithm.  

C. Conflict reduction (CR) phase 
In the CR phase, a kind of force field method [3, 4] is adopted to reduce the degree of conflicts of the aircraft’s 

trajectories. The algorithm in the CR phase is described below.  

Step 1: Conflict Search  For 1, ,j M , search the time ( ) jCt  when the first conflict of the aircraft j  with any 
other aircraft occurs based on the currently planned trajectories. Then, for 1, ,j M , obtain the starting time 
of the trajectory modification ( ) jSt  by the following equation. 

0( ) max[ , ( ) 2 ]jS j Ct t t T  (10) 

Step 2: Time Initialization  Set the inner simulation time  and the index i  to 0t  and zero, respectively.  
Step 3: Control Calculation  For 1, ,j M , if ( ) jSt , modify the control variables ( )P

j itu  of the current 
trajectory based on the following procedure. (The superscript P  denotes the component of currently planned 
trajectory.)   

Using the force field method, generate the control command vector composed of a repulsive element for 
steering the aircraft away from the other aircraft and an attracting element for steering the aircraft to its 
destination [3]. Figure 2 shows the schematic view of the force field method. The repulsive element is obtained 
by using the necessary separation vector at the closest point of approach (CPA), which is determined by the 
linear extrapolation of the position in the direction of the aircraft’s destination. Let us define A

ijkt  as the time of 
the CPA with regard to aircraft j  and k  determined by the linear extrapolation of the positions at time it . In 

Fig. 1 Trajectory Description 
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addition, let us define the extrapolated positions as [ ( ), ( )]j jX Y  and [ ( ), ( )]k kX Y . The control command 
vector ( )C

j itV  for aircraft j  is obtained by the following equations. 

( ) 1
( ) ( ) ( )

M
C O R
j i j i jk i

k j

t t tV V V  (11) 

2 2
f f

min max
f

[( ) ( )] [( ) ( )]
( ) max ( ) ,min ,( ) ( )

max[1,( ) ]

P P
j j i j j iO O

j i j j j i
j i

X X t Y Y t
t V V t

t t
V e  (12) 

f f

2 2
f f

[( ) ( ), ( ) ( )]
( )

[( ) ( )] [( ) ( )]

P P
j j i j j iO

j i P P
j j i j j i

X X t Y Y t
t

X X t Y Y t
e  (13) 

2 2max[0, [ ( ) ( )] [ ( ) ( )] ]
( ) ( )

A A A A
j ijk k ijk j ijk k ijkR R

jk i jk iA
ijk i

R X t X t Y t Y t
t t

t t
V e  (14) 

2 2

[ ( ) ( ), ( ) ( )]
( )

[ ( ) ( )] [ ( ) ( )]

A A A A
j ijk k ijk j ijk k ijkR

jk i A A A A
j ijk k ijk j ijk k ijk

X t X t Y t Y t
t

X t X t Y t Y t
e  (15) 

where ( )O
j itV : the attracting element for steering the aircraft j  to its destination, ( )O

j ite : the unit vector of the 
attracting element, ( )R

jk itV : the repulsive element for steering the aircraft j  away from the other aircraft ( )k j ,
( )R

jk ite : the unit vector of the repulsive element, f f[( ) , ( ) ]j jX Y : the destination point of the aircraft j , f( ) jt : the 
specified time to arrive at the destination, [ ( ), ( )]P P

j ji iX t Y t : the currently planned position of  the aircraft j  at 
time it . If the distance of the aircraft j  and k  is zero at the CPA, a line passing through [ ( ), ( )]P P

j ji iX t Y t
and being tangent to a circle centering on the CPA with radius R  is calculated. Then ( )R

jk ite  is determined as the 
unit vector normal to this line instead of Eq. (15). 

Subsequently, convert the control command vector ( )C
j itV  to the control variables ( ), ( )P P

j ji it a t  by the 
following equations,  

1
max max

( ) ( )
( ) max ( ) ,min , ( )

C P
j i j iP

j i j j

t t
t

T
 (16) 

Fig. 2 Force field method 

This document is provided by JAXA.



92                                JAXA Special Publication　JAXA-SP-07-008E

1
1( ) tan ( ) ( )C C C

j jj i i y i xt t tV V  (17) 

min max( ) max ( ) , min ( ), ( )P C
j i j j i ja t a a t a  (18) 

min maxmax ( ) ,min || ( ) ||, ( ) ( )
( )

C P
jj i j j iC

j i

V t V V t
a t

T

V
 (19) 

Step 4: Integration of the State Equations  For 1, ,j M , integrate the state equations (1)-(4) from it  to 

1it , and update the state variables of the current trajectory 1( )P
j itx  to the results obtained by the integration. 

Set  to 1it , and increase i  by one. If Nt , go back to Step 3. Otherwise, terminate the CR phase and go to 
the TO phase. 

It should be noted that the trajectories modifications of all the aircraft are executed in each aircraft, i.e., the same 
computations are executed simultaneously in all the aircraft in the CR phase. Thus, the trajectories modified in the 
CR phase are consistent and their conflicts are substantially reduced. Although the computational time for this 
approach grows as the number of aircraft increases, it is still negligible compared to that of the TO phase.  

D. Trajectory optimization (TO) phase 
In the TO phase, the trajectory modified in the CR phase is updated to the optimal trajectory, which minimizes 

the squared error between the specified time f( ) jt  and the time to arrive at the destination. The separation 
constraints on the trajectories of aircraft j  and k  are usually described as the following coupled form. 

2[ ( ) ( )] [ ( ) ( )] 0 ( 1, , )j i k i j i k iX t X t Y t Y t R i N  (20) 

In order to parallelize the computation in the TO phase, this inequality condition is decoupled as follows. As shown 
in Fig. 3, a feasible region for update of each node of each aircraft’s trajectory is introduced based on the trajectories 
modified in the CR phase. The feasible region for update of the node [ ( ), ( )]j ji iX t Y t  of aircraft j  relative to the 
aircraft k  is expressed as follows,  

( )[ ( ) ( )] ( )[ ( ) ( )] 0 ( 1, , )
2jk i j i jk i jk i j i jk i
Ra t X t p t b t Y t q t i N  (21) 

( ) ( ) ( ) ( )
( ) , ( )

( ) ( )

P P
j i jk i j i jk i

jk i jk i
jk i jk i

X t p t Y t q t
a t b t

d t d t
 (22) 

Fig. 3 Feasible region for update of node 
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2( ) [ ( ) ( )] [ ( ) ( )]P P
jk i j i jk i j i jk id t X t p t Y t q t  (23) 

where the point [ ( ), ( )]j jk i k ip t q t  denotes the midpoint of [ ( ), ( )]P P
j ji iX t Y t  and [ ( ), ( )]P P

k i k iX t Y t . It should be noted 
that the sufficient separation between [ ( ), ( )]j ji iX t Y t  and [ ( ), ( )]k i k iX t Y t  is assured as long as the update of each 
node is constrained within the assigned feasible region. Thus, the parallel computation is enabled by the inequality 
constraint (21). Considering all the other aircraft’s nodes at time it , the eventual feasible region for update of 
[ ( ), ( )]j ji iX t Y t  is described as the product set of  Eq. (21) with 1,2, ( )k M k j .

Let us define the state variables and the control variables to be optimized as  

( ) [( ) , ( ) , ( ) , ( ) ] , ( ) [( ) , ( ) ]T T
j i j i j i j i j i j i j i j iX Y V ax u  (24) 

where the subscript i  denotes the value at time it . The trajectory optimization problem is defined as follows. 

The objective function to be minimized: 
2

f[ ( ) ( ) ]j N e j j j jt T t  (25) 

where ( ) jeT  : the time interval between the horizon time Nt  and the planned time to arrive at the destination, 
j : the positive penalty parameter, j : the constraint relaxation variable which is explained later. The 

calculation of ( ) jeT  is based on the line and circular arc trajectory beyond the horizon.  
The initial condition:  

0 0( ) ( )P
j j tx x  (26) 

The terminal condition:  

f( ) ( )
sin 0

2
j N e jt T

 (27) 

where f( ) j  denotes the specified heading angle at the destination, and ( )j N et T  is calculated by the line and 
circular arc trajectory beyond the horizon. Although Eq. (27) is equivalent to f( ) ( ) 2j jN et T n ( n  is an 
arbitrary integer), it is adopted due to its suitability to the numerical optimization.  

The integration condition of the state equations: 
1

1( ) [ ( ( ), ( )) | ( ) ( ) , ( ) ( ) ] , ( 0, , 1)i

i

t

j i j j j i j i j j it
t d i N0x f x u x x u u  (28) 

where f  denotes the right hand side of Eqs. (1)-(4). Since the control variable ( )ju  is piecewise constant 
vector ( )j iu  in the interval 1[ , ]i it t , the second term of the above equation can be analytically integrated.  

The path constraints: Instead of the separation constraint (21), the following constraints are enforced. 

( )[( ) ( )] ( )[( ) ( )] ( ) 0, [ 1, , , 1, , ( )]
2 2jk i j i jk i jk i j i jk i jk i j
R Ra t X p t b t Y q t d t i N k M k j  (29) 

 0 1j  (30) 

Even if it is impossible to obtain conflict-free solutions due to the geometric relationships among the currently 
planned trajectories, the introduction of the relaxation variable j  makes it substantially easier to obtain 
conflict-reduced solutions. On the other hand, strong relaxation of Eq. (29) by large j  is penalized as the 
deterioration of the objective function (25).  

The optimization problem described above is simultaneously solved in each aircraft ( 1, , )j M . The variables 
to be optimized for the aircraft j  are 0 1 0 1 1( ) , ( ) , ( ) , ( ) , ( ) , , ( )j j j j j jN Nx x x u u u  and j . The trajectory modified 
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in the CR phase is used as the initial solution of the optimization algorithm, and the initial solution of j  is set to be 
zero. In the optimization problem described above, the Jacobian of the constraints and the Hessian of the Lagragian 
have special sparse structure. Thus, the sparse sequential quadratic programming (SQP) [13] is adopted as the 
optimization algorithm. It is well known that the sparse SQP can compute the optimal solution substantially faster 
than the conventional dense matrix approach. In this way, the real-time optimization is enabled in the proposed 
algorithm.  

III. Examples of simulation 
Some example scenarios were considered to evaluate the effectiveness of the proposed algorithm. In all the 

scenarios, the separation minimum was specified as R = 9260 [m]. The performance of each aircraft was assumed to 
be the same, and the constants were specified as follows. 

2
min max max max( ) 51.44 [m/s], ( ) 72.02 [m/s], ( ) 0.02401[rad /s], ( ) 1.0 [m /s ]j j j jV V a  (31) 

A numerical simulation environment, which was composed of multiple PCs (personal computers) connected by 
LAN (local area network), was developed for evaluating the proposed algorithm. In this environment, the PCs 
corresponded to the aircraft, and the LAN corresponded to the airborne data link system. The period of the unit cycle 
and the number of nodes were specified as T = 10.0 [sec] and 61, respectively. 

Five aircraft, whose initial and terminal states are listed in Table 1, were assumed. In each aircraft, the time to 
arrive at the destination was specified as f( ) 1000 [sec]jt , and the initial horizontal velocity was specified as 
61.73[m/s] . The aircraft’s trajectories before applying the proposed algorithm were supposed to be straight. On the 
basis of these specifications, the following five conflict scenarios were considered: 1) aircraft A and B, 2) aircraft A 
and C, 3) aircraft A and E, and 4) aircraft A, C, and E, 5) aircraft A, B, C, and D. In each scenario, the initial straight 
trajectories converged to a point at the same time, i.e., the initial trajectories were assumed to be severely conflicted.  

Figure 4 shows the final trajectories tracked by the aircraft in these scenarios. In this figure, the CPAs in the final 
trajectories are plotted as the circles. It can be observed that the final trajectories computed by the proposed 
algorithm are conflict-free and have reasonableness as the near-optimal solution, because the distance of every pairs 
of CPAs is equal to or slightly larger than the separation minimum R (=9260 [m]). As an example of planned 
trajectories obtained by the proposed algorithm, Fig. 5 shows the trajectories planned at the cycle of 0 200 [sec]t .
The CPAs detected in the planned trajectories are also plotted as the circles in this figure. It was observed that the 
distance of every pairs of CPA is equal to or slightly larger than the separation minimum R. Thus, the 
reasonableness of the planned trajectories can also be confirmed.  

With respect to the computational speed, the proposed algorithm showed sufficient performance, because the 
time to compute a feasible solution was substantially smaller than the cycle period T  (= 10 [sec]) in each scenario 
(in the worst case, it took 0.38 [sec]). Table 2 shows the average of the computational time per iteration of the sparse 

Table 1 Initial and terminal states of the aircraft 

Aircraft A B C D E 
Initial position [m] 
Initial heading angle [rad] 
Terminal position [m] 
Terminal heading angle [rad] 

(0, 36000) 
/ 2

(0, –36000)
/ 2

(0, -36000)
/ 2

(0, 36000)
/ 2

(36000, 0) 

(–36000, 0)

(–36000, 0) 
0

(36000, 0) 
0

(25456, 25456) 
3 / 4

(-25456, -25456)
3 / 4
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SQP in the TO phase. In the conventional simultaneous algorithms, this criterion is sensitive to the number of 
aircraft, and it generally grows combinatorially. Although the number of scenarios is not sufficient, it can be seen 
that the proposed algorithm is not so sensitive to the number of aircraft as the conventional algorithms. 

IV. Conclusions 
A decentralized algorithm for optimal trajectory planning of multiple aircraft was presented in this paper. The 

novelty of the proposed algorithm lies in its decoupling of the separation constraints for parallel optimization. 
Through the application to some numerical simulations, it was observed that the proposed algorithm could compute 
reasonable conflict-free trajectories with sufficient computational speed. Our future work will include extensive 
evaluations and convergence assurance of the algorithm, as well as the algorithm enhancement for the three-
dimensional problem. 
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Table 2 Comparison of the computational time 

Scenario (1) (2) (3) (4) (5) 
Number of aircraft 
Average computational time per iteration of 
sparse SQP [sec] 

2

0.20 

2

0.20 

2

 0.16 

3

0.l4 

4

0.37 
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(1) Two aircraft scenario (head-on case)    (2) Two aircraft scenario (90 [deg] crossing case) 

    

(3) Two aircraft scenario (45 [deg] crossing case)      (4) Three aircraft scenario 

(5) Four aircraft scenario 

Fig. 4 Final trajectories tracked by the aircraft 
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(1) Two aircraft scenario (head-on case)    (2) Two aircraft scenario (90 [deg] crossing case) 

(3) Two aircraft scenario (45 [deg] crossing case)      (4) Three aircraft scenario 

(5) Four aircraft scenario 

Fig. 5 Trajectories planned at the cycle of 0 200 [sec]t
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         
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         
       

       
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 



       
     
         
 
        

      

        
         
         
        
        
         
       
         
         
        
         
       
       
      
       
       

         


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       

        


         
        
        

       
        


      
      
        
        

         

          

        
      

        
        
       
        
       
        

 


     



        
          


        


         ω+ × =  

       ω ω ω+ × =  

  
    ω=   

       ω+ × =  

     ω ω ω+ × =  

  
    ω=          

          
         

    ω 
        

          


 


ω ω
ω

ω

× −
 =  − 

 

         ×, =   


 



 






 
  

 

×

− 
 = − 
 − 

 

    
              = = , , , 

    λ β= /          

    λ β= /          

    λ β= /  

   β= /  

    λ λ λ λ=       

 β 



   + =  

        
         



      = −  


      = −  


   ω ω ω= −  

 
 

          
        



       

             ×
×= − + −      

   ×    ×      


      =  

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





  




 


  
 



× 
 × 
 
  

− −
=




 





 

    + =   
         

        


  
    ω=   

  || || = 
    

    
   ×= 
  

          ω ×
×

 = − −     


 || ||  || || 

        
  
         
       
      
        






         

        
      −   

  


         




  

    
 

       
 

 
 = =   

 


      
        

  
 
         


 


 

 
  

  
  

= = +   

 


 

 
  

  
  

= = +   


          = + +     


          = + +     

        

 


            = − + −     


            = − + −     

      

 

  

   

 
    

    

     
    

= , = = , = = 






       


{ } { } 
    
         ω ω= +  


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





  




    
 



   
 



× 
 × 
 
 
 

+
=

−

 


 

  




    
 



   
 



× 
 × 
 
 
 

− +
=

 


 

{ }   ω ω=  

         


{ } { } { } { }   
          
                ω ωω ω= + + +   

 
      


{ }                       ω ωω ω= + − +    
 


   
  
     ×

×= +   

   
  
     ×

×= −   


        ω ωω − ×= − +  
      ω ωω − ×= −  


        

  
        
         
        


    
       ω ω 

  
=  





  
  

   ω 
  

=   

          
           


        


        

    
                 = =    

   

        


     =  


     

       

  

      

 

 




   
   

 
   
    
ω

× × ×

× × × ×
×

××

× × ×

 
 
 =
 −
 
  

 

  
  

  








 



 
 

=  
 
  

 

  



 

 

  
 

 
 
 
 
 
 
   

= −
−

 


        


  

  

      
      





    
    

α β β
α β β

 
 
 
 
  

     
= +     

    
 

  α    α   ∈   β 
  β   β    β    ×∈    

   ∈ 


[ ] 
  



     

   


α β β
 

= +  
 

 

          

         
       α   β 

  β 
 { } 

                                      α ω ω ω ωω− −= × + + − 

 

    β ×=  


        β −=  
          
       


   

         
           
    


        

  
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





    


       
       
         
         


     ω= − ×  


          


   
ω ω ω ω= − × − × × − × 

 
      

 
  ω×=   =   




        


  
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 
  
 

−= + + − / + / − + 

 
       
 


 
         

   
              η ση σ −= + + − / / + / − +     


    

       η= − − +  

       σ= − − +  
    


    

 



        = − − / /   


          = − / −  
    
      
        


   
             

 

    
                 ηη σσ η σ −=− − / − / − − − + + +  

 


    ×=  

   = −  

             ω ω ω ω ω ω= , ,  



      η σ= − +  
       

   

         
 

  
              η η σ σ=− − / − / − − −

 

           




    > = ≠ 

 

     ≤ ≤ < ∞  
       


  ≠     || || ≠  

        


 

         
         
       
        



       

   
        
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





  
        
    

       
         = 



   


   = − ∫   

         




 
       
       
       

      




       
      
      
        


         



•        
       
     
       

•        






        



  




         
       .       
   


 
          
          
           

       
        
       
 

        

        
   

  
   = − .    = .   = 

        
        
        
       
    





       









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













































[ ]   
 =

[ ]   
ω =[ ]   

 =
       



  =  



  
   
  


− − 

 = − − 
 − − 

 =

[ ]   
 = [ ]    

 =
[ ]   

 = [ ]   
ω =


    ×= ×       = = = = = =

  =   = 
  =
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










 






       
      
      
     
     


        
      
      

        

        
  
         

        

      

      
 
    
        
       
     



       
     
        
        
  


       




      

         

      
       
      
  
     

        
     

         

         
       
         
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     
      

   
       
        

      
        
       
        
      
     
      

    
        
       



     
         
 
      
        
     
      


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
     
         

      
     ≠ ≠     

      

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        τ 
τ               
          
       
        
        
      
       

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
 
  


        

         

         
         


          
        
 
         


       


         




       
       
         
     

      

    θ θ= −    

   θ= −       

   θ=       



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






      

        =     =     ≠ 
       =     ≠     = 
        =     =     ≠ 
       ≠     =     = 
        ≠     =     = 
       =     ≠     = 




     
    θ θ= +    

   θ=       

   θ=       

     θ=       
  
    θ θ= −    

   θ=       
θ       
      
       
 θ =   

        
         
          
           
θ 
    
θ 
        
         

 β        β =  
       

         β θ βθ θ= − = 
       θ β θ β θ θ= − =  β 

θ   β ≅   θ ≅   

         β=    

β β> θ 

     β β<  θ    
       
       
θ 

θ 
 β β< 


        







α         α =  
   

( ) ( ) ( )  
        ω ω ω= + +      

      
( )  

          ω ω ω= + +    

     
      

        
       
    
        



      
     ψ   
         
        ψ 


 α ≥ 

( ){ }



        

  
   η ψ η= + − +

 
( )   ψ η= +      

( )   ψ η= +      


 
     = +      

( )       η =    


    

τ
ψ τ ξ ξ= ∫      

   α <       
         
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





 α = 
      
     = = 
  ψ      ψ  
 ( )     η π η+ − 

       
       
   =    =    =  
  θ  ψ       
   θ      
      >    
     ψ      

α =        
      
       




    
    


 

         


     
       
        


  
       

       
         
       
             
   ≅    
            
  
   α >    

   + < 

      α >  

  
   + <       


        
 
      




   =     = −  
   



   =     = −  

   
         
       
  
           
          

α <           
        α < 
        
         
        


   = −     =   

      

        
    

              
    = ±      
           ω ω ω = 
         
       
       

      
        
        
        
        
    
 




     

          
         
        


        

       
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







   = +        = − 

 

   = +       = − 



   = +       = − 





   ω     
 ω 
        
         
       
 ω 
  

          
   




     



      

        
        

        
    
         










      




         
       
     
         
          
  
        
        
 


        
      
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       
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      

        
  
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      
   

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       
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      
        
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

       
 



      
 



       


         



 


       



     
       


 

       


           
        
      


       


        




     
  
       


         

       


       
       



      
    
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Dynamic Structural Response Analysis of Flexible Rolled-Up Solar Array  
Subjected to Deformation-Dependent Thermal Loading 

Masahiko Murozono 
Kyushu University, Fukuoka 819-0395, Japan 
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Abstract
Theoretical studies in the thermally induced dynamic structural response of an asymmetric rolled-up solar 
array and its stability are presented.  Structural response analysis of the solar array subjected to 
deformation-dependent thermal loading was conducted considering with the thermoelastic coupling effect.  
The governing equations and the time dependent boundary conditions are formulated assuming that the solar 
array is heated by the unidirectional radiation and that net heat input depends on the angle of incidence of 
radiation with respect to the array axis.  Quasi-static responses of the solar array induced by external radiant 
heating were calculated, and it was shown that the difference of several percent arose in the steady-state value 
of the tip deflection between the case of coupled analysis and the case of uncoupled analysis.  Dynamic 
responses of the solar array induced by sudden radiation heating for a typical night-day orbital transition were 
determined and the stability of the system was discussed. Variations of the dynamic response are examined. 
The response becomes either a self-excited vibration or a damped vibration with the system parameters such 
as radiation incident angle.   Unstable boundary curves, which divide the parameter plane into regions of 
stability and instability according to the direction of radiation and system damping ratio, are also presented. 

1. Introduction 
The problem of structural vibration due to 

thermal effects was introduced by Boley1), who has 
taken structural inertia effects into account but no 
notice of influences of deformations upon 
temperature distributions. A number of review 
articles2),3) about thermally induced vibrations in 
aerospace applications have appeared. 

A series of research has been done starting 
with the failure of the Hubble Space Telescope solar 
array with a kink about midway along its length. 
Thornton and Kim4) describe an analysis of the 
thermally induced bending vibrations of a symmetric 
flexible rolled-up solar array model. Uncoupled and 
coupled thermal-structural dynamics responses were 
studied using an analytical model restricted to 
symmetric bending deformations of the solar array.   
Chung and Thornton5) focused on a torsional analysis 
of a symmetric FRUSA model. A torsional buckling 
analysis was conducted using an analytical model 
restricted to antisymmetric torsional deformations of 
the solar array. However, an HST solar array is not 
exactly symmetric about its centerline; its solar 
blanket is shifted slightly toward the outer BiSTEM. 
Even though the solar array was heated by uniform 
radiation, coupled bending-torsional deformations 
occur because of the asymmetry. Murozono and 
Thornton6) presented an theoretical analyses of the 
buckling characteristics and the quasistatic 
thermal-structural responses of an asymmetric 

FRUSA model. One of the results of the analyses 
considering the geometric asymmetry suggested that 
thermally induced quasistatic torsional deformation 
may have caused the failure of the HST solar array 
BiSTEM. Dynamic thermal-structural responses of 
the same asymmetric solar array model were also  
studied by the authors. Although the analyses 
showed quasistatic and dynamic thermally induced 
structural responses, the analyses did not consider 
the coupling of temperature fields and deformations. 

Thermally induced bending vibrations of 
thin-walled boom subjected to external radiant 
heating have been investigated7),8) considering the 
deformation-dependent thermal loading and the 
thermal-structural coupling effects. A theoretical 
analysis was carried out, in which the boom was 
modeled as an uniform thin-walled circular section 
cantilever beam or the same beam with a 
concentrated tip mass at the free end, and 
experimental verifications of the analysis executed 
under laboratory conditions both in air and in a 
vacuum chamber. The experiment showed that 
unstable bending vibrations can occur when the 
incident radiation is large.   

This paper describes a coupled thermal-structural 
analysis of an asymmetric FRUSA model to 
determine a better understanding of the response of 
the solar array subjected to deformation-dependent 
thermal loading. Basic equations of the heat 
conduction and the quasistatic and the dynamic 
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structural responses of the solar array subjected to
sudden radiant heating for a typical night-day orbital
transition are formulated. Numerical calculations are
presented for the HST solar array to show the
difference quantitatively between coupled and
uncoupled responses. Stability boundaries and the
dynamic structural responses of the solar array both
in stable and in unstable regions are also presented.

2. Solar Array Model 
The Hubble Space Telescope solar array in-orbit 

configuration consists of two identical wing-like
structures. Each wing has two flexible solar blankets
that are deployed from a drum mounted on a shaft
cantilevered from the spacecraft. Each solar blanket
is unfurled by a rotating actuator mechanism that
pushes the two BiSTEM booms from the drum. The
deployed ends of the BiSTEMs are connected to a
spreader bar to which the solar blanket is attached. A
BiSTEM is made from thin stainless-steel tapes
formed into circular open cross sections. In their
stored configuration, each tape is flattened and stored
on a spool within the drum mechanism. During
deployment, the stored elastic energy in the flattened
tape assists the unfurling mechanisms as each STEM
extends and curls back to its original shape forming a 
BiSTEM with seams diametrically opposed.  The
spreader bar houses a mechanism that compensates
for a slight difference in the BiSTEMs lengths. The
storage drum houses a torque mechanism that
maintains blanket tension. Thus, during orbital
operations, the blanket tension on the spreader bar
exerts a compressive force on each BiSTEM.

The mathematical model and coordinate system
used in the subsequent analyses are shown in Fig.1.
The solar array length and the half spreader bar
length are denoted by L and b, respectively. The
model assumes that 1) the solar blanket is an
inextensible membrane whose thermal expansions
and contractions are neglected, 2) the solar blanket is
subjected to uniform tension in the x direction, and 
the membrane tensile force Fx per unit width is
constant, 3) the inner and outer BiSTEM booms are 
identical cantilevered beams subjected to different
axial compressive force P1 and P2, respectively, 4)
torsional rotations are sufficiently small so that
BiSTEM’s bending displacements occur only in the
x-z plane, 5) thermal expansions of the BiSTEMs are
neglected, and 6) the spreader bar is a rigid member
of length 2b and supports the membrane tensile force
over a length b1+b2. For the determination of the
temperature distributions, the BiSTEM booms are
assumed to be one-piece thin-walled circular section
beams.

When the solar blanket is subjected to uniform
tensile force Fx  per unit width,  the inner and the

Fig. 1  Solar array analytical model.

outer BiSTEM booms are subjected to axial
compressive forces P1 and P2, respectively. The 
compressive axial forces are determined by 
considering force equilibrium of the spreader bar in
the x direction and moment equilibrium about the z
axis. The results may be represented as 

2,1, iPPP fii (1)
where
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bb

P
b
bb

P ff 2
1,

2
1 12

2
12

1   (2) 

and the subscripts 1 and 2 denote the inner and the
outer BiSTEMs, respectively. The average axial
compressive force P of the BiSTEMs is defined by

)()2/1( 21 bbFP x (3)

3. Formulations

3.1 Thermal Analysis
Here, a brief description of the perturbation

temperature of the BiSTEM boom is given. Detailed
discussions of the thermal analysis are found in Refs.
7 and 11. Coupled thermal-structural analyses will be
presented based on the assumption that the absorbed
heat flux is affected by the boom’s deformation. A
deformed boom with the incident heat flux s0 is 
shown in Fig. 2. The solar array is subjected to an
incident solar heat flux s0 that varies as a step
function with time from the direction inclined to the
vertical by the angle . In writing the energy
conservation equation, the heat flux absorbed by the
boom is the component normal to the surface.
Because of bending, a normal to the beam surface 
has rotated through a small angle equal to the beam
slope. Then, the incident normal heat flux to the
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Fig.2 Heat flux for coupled thermal-structural 
analysis

surface can be expressed by

)(cos0 x
w

sq i   (4)

where w1 and w2 are deflections of the inner and the
outer BiSTEMs, respectively. After the thin walled
circular boom is idealized by some heat transfer
assumptions7), conservation of energy including
circumferential conduction and radiation from the 
external surface yields
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where k, , and c are the thermal conductivity, the
mass density, and the specific heat of the BiSTEM,
respectively, R and h are the radius and the wall
thickness of the BiSTEM cross section, s and s are
the thermal emissivity and the thermal absorptivity
of the boom surface, and is the Stefan-Boltzmann
constant. And where  is the angular coordinate of
the BiSTEM cross section and parameter  indicates
that only front half of the boom is heated.

2/32/,0
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 (6)

The temperature distribution is represented as the
sum of an average temperature ),( txTi and a
perturbation temperature , that is cos),( txTmi

cos),(),(),,( txTtxTtxT miii   (7)

where the amplitude of the perturbation temperature
is assumed small compared with the average 
temperature so that 1/ imi TT . In addition, the
heat flux distribution is presented as a truncated

Fourier series with higher order terms neglected.
With these assumptions, substituting Eq.(7) into
Eq.(5) yields an ordinary differential equation for the
average temperature and an equation for the
perturbation temperature.,
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At steady state, the incident heat flux approaches a
constant value which is approximated by neglecting
the BiSTEM’s slope. The steady-state average
temperature is given from Eq.(8) as

4/10 )cos1(
s

s
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s
T  (10)

Assuming that the term 3
iT on the left-hand side of

Eq.(9) may be approximated as produce a linear
differential equation for mi . The thermal bending
moment M

3
ssT

T
Ti is defined as an integration over a cross

section by 

A
Ti zdAtxTEM ),,(   (11)

where E is the Young’s modulus,  is the coefficient
of thermal expansion, and T denotes a BiSTEM’s
cross-sectional temperature gradient. Linear equation
is solved to yield Tmi and the thermal bending
moment can then be obtained as 

t
i

Ti dp
x

wpt
R

TEItxM
0

*
)(cos)(exp),(

  (12)
where

ch
s

T s 0*

2
1 (13)

4/30
2

3
2

)cos1(
4

41

s

ss

ss
s

s
chcR

k

T
chcR

k

 (14)

This document is provided by JAXA.



134                                JAXA Special Publication　JAXA-SP-07-008E

The temperature T* denotes the steady-state value of
the perturbation temperature, and the parameter  is a
characteristic thermal response time. The
temperature distribution at a BiSTEM boom cross 
section is represented as the sum of the average
temperature and the perturbation temperature.
Among these terms, the perturbation temperature
that varies over the cross-section induces a thermal
bending moment that causes the BiSTEM boom to
bend.

3.2 Structural Analysis
We now consider the coupled thermal-structural

response of the solar array when both BiSTEM
booms are subjected to the same uniform radiation
heating. The structural analysis is performed using
equations of motion for the boom bending, boom
torsion, and the solar blanket. The equations are
solved under the boundary conditions at the support
and the interface conditions at the spreader bar. First,
considering effects of the compressive axial forces,
the partial differential equations and the boundary
conditions for BiSTEM bending are
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where wi(x,t) is the BiSTEM boom deflection, EI is 
the BiSTEM bending stiffness, A is the mass per 
unit length,  and Myi is the bending moment defined
by
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and MTi is given in Eq.(11).
The partial differential equations and the

corresponding boundary conditions for the BiSTEM
boom torsional deformation including the axial
compressive force effects are expressed as follows:
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where xi(x,t) is the BiSTEM angle of twist, E  is the
BiSTEM warping stiffness, GJ is the torsional
stiffness, IE, A, Ix are the polar moment of inertia,
cross-sectional area, and the mass moment of inertia
per unit length, respectively. The latter two
boundary condition means that the BiSTEM cross
section is restrained from warping at both ends.

The solar blanket is modeled as a membrane
with constant tension Fx per unit width. The tension
Fy perpendicular to Fx is neglected since the
membrane has a high aspect ratio and the tranverse
edges of the membrane are free. The equation of
motion and the boundary conditions for vibration of
the membrane are expressed as 
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where wm(x,y,t) is the solar blanket deflection, m is 
the solar blanket mass per unit area, and wsd is the
spreader bar deflection. Because we assume that the
spreader bar is rigid, wsd may be written using the
deflection of its center of mass, ws0, and the rotation
angle of the spreader bar s0. For small rotations the
deflection and the rotation of the spreader bar are
presented using the tip deflections of the BiSTEMs
as
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3.3 Approximate Solution
Because the thermal bending moment depends

on the BiSTEM boom slope that appears in the
integrand of Eq.(12), a modal representation of the
solution could not be obtained. Then, an approximate
solution based on the method of weighted residuals
is developed. The solutions for the BiSTEM boom
deflection and rotation and the solar blanket
deflection are taken in the form
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where the approximate functions Wi(x), i(x), and 
Wm(x,y) are assumed to satisfy the geometric
boundary conditions. In the following calculations,
functions that represent the deformation obtained in
the quasistatic thermal-structural response analysis
are used as the approximate functions. The method
of weighted residuals is based on

0)(),( dxxWtxR (24)

where R(x,t) is the residual obtained from
substituting an approximate solution into a
differential equation, and W(x) is a weighting
function. In the present analysis, the approximate
functions are used as the weighting functions
according to the Galerkin’s method. Thus, residual
form for the governing equation can be written as
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To consider the mass Ms and mass moment of inertia
Is of the spreader bar, both the mass distribution A
and distribution of the mass moment of inertia Ix are
replaced as follows:
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where (x) denotes the delta function.
Introducing the approximations for wi, xi, and wm
from Eq.(23) and integrating the special derivatives
by parts, an ordinary differential equation for the
unknown function U(t) is obtained as 
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M
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where 0 is an approximate value to the first mode
natural frequency 

MK /0 (28)

And K, M, and F(t) are the stiffness, mass, and force,
respectively, for the equivalent single degree of
freedom system and are written as follows:
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Both the stiffness K and the mass M depend on the
shapes of the approximate functions and the
geometric and physical properties of the solar array,
and independent from the thermal properties such as
the heat flux s0, characteristic thermal response time
, and the incident angle . Approximate functions

for the BiSTEM bending and torsion used here are
written as follows:
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For the solar blanket deflection, the approximate
function is expressed as

)(),( 00 ssm yW
L
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where the deflection of the center of mass of the
spreader bar Ws0 is given
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Detailed discussions of the quasistatic
thermal-structural response analysis are found in
Ref.6. Parameters i and i ( i=1, 2 ) are defined in
terms of the compressive axial force of the BiSTEM
by
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The parameter i ( i=1, 2 ) , which determine the
magnitude of the BiSTEM bending deflection, is
obtained by solving the simultaneous equations
given by
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where each term of the coefficient matrix Cij ( i, j =1,
2 ) is determined by the BiSTEM compressive axial
forces and properties of the solar array as
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The terms on the right-hand side of the equation are
defined as 
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The magnitude parameter i (i=1, 2) for the BiSTEM 
angle of twist is obtained as 
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The numerator is the BiSTEM tip angle of twist. It is
given by Eq.(36).

Because the thermal bending moments appearing
in Eq.(31) contain the BiSTEM boom slope 

in the cosine term inside of an integral as
shown in Eq.(12), which represents the coupling
between the structural and the thermal responses, the
equivalent single-degree-of-freedom equation 
remains difficult to solve analytically. Then, Eq.(31)
can be linearized by approximating the cosine term
inside of an integral based on the assumption that the
BiSTEM boom’s slope is small as 

xwi /
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w ii   (42)

Using the approximation and considering the system
damping, the ordinary differential equation of the
unknown function U(t) becomes a linear equation as
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where  is the damping ratio, and

MK /0

The force F(t) appearing in the right-hand side of
Eq.(43) still contains the unknown function inside of
integrals
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3.4 Quasistatic Responses
To evaluate the effect of thermo-elastic

coupling quantitatively, quasistatic responses are 
obtained by neglecting the effect of inertia term.
Equation for the unknown function U(t) has the form
as

)(tFUK (45)

With the Laplace transform for the convolution
integrals and the inverse transform, a solution is
obtained as 
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Where K is the stiffness defined in Eq. (29), and
parameters A, B, and C are defined as follows
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Quasistatic structural responses of the solar array are 
calculated by using Eq.(23) with Eq. (46).

3.5 Dynamic Responses and Stability Criterion
The dynamic responses and the stability of

them of the solar array are determined by obtaining
the Laplace trancform of the differential equation.
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The dynamic response is calculated by inversion of
the Laplace transform )(sU obtained by solving Eq. 
(49) to yield U(t). The inverse transform can be 
practiced analytically by solving the cubic equation
and using the inverse transform for convolution
integrals. Approximate solutions are given by Eq.
(23) with the U(t). The characteristic equation can be
written in the dimensionless form as 

0)1()21()2()( 23 ssssq

(50)
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sin,1,
00 K
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In the last equation, K is the stiffness by Eq. (29) and
B is defined in Eq. (47). The parameter  means the
ratio of the characteristic mechanical response time
to the characteristic thermal response time and its
inverse number 1/  is an equivalent to the
nondimensional parameter used by Boley12) in the
analysis of thermally induced bending vibration of
beams. The parameter  is in direct proportion to the
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intensity of the heat flux s0 and is also dependent on
the direction of the radiation heating . From the
Routh-Hurwitz stability criterion, following
condition is required for a stable response.

)12(2 2

  (52)

Because  and  are positive quantities, right-hand
side of the equation is always positive. Thus, the
stability criterion shows that negative or zero
incident angles of solar radiation heating, 0 ,
produce stable responses. 

4. Numerical Calculation Results 
Numerical calculations presented hereafter use

data9), 10) for the HST solar arrays as shown in Table
1. The BiSTEM material is stainless steel.

4.1 Quasistatic Thermal Structural Responses
Since it is expected that structural responses

Table 1 Solar array properties of the HST

Solar array length L=5.91 m
Half width b=1.428 m
Solar heat flux s0=1.350 x 103 W/m2

Stefan-Boltzmann
constant =5.670 x 10-8 W/(m2.K4)

Solar blanket
Width b1+b2

b1=1.138 m
b2=1.249 m

Mass per unit area m=1.589 kg/m2

Spreader bar
Mass Ms=1.734 kg 
Mass moment of inertia Is=1.179 kgm2

BiSTEM
Cross-sectional area A=1.613 x 10-5 m2

Bending stiffness EI=1.711 x 102 Nm2

Warping stiffness E =4.991 x 10-1 Nm4

Torsional stiffness GJ=6.503 x 10-3 Nm2

Polar moment of inertia IE=1.948 x 10-9 m4

Mass moment of inertia
per unit length Ix=1.348 x 10-5 kgm2/m

Density =7.010 x 103 kg/m3

Wall thickness h=2.35 x 10-4 m 
Radius R=1.092 x 10-2 m 
Specific heat c=5.020 x 102 J/(kgm)
Thermal conductivity k=1.661 x 101 W/(mK)
Coefficient of thermal

expansion =1.629 x 10-5 1/K
Thermal absorptivity s=0.5
Thermal emissivity s=0.13

significantly vary with P, the average axial
compressive force P is assumed to take the design
value 14.75 N unless otherwise specified.. The
quasistatic structural response of the BiSTEM tip
deflection was calculated using Eq. (46) to evaluate
the effect of thermo-elastic coupling quantitatively.
Figure 3 shows time histories of the BiSTEM tip
deflections and the distributions of the steady-state
deflections when the solar array is heated from a 
direction within the fixed-end side, >0. Figure 4
shows the responses when the solar array is heated
from a direction of the tip-end side, <0. Quasistatic
responses calculated based on the uncoupled analysis,
that the temperature is independent of the deflection
or the slope of the BiSTEM boom, are also shown in
these figures. Because the temperature difference
between the heated and the unheated sides increases
with time, the deflections also increase with time.
Figures 3 and 4 show that deflections of the outer
and the inner BiSTEMs are different in spite of the
uniform heating, due to the coupled bending-
torsional deformations because of  the geometric
asymmetry of the solar array. Figure 3 shows that
coupled thermo-elastic responses are slightly smaller
than the uncoupled calculation results when the
incident angle  is positive. Contrary to this, Fig. 4 

Fig.3  Quasistatic responses of the solar array
subjected to uniform radiation heating from the 
direction = /6.
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shows that deflections calculated based on the
coupled analysis are larger than that of the uncoupled
analysis when the angle  is negative. Variations of 
the steady-state tip deflections of the BiSTEM
obtained by the coupled analysis with the solar
incident angle  are shown in Fig. 5 for several
values of the axial force P. Because the deformations
are almost pure bending when P is small, the curves
are shown for P > 12 N. It is clearly shown that the
largest value of the tip deflection occurs at the case
of 0 in which the solar array is heated from the
direction normal to the undeflected boom axis.

Next, we examine the variation of the effect of
the thermoelastic coupling with the radiation heat
incident angle . Because time histories are
considered to be essentially similar to the results
shown in Figs. 3 and 4, we only consider the
steady-state deflections of the BiSTEM. The
thermoelastic coupling effect on the quasistatic
responses is determined quantitatively using the
relative difference defined as

uncoupled

uncoupledcoupled

w
ww

(53)

Fig.4  Quasistatic responses of the solar array
subjected to uniform radiation heating from the 
direction =- /6.

where wcoupled and wuncoupled are the steady-state
deflections calculated by the coupled and the
uncoupled analyses, respectively. Figure 6 shows
variation of with the angle . The horizontal
axis uses an absolute value of . When the heat
incident angle  approaches 2/ , the parameter
of the effects of thermoelastic coupling
becomes large although the magnitudes of the
deflections themselves become small.

Fig.5 Variations of BiSTEM tip deflections with
the solar incident angle .

Fig.6  Quantitative effect of the thermoelastic
coupling on quasistatic responses of the solar
array.

4.2 Stability Boundaries and Dynamic Responses
According to the stability criterion given in Eq.

(52), the stability boundary curves which divide the
parameter plane into stable and unstable regions are
shown in Fig. 7. The vertical axis of the figure is the
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angle  that measures the inclination of the radiant
heat flux from the vertical and on the horizontal axis
is the system damping ratio . The stability criterion
shows that the response is unconditionally stable for

0 . There exists the lower limit value of the
damping ratio  that the system is stable, and if the 
damping ratio is lower than the critical value then the
responses will be unstable. Boundary curves for the
asymmetric and the symmetric solar array models
are drawn in solid line and dotted line, respectively.
It is shown that the unstable region is enlarged when
the solar blanket moves toward the outer BiSTEM.
Although the results are not shown, the stability
boundary also depends on the axial compressive
force P. Calculation for the asymmetric solar array
model shows that the unstable region is enlarged as
the axial force P becomes large.

Fig.7 Stability boundaries in the -  parameter
plane

The dynamic responses based on the coupled
analyses can be determined from the inverse Laplace
transform of U(s) in Eq. (49) and substitution into Eq.
(23). The procedure used in calculations of responses
are as follows: solve the cubic characteristic equation
to obtain three roots for the parameter s, expand U(s)
into a partial fraction decomposition, and practice
inverse Laplace transform of U(s) by using the
convolution integrals. In order to demonstrate the
thermoelastic coupled structural responses,
deflection time histories for stable, unstable, and
neutral cases were calculated. Figure 8 presents time
histories of the BiSTEM tip deflections at the
stability boundary. The steady-state vibrations with
constant amplitude about the quasistatic deflections
are shown. Because of bending-torsional coupling,
torsional deformation causes the difference between
quasistatic deflections of the inner and the outer
BiSTEMs. Figure 9 presents time histories of the
BiSTEM tip deflections both in stable and in

unstable regions. Stable responses for a solar 
radiation incident angle =15 deg in the upper figure
show that the quasistatic deflection of the outer
BiSTEM is much larger than that of the inner
BiSTEM and vibrations about the quasistatic
deflections decay with time. In contrast, unstable
responses for an incident angle =60 deg show that a
self-excited vibration occurs. Because of the large
incident angle , only a small amount of the radiant
heat flux is absorbed by the BiSTEM boom, then the
magnitude of the total response becomes relatively
small in the case of =60 deg.

Fig.8 BiSTEM boom deflection time histories at 
the stability boundary

Fig. 9 Stable and unstable time histories of the 
BiSTEM boom tip deflection from the coupled
analysis
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The occurrence mechanism of the self-excited 
vibration or thermal flutter depends on the 
time-dependent radiation heat flux. The amount of 
heat flux absorbed by the BiSTEM boom is 
determined by the angle between the incident 
radiation heat flux and a normal to the boom surface. 
In the case of > 0, when the boom deflects toward 
the radiant heat flux, the net incident angle decreases 
and the absorbed heat flux increases. When the boom 
deflects in the opposite direction, the net incident 
angle increases and the absorbed heat flux decreases. 
If the boom is vibrating, these variations of heat flux 
produce the time-dependent temperature gradient, 
and so time-varying thermal bending moment. 

5. Conclusions 
Theoretical analyses of the coupled thermal- 

structural responses of an asymmetric flexible 
rolled-up solar array were presented. The analyses 
were based on a generalized flexible rolled-up solar 
array model assuming asymmetric loading 
conditions because of geometric asymmetry. The 
coupled thermal-structural analysis includes the 
effects of structural deformation on external heating 
and temperature gradients. Numerical calculations 
were conducted using the data for the solar arrays of 
the HST. 

An approximate solution was obtained by 
using the method of weighted residuals for the 
coupled thermal-structural responses of the solar 
array model. Effects of thermoelastic coupling were 
estimated quantitatively by calculating the 
quasistatic responses based on both the coupled and 
the uncoupled theories. The differences between the 
calculated results of the coupled and the uncoupled 
steady-state tip deflections of the BiSTEM booms 
are 9 % at the most.   

Stability criterion and the dynamic coupled 
thermal-structural responses were also presented. 
According to the closed form stability criterion, the 
boundary curves which divide the parameter plane 
into stability and instability regions were shown. 
System parameters in determining the stability 
include the ratio of the structural and thermal 
response times, radiant heat incident angle, and the 
system damping. Dynamic structural responses of 
the solar array subjected to sudden radiation heating 
such as typical night-day transition in orbit were 
presented for stable, unstable, and the neutral cases. 
The time history of tip deflection in the unstable 
region shows the occurrence of thermal flutter. 
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  
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Inverse design of biplane airfoils for efficient supersonic flight 
- Preliminary trial to construct biplane airfoil data base - 
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and 

K. Nakahashi§
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There is a biplane concept for an efficient supersonic flight. Busemann biplane is a 
representative airfoil which has possibility of realizing low-boom and low wave drag. 
Aerodynamic designs based on the Busemann biplane are demanded for future supersonic 
transports. In this paper, possibilities of designing supersonic biplanes by utilizing an inverse 
problem method are discussed based on Computational Fluid Dynamics (CFD). The inverse 
problem method which has been used in this paper is based on the theory of oblique shock 
wave. Therefore, it is necessary to examine its usefulness of designing airfoils which causes 
complicated phenomena such as biplanes where two airfoil elements interfere with each 
other and 3-dimensional wings. We attempted 2-dimensional cases in our current studies. It 
was confirmed that a certain biplane which differed from the Busemann biplane converged 
to the known Busemann biplane in 14 times iterations of design procedure. This knowledge 
is stated in the previous paper of this one. Then a practical biplane configuration was 
designed by utilizing the inverse problem method. After 14 times iterations, biplane 
configuration which has lower wave drag than a zero-thickness single flat plate airfoil at 
sufficient lift conditions has been successfully designed. Finally, applications to designing 3-
dimensional biplane wings are attempted. Target and initial geometries are set to the same 
ones as the case of 2-dimensional. The above-mentioned inverse problem method was 
applied to total 10 sections. In 3-dimensional cases which have more complicated phenomena 
than 2-dimensional cases such as disparity in flow of span direction, convergence after 14 
times iterations was confirmed. 

Nomenclature 
Cd = wave drag coefficient 
Cl = lift coefficient 
Cp = pressure coefficient 
c = chord 
M  = free-stream Mach number 
t = airfoil thickness 
D = drag 
L = lift 
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Re = Reynolds number 
 = angle of attack 
 = wedge angle

1.  Introduction 
The objectives of low noise and high fuel efficiency are critical for the next generation supersonic transport.  In a 

word, it is necessary to develop an airplane that has low boom and low drag. Busemann proposed a biplane 
configuration in a form with the possibility to satisfy these two conditions, which utilizes a favorable interaction 
between two wing elements1,2. The wave drag due to airfoil thickness can be nearly eliminated using a biplane 
configuration that promotes favorable wave interactions between the two neighboring airfoil elements (here, wave 
drag being defined as a resistant force on the airfoil due to the generation of shock-waves.). Licher extended the idea 
to reduce the wave drag due to lift3. Recently, a project of a supersonic biplane has been started around Dr. 
Kusunose for the purpose of a significant reduction in wave drag and sonic boom4,5. It is a goal of our study to 
develop the idea of the supersonic biplane by utilizing modern techniques, including CFD tools, advanced in the last 
30 years, and also to propose a practicable biplane wing for low wave drag (therefore, for low boom) in supersonic 
flight. 

We currently focus on designing two-dimensional (2-D) biplane configurations for low drag supersonic flight. 
For a design method, an inverse problem method6,7,8 which is based on the theory of oblique shock waves and the 
concept of small perturbation method is used. Its usefulness of designing airfoils which has complicated phenomena 
such as biplanes where two airfoil elements interfere with each other was confirmed in our current studies. In this 
paper, distinguished results of designs for a 2-dimensional biplane airfoil utilizing the inverse problem approach are 
shown. Finally, we demonstrate its design capability for 3-dimensional biplane wings for the purpose of next future 
supersonic transport.   

2.  Biplane Concept for Low Wave Drag Supersonic flight 
In our study, low wave drag biplane configurations are studied under the condition that the total maximum 

thickness ratio (thickness-chord ratios, t/c) is more than 0.10. In supersonic flight of M∞=1.7, we consider the range 
of lift coefficient Cl from 0.10 to 0.20. In Fig. 1 wave drag components due to lift and due to thickness are estimated 
using the supersonic thin airfoil theory for a lifted diamond airfoil of t/c=0.10 at Cl =0.10, with flow condition 
M∞=1.7. Here, t/c represents airfoil thickness chord ratio. 

Employing the 2-D supersonic thin airfoil theory2, the lift and wave drag coefficients of a flat plate airfoil at a 
small angle of attack α are expressed as 

1
4

2M
Cl  (1) 

1
4

2

2

M
Cd

2
2

4
1

lC
M

 (2) 

where, Cl and Cd are defined by L/qc and D/qc, L and D being the airfoil’s lift and wave drag, respectively. 
Symbol M∞, q, and c represent the free-stream Mach number, dynamic pressure (0.5ρ∞U∞

2) and airfoil chord length. 
Here, U∞ represents free stream velocity. 

Wave drag of a diamond airfoil is calculated using the thin airfoil theory2 as 

2

2 1
4

c
t

M
Cd  (3) 

Using biplane configurations both wave drag components due to lift and due to thickness can be reduced. 
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Figure 1.  Wave drag components for a diamond airfoil. 

2.1  Elimination of Wave Drag due to Airfoil Thickness 
As shown in Fig. 1, the majority of the total wave drag of a diamond airfoil is due to its thickness. The biplane 

configuration can also significantly reduce wave drag due to its airfoil thickness (or volume). Favorable wave 
interactions between the two airfoil elements can be promoted by choosing their geometries and relative locations 
carefully. Busemann showed that the wave drag of a zero-lifted diamond airfoil can be completely eliminated by 
simply splitting the diamond airfoil into two elements and locating them in a way such that the waves generated by 
those elements cancel each other out1,2 (see Fig. 2, where ε is wedge angle of a Busemann biplane). Generally, in 
supersonic flight, wave drag due to an airplane’s volume (wing thickness, fuselage, etc.) is large relative to that due 
to its lift (As shown in Fig. 1). Supersonic aircraft are therefore severely limited in their wing thickness. If the wave 
cancellation effect can be used effectively, the strong restriction currently imposed on the wing thickness of 
supersonic aircraft may be relaxed considerably. 

Figure 2.  Wave cancellation effect of Busemann biplane. 

2.2  Reduction of Wave Drag due to Lift 
To achieve minimum wave drag under a given lift condition, we chose the biplane configuration discussed by R. 

Licher in 19553 (see Fig.3, where α is the angle of attack for the lower surface of the lower element) as one of the 
baseline configurations. This particular biplane configuration exhibits two desirable characteristics: the wave 
reduction effect due to airfoil lift and the wave cancellation effect due to airfoil thickness. By promoting favorable 
wave interactions between the upper and lower elements, the wave drag due to lift can be reduced to 2/3 of that of a 
single flat plate under the same lift condition. Additionally, Busemann’s wave-cancellation concept can be applied 
to the system to reduce wave drag due to airfoil thickness. 
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Figure 3.  Licher type Biplane including Busemann Biplane. 

3. Aerodynamic Design of Practical Biplane Airfoils by Using an Inverse Problem Method 
Using the inverse problem method, a 2-dimensional biplane airfoil design has been performed. In this research, a 

flow solver named TAS code (Tohoku University Aerodynamic Simulation) using a three-dimensional unstructured 
grid9,10, was used to evaluate aerodynamic performance. In simulation, the Euler/Navier-Stokes equations are solved 
by a finite-volume cell-vertex scheme. The lower/upper symmetric Gauss-Seidel (LU-SGS) implicit method for an 
unstructured grid11 is used for the time integration. The theory and method and its usefulness for biplane 
configurations are shown in the previous paper8. The design procedure of the inverse deign cycle for biplane airfoils 
is shown in Fig. 4. 

For designing biplane airfoils, a Licher type biplane (see Fig.3) was selected as the initial configuration. As a 
design condition, free stream Mach number M∞=1.7, and angle of attack α=1deg. were selected (here, α representing 
the angle of the lower surface of the lower element against the free stream direction). Here, the total thickness-chord 
ratio (t/c) is 0.106. Both the target and initial pressure distributions for both the upper and lower elements used for 
the biplane design were shown in Fig. 5. Our design concept is to meet a demand of Cp distributions, having more 
lift on the upper surface of the upper element and also generating additional lift, but having lower drag on the lower 
surface of the upper element, especially near the trailing edge. The obtained Cp distributions (after 14 times 
iterations) of the upper and lower element, using plots and lines, respectively are shown in Fig. 6. The initial and 
designed geometry are compared in Fig. 7. The gain of the angle of attack of the lower surface on the lower element 
against the flow direction is 0.19deg. compared to the initial Licher type biplane. The total maximum thickness ratio 
(t/c) is 0.102. Cl =0.115, Cd =0.00531 (L/D=21.72). A Cp visualization map at this design point is shown in Fig. 8. 
Wave drag polar diagrams are shown in Fig. 9. When Cl =0.14, total wave drag is lower than that of the zero-
thickness single flat plate airfoil. Thus, by the use of the inverse problem design method, a biplane configuration 
having a distinguished aerodynamic performance was successfully designed. It may seem surprising to find a 
biplane configuration that has a lower wave drag than that of a flat plate airfoil, however, this was already predicted 
by Moeckel more than 50 years ago12.

Observing the designed shape in detail, the trailing edge of the upper element of the designed biplane 
configuration was modified to align the concave curve and the shape parallel to the free stream, creating more lift.  It 
should also be noted that the compression waves generated at the leading edge of the elements and the expansion 
waves generated at the throats of the elements nearly cancelled each other out, thus eliminating the initial pressure 
peaks at the throat. 
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Figure 8.  Cp visualization of designed biplane at M∞=1.7 (α=1.19deg). 
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4. Application to 3-dimensional supersonic biplane 
A successful design of 2-dimensional supersonic biplane was shown in the previous paper8. Then we are going 

to challenge to design practical 3-dimensional biplane wings. As a first step of designing practical 3-dimensional 
biplane wings, we attempted to redesign a known 3-dimensional biplane wing by utilizing the above-mentioned 
inverse problem method. The residual – correction design strategy utilizing small perturbation form6,7,8 of the basic 
equation makes 3-dimensional design possible enables to take the 3-dimensional effects into account, even though 
the basic equation is for 2-dimensional (a wing of infinit span length). The 3-dimensional effects and interacting 
effect between the upper and lower wing can be counted by iterations of 3-dimensional flow simulations and the 
inverse problem solver. 

As a design object, the known Busemann biplane whose half-span length is 1 (There is no influence of Mach 
cones emanuated from wing tips and 2-dimensionality is maintained at the symmetry section) was used as an 
existing wing shape for target pressure distributions (Fig. 10). The biplane where the upper wing in the Busemann 
biplane was replaced by a flat plate was used as an initial shape wing (Fig. 11). As the sections for the inverse 
design, the sections at 10 span stations are located from the symmetry section to the wing tip every 10% span length 
intervals. The airfoil tip was excluded from designing, and shape on the wing tip is assumed to be the same shape as 
the shape at 90% span section. The pressure distributions of the Busemann biplane, namely, target pressure 
distributions appear in Fig. 10. It can be seen that Mach cones influence the Cp distributions at sections from the 
30% span station to the wing tip. Detailed pressure visualization of Mach cones and the mesh for CFD analysis are 
shown in Fig. 12. 

Figure. 13 shows obtained geometries and Cp distributions at some sections of the currently designed biplane 
after 1, 2, 5, 7 times iterations. Equations of the inverse problem method are based on the condition that a flow 
deflection angle is less than 0.2 radian in supersonic flow. The condition includes the case of thin airfoils. As seen in 
Fig. 13(a), the obtained geometries agree well with the target ones in the region where there are no influences except 
for shock waves from the leading edges, that is, in the region from the leading edges to the mid chords at sections 
within 60 % span (see Fig. 10). According to Fig. 13(b), the obtained geometries after 2 times iterations agree well 
with the target ones in the region from the leading edges to mid chord sharp apexes at all sections. However, the 
geometries from the mid chords to the trailing edges are greatly different from target ones and the values of 
modifications of the geometries among iterations are also very large. 

As seen in the obtained shapes after 5 and 7 times iterations (Fig. 13(c) and (d)), the geometries from the leading 
edges to the mid chords agree well with the target geometries at all sections. Let us see the geometries after 5 times 
iterations (Fig. 13(c)), the geometry at the 90% span section realizes almost the same shape as the target geometry. 
This is because influences of Mach cones are primary there and there is little physical interference from the lower 
wing. Next, let us take a look at the geometries after 7 times iterations (Fig. 13(d)), the geometries at the almost all 
sections except for the symmetry section are very close to the target geometries. To compare the results after 7 
iteration with the geometries after 5 times iterations which have large changes to the span direction, it is confirmed 
that many iterations are not needed to settle down to the target geometries at many sections. However, the 
convergence of the obtained geometry at the symmetry section is slow because it is indirectly influenced by other 
span stations including tip section geometry changes. 

The geometries and Cp distributions after 14 times iterations are shown in Figs. 13 and 14. We can observe 
convergence to the target geometries and Cp distributions at all sections. Table 1 summarizes the absolute RMS 
(Root Mean Square) errors between the realized Cp distributions and the target ones at all sections. It has been 
confirmed that the simple inverse problem method is capable of performing the aerodynamic design of 3-
dimensional biplane wing shapes where airfoil geometries are changed into a span direction and two airfoil elements 
interfere with each other. Furthermore, it has been also confirmed that almost the same iteration times are needed to 
design 3-dimensional wings as the iteration times to 2-mensional airfoil geometry. 
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Figure 13.  Cp distributions and geometries of the modified airfoils after certain iterations. 
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method. 

Table 1.  The absolute RMS errors between the realized and initial Cp distrivutions at each section. 

(y/c) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
RMS

(*10E-4) 1.99 1.42 2.35 1.53 2.27 1.58 1.74 0.958 1.18 1.09 

5.  Conclusion 
For the purpose of designing a better aerodynamic biplane airfoil than a Busemann biplane and Licher type 

biplane, an inverse problem method in the previous paper was uded. Concretely, a lower wave drag biplane airfoil 
than the Licher-type biplane at sufficient lift conditions (Cl>0.1) was aimed under the conditions of a cruise Mach 
number 1.7 and total thickness-chord ratio about 0.1. Designs are conducted by applying the inverse problem 
method to the upper element and lower one of the biplane airfoil alternately. Target pressure distributions for the 
inverse problem method were set to have more lift than the initial airfoil (the Licher-type biplane) with restraining 
increment of wave drag at chiefly the upper element. We successfully designed a biplane airfoils which achieved 
lower wave drag compared to both the Busemann biplane and Licher type biplane at Cl>0.07, having a total 
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maximum thickness ratio 0.102. Especially at Cl >0.14 wave drag was lower than that of a (zero-thickness) single 
flat plate airfoil which had the lowest wave drag in monoplanes in supersonic flight (for instance, M∞=1.7).  

The inverse problem method was applied to designs of 3-dimesional biplane wing. There are some problems in 
designs of 3-dimensional biplane such as interference of the upper and lower element, and diversity of span 
direction flow, and both of them. We set the Cp distributions of the Busemann biplane wing as target ones at 10 
sections and a biplane wing whose upper wing is flat plate as an initial geometry. The same design cycle of the 2-
dimensinal cases at 10 sections are conducted. It was seen that section geometries which were becoming the target 
one were becoming away by the influences of changes of span direction flow. After 14 times iteration, all sections 
converged to the target geometry within around 0.0001 or 0.0002 of the absolute RMS errors between realized Cp
distributions and target ones. It can be said that the small perturbation form in the inverse problem method makes 
possible to design biplane airfoils or wing which has strong interference among other elements. In the future, 
practical designs of 3-deimensional biplane wings are considered by utilizing this method. 
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