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Flutter LCO in Isentropic Flow: Analytical Theory

A. V. Balakrishnan *

Abstract: Using full continuum models, we establish purely theoreti-
cally that in two-dimensional isentropic flow, the flutter speed for a slen-
der high-aspect ratio wing is a Hopf bifurcation point of the aeroelastic
structure dynamics which can be expressed as a non-linear convolution
evolution equation. The flutter speed is determined by the linearized
model and the LCO is periodic with period (%“)where w is the angular
flutter frequency in the linear model, and can be expressed as a harmonic
series.

Introduction

Using full continuum models, we establish purely theoretically that in two-dimen-
sional isentropic flow, the flutter speed for a slender high-aspect ratio wing is a Hopf
bifurcation point of the aeroelastic structure dynamics which can be expressed as a
non-linear convolution evolution equation. The flutter speed is determined by the
linearized model and the LCO is periodic with period (2%)where w is the angular
flutter frequency in the linear model, and can be expressed as a harmonic series.

We have taken some pains to describe the model in enough detail since contin-
uum models are rare. Because of the page limitation we have had to omit all details
of proofs of results.

The structure model, which goes back to Goland [1], is described in section 2.
Of course, the main simplification is to neglect camber, but it is not expected that
this significantly alters the qualitative nature of the results and certainly not the
flutter speed, which is based on the linearized model. In section 2 we also describe
the isentropic flow model and the boundary conditions in more detail than has been
done in the standard texts on acroelasticity [2, 3].

Some attention is paid to the linearized model in section 3, in particular to the
role of the Possio equation, which is practically ignored in [3]. The importance of
the linear model is that the solution to the non-linear problem can be boot-strapped
on the linear, as we show in section 4. It is shown that the aeroelastic structure
equation can be described as a non-linear convolution-evolution equation, for fixed
M, with U as the speed parameter for which the Hopf bifurcation theory applies.
The flutter LCO is not sinusoidal but periodic, with period (27”) where w is the
angular flutter frequency determined from the linear model, and is expressed as a
harmonic series.
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Figure 1: Wing Structure Beam Model

1 The Structure Model

The earliest model of a wing structure stated in terms of a partial differential equa-
tion would appear to be that of Goland [1, 2], which utilizes a uniform slender (i.e.
zero thickness disregarding camber) rectangular ‘beam’ model with two degrees of
freedom—plunging (beam bending) and pitching (beam torsion)—a cantilever beam
attached to the fuselage and free at the other end. With h(¢,y) denoting the dis-
placement normal to the structure plane and 6(¢,y) denoting the pitch angle about
an axis parallel to the y-axis (see figure 1),

—b<r<b 0<y<l<oo, t>0

the structure dynamics can be described as:

mh+ S0+ EIh" = L(t,y)

Igé+SBGJO”M(t,y)}’ O<y<t (1.1)
where prime denotes derivative with respect to the y-variable, with appropriate
boundary conditions (cantilever or free-free). The forcing functions on the right-
hand side, the lift L(¢, -) and the moment M (¢, ), are determined by the aerodynam-
ics model described in the next section, and will depend on the structure dynamic
variables h(-) and 6(-).

We can also add a control term as in [4] but the emphasis in this paper is on
the aerodynamics, by far the more complicated part.

2 The Aerodynamic Model

The basic references here are [5, 6, 7]. The airflow is described in terms of Eulerian
dynamics where ¢ is the 3 x 1 flow vector

q(t,x,y,2) t>0 w,y,z€R’
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supplemented by the positive-valued thermodynamical variables:

Pressure p, p(t,x,y,2) >0

Density p, p(t,z,y,2z) >0

Temperature T,  T(t,z,y,z) >0
We may also include the entropy S(¢, z,y, z). Any two of the variables will determine
the other two. A basic assumption is the Perfect Gas Law,

p=pRT

R=c,—c,, 'y:z—: > 1
where ¢, ¢, denote specific heat at constant pressure and volume, respectively. Far
field values (|z| + |y| + |x| — oc) will be denoted Goo, Poo, Poos Two and assumed
finite.

2.1 The Field Equations

All relations we need to describe the dynamics are to be deduced from two laws:
1. Law of Conservation of Mass:

Ip

—+ V- =0 2.1
5 TV (P) (2.1)
2. Law of Conservation of Momentum:

D
sz +Vp=Aqg+ A+ p/3)V(V-q) (2.2)

where p, A are constants (may depend on T') describing the fluid (air). p is the shear
viscosity and A is the bulk viscosity. To this we must add an “energy equation” [5,
p. 33] which we shall need to discuss more below. We note that p is very small for
perfect gases. In air, u = 1.85 x 10~ %kg/m/s, A = 0.6u. The question of smallness
of 11, A has to be ultimately referred to the Reynolds number [see 5, 6].

2.2 Aeroelastic Boundary Conditions

In viscous flow, the boundary condition on the wing boundary is characterized by
Dz

where z is the wing displacement: in the direction normal to the wing,
z2(t) =h(t,y) — (x —a)d(t,y), 0<y<{, |x|<D. (2.4)

All we are interested to obtain from the flow is the pressure differential over the
wing
op(t,z,y) = p(t,z,y,0+) — p(t, z,y,0-)

from which we calculate what we need in (1.1), the lift and monent:

b
Lty = [ nltagds 0<y<t (2.5)

b

M(t,y) = /717(:1: —a)op(t,x,y)de, 0<y<HL. (2.6)
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It is convenient to consider Dgt()t ) as the “input” and 6p(t,-) as the “output”—

relating the Lagrangian dynamics of wing structure to the Eulerian flow dynamics.
oo 18 the air speed, the far-field (|z|, |yl,|z| — oo) flow,

Goo = Ulicosa+ jcos B+ kcosv)

in the usual way. « is the “angle of attack”.

2.3 Isentropic Flow
Our first simplification is to consider the non-viscous case
p=0=2X (2.7)

where the flutter phemonema are not lost. However, we need to invoke a thermo-
dynamic assumption, that the entropy S(t,x,y,2) is constant, and thus the flow
is “isentropic”. This is a remarkably simplifying assumption that makes the flow
irrotational. For this however we need to invoke the Gibbs relation,

TVS + % = V(c,T) (2.8)

By the Perfect Gas Law,
c
V(e T) = EfV(p//))

and hence
\Y \Y
W _ %\ _ byl
p Rip p
relating the pressure to density. With
y=2>1,
Cy
this yields
P _
Vlog (p_7> =
or
p=Ap", (2.9)

where A is a constant. Now by definition

v
dp o

where a. is the speed of sound, and we have that

2
00

Poo
17— =a
Poo

where poo, po are the undisturbed or far-field values of pressure and density as-
sumed constant.
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Getting back now to the inviscid version of the momentum conservation law, we

have 5 v
Ay g Vyg+~L=o. (2.10)
ot
Hence with
0=V xgq
we have 50
5 TV x(a-V)g=

Using the identity
1
(¢-V)g=35Vllgl* =g x 2

we obtain

%—FVx(qu):O, t>0.

For given ¢, we may consider this as a linear equation

Q= L(H)Q
where
Q0)=0
Hence it follows that
Qt)=0
or
V xq=0.
Hence
q=Vo (2.11)

where ¢ is the velocity potential, and we have “potential flow”. The point to be
noted here is that we do not invoke Crocco’s Theorem as in [8]. This idea is borrowed
from [6, p. 71]. Note that we can have isentropic flow which is rotational depending
on the initial flow (see [5, p. 24], for more).

Hence 5 A
q 2, 2P
24 5Vl + 2L =0
or
0¢ 2 |
=0.
VIS0 4 SIve? +
Hence 9
¢ \VW+— PMFMd%M%——W
ot p Poo
U = |gool|
and
2 =1
B_prq_ o [ P
p v =1\ peo
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or
2
y—1 _ wfl(’yfl) lUQ A 7@*1V 2

p el b L a7 51Vl -

We can now invoke the law of Conservation of Mass and obtain
0 ap
—~ -1 _ — 1)y 2z
pri (v=Dp" 5

=(y=1Dp" [V - pVel.
After a little analysis this leads to the Euler Full Potential Equation for the velocity
potential ¢

Po D o A1 U 39 |V Vo2

— + = = 1 —<—————) 2p—Vo - V—Fr. (212
5+ il VO = a1+ =) | VR Ve v (2.12)
The main thing to note in this equation in contrast to the Navier-Stokes is that
there are no (spatial) second derivatives of the flow velocity V¢. Because of this
the boundary condition (2.3) is now simplified to “no slip” on the boundary flow,

or
D
k-qu:quoo-kJrF;onz:o, 2| < b, 0<y <t

Unfortunately this is not enough for uniqueness of solution. For that, we have
to add
bp=0,2=0, |zg|>b, y>¥ y<0

and the Kutta condition
op=0, z=0,z—b—.

We still need to show how to calculate op from the flow equation. Let ¢ denote the
acceleration potential

p=224]

- 2
5 T3 Vel

Then

2 —1
00 —1/1 !
p:p aoo 1_|_’7 (_UZ_w) ;
v aZ, \2

which is usually simplified to
ol 1
p= 2 (1 (3 )
v az \2

0p = —pocdip.

Again we may think of % as the input and ép as the output. We shall show how
this connection is provided by the Possio Integral Equation [9]. We only consider
the subsonic case:

so that at z =0

L

Qoo
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3 Linear Aeroelasticity

We specialize from now on to 2D, or Typical Section (Airfoil) Theory, where we drop
the dependence on the y-coordinate but only in the aerodynamic flow equation. In
particular,

oo = U(xcosa + zsina)

where « is the angle of attack.
Our focus is on the question of stability about the ‘equilibrium’—steady or time-
invariant—state. We can readily verify that

= b0

0=0; h=0

is a time-invariant solution of the aeroelastic equations, where U, « are totally arbi-
trary. There are other time-invariant solutions but only for a discrete sequence of
values of U (see [10]), which we shall not consider here.

3.1 Linearization

It is natural to begin with the aeroelastic system linearized about the equilibrium
state because stability is completely determined by the linearized system. For this
purpose we exploit the unique feature of the problem in the boundary conditions

0¢ _0¢ , Dz(t)

0z 0Oz Dt

where

D:(t) , 5
;(t) = —h(t,y) — (x — a)f(t,y) + Q(t,y)a—i, 2=0, |z| <b

= wg(t, x), the downwash for fixed y

and, as far as the flow is concerned, the structure state variables are just scalar
parameters for fixed y. Hence for each t > 0 we may start by assuming that the
solution is analytic in them, in some neighborhood of the zero structure state. Thus
let ¢(A, t,x, 2) denote the solution corresponding to A0(¢,y), Ah(t,y), for scalar A,
with

¢(07 i, Z) = (boo(.’L‘, Z)

and

a¢(A7 t? x? 0)
0z

= USiHOé*)\(iL(t, y)Jr(mfa)F)(t,y)) 7)\9(t7y)%()\7t7x7 0)7 |£L’| < b7

and ¢(\,t,x, z) satisfies the Full Potential Equation in 2D. We assume the power
series expansion

ok
P\t x,2) = Z %(bk(t,:c,z) + doo(z,2), —00<zT <00, 2#0 (3.1)
— k!
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where
akqb(A? t? 1.7 Z)
A=0
for each t > 0, —00 < x,z < 00 excepting z = 0, |z| > b, for |A\| < R, 0 < R.
Note that the no-slip boundary condition can be stated
At . .
AALBO) it y) + (- @)t y)] - NUB(Ey) cosa — N6t ) 2L
0z or
z2=0, |z| <b (3.3)

and the 2D potential field equations can be expressed:
PoN) 0 [(06)  (98)

a7 o (a?) +<a—)

YL (g (99T (00NF\| (2, D%
bt 2a2, (U <8x) 0z O0x? + 022

106 0 | [06\> [00\2| 106 0 | [06\> [06\°
‘5%%[(%) +(a—>]‘§a—a—[<a> +<a—> (34)

To obtain the ¢ (t, -, ), we differentiate (3.4) with respect to A and set A = 0.

9 (026 8¢
-0 (58 + )

_ 2
=ag,

3.2 The Linear Problem

For k = 1 we obtain the linearized field equation

P 1 1
2U 2U si
oz 2 i T i
0? 0?
=a? [(1 — M?cos®a) 8;‘;1 + (1 — M?sin® ) 8:;1
) 2
—oM?si 3.6
sin a cos am— (3.6)
omitting the airfoil |z| < b, z = 0.
From (3.4), we obtain that the no-slip boundary condition becomes

dp1(t,x,0 . .

% S (h(t, )+ (z — a)d(t, y)) —0(t,y)U cosa (3.6)

with ¥(\, ¢, z, z) defined by

Op(\ t,x, 2)
ot

op(\ t, ) = —pocdtb(N, L, x), x| <b.

1
v\t 2, 2) = +5IVort @, 2)f
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Defining
0
op1(t,z) = a—)\ép()\, t,x) (3.7)
A=0
we have
(Spl(t,.'lf) = _poo&/)l (th)
where 3
1ty @, 2) = 51#1(0,1?,33,2')
_ 01 Opn L O0p1
= o + B U cosa + EP U sin «
and

6w1(tax) =0, z— b—
=0, |z|>0.

Hence the linear problem is given by (3.5) with boundary conditions, with the
structural equation (1.1) with

Op1(t, ) = —pocdthy (t, x)

b
Lit,y) = /_bépl(t,a:)dx (3.8)
b
M(ty) = /7b(x — a)opu(t, 2)dz (3.9)
Let 51
At z) = —71(15,3;), z| < b
_ op1(t, )
Upoo

which is the Kussner pressure doublet function [2]. Then the Possio equation relates
the ‘input’ w, (¢, ) to the ‘output’ ép;(t,-), linking the Lagrangian dynamics to the
Eulerian. Extant treatises on aeroelasticity [e.g. 3] end at approximately this point.

3.3 The Possio Equation: Zero Angle of Attack

To reduce complexity we shall only consider the case a = 0, referring to [8, 11] for
non-zero angle of attack. We shall also need to state it for more general ‘down-wash’
functions than (3.6), subject to the condition

wa(ta') GL;D[*bab]v 1<p<2

and w, (¢, -) is absolutely continuous in ¢ > 0. The Possio equation is usually stated
in terms of the Laplace transform (actually the Fourier transform; see [12] for the
time domain version). The Possio equation is

b
(N, ) = /_bp(/\,sc — AN €)dE,  |z| <b, ReA >0 (3.10)
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where the kernel is given in terms of its spatial Fourier transform:

P\, iw) = / eTWTP(\, x)dr, —00 < w < 00
1 1 Ab
— 2072 125 _ 2 2 ——
5T VEEM? 4+ 26 M2iw + (1 — M2)w?, & i (3.11)

= / e MP(t,iw)dt, Rel >0
J0

where
A(t,x) — 0asx — b—

A(tv ) € Lp[fbv b]7 1 S p< 27

absolutely continuous in [0, co] with A(t,-) € L,[b,b] also.
AN, ) = / e MA(L,-)dt
0

b
dos (A ) = / POva— AN e, ReA>0, 2] <b
—b

where
a1 (t, ) = —h(t,y) — (x — a)d(t,y) — O(t,y)U cos a.

Because of the similar property required of the structure state variables we have

that -
| et (el + 1As ol ) < o0 (312)
Moreover, with
o1\ x,2) = / e Moy (t,x, 2)dt, Re >0
0

with the L, — L, transform

cﬁl(A,iw,z) = / P1( Nz, 2)e”“Tdr, —o00 < w < o0
we have
G1(\iw, z) = N A (A iw)e_\/M2“2+2M2”W+<1_M2‘”2‘z‘ —00 < w < 00
LN 2 ktiw ’ i
(3.13)
To obtain the time-domain version, let
t
" (t,x) = / Ayt —o,x2—Uo)dt, —-b<z<b+Ut (3.14)
Jo

= 0 otherwise.
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Then (see [13]), for z # 0,

"t poO
otz = [ [ L6t-cs-eoneoed @)
0 J—o0
where ( )
1 T+
Gtz 2) = — / _do
27v1 — M? )y o2 —1

9 1 x? " 22
rf = — | — __
(1—-M2)\ 2 2

i =a’(1—-M?), c3=a’

which is the potential flow solution to the linear case.
Stability of the linearized aeroelastic system is then determined by:

b
thrSHJrEIh””:/ Upso A(t,6)dE, t>0,0<y< ¥t
—b

b
16+ Sh+ GJo" = / Upoo(x —a)A(t,x)dx, t>0,0<y</
J b

See [14] for a solution and the detailed study of flutter instability speeds as a function
of M.

For the non-linear problem, we need the time-domain solution of (3.10). This is
best expressed in operator form

A(t,) = PTw,(-,")

where 7 is the Tricomi operator

_ L o " bt SO
Tf=yg Q(SE)—; b+$/—b ﬁg_—xdﬁ lz| < b

and P is a Volterra operator of the form

PA=g; g(t,-):/(; P(t - 0)A(o, )do.

The kernel is known explicitly only for M = 0 and contains delta function derivatives
[9], but only é-functions for M # 0 (see [14].

4 Flutter as an LCO

Here we begin with the key result [18], the solution of the non-linear Possio equation.
For each y, 0 < y < z:

8p = pooU(I - PTL(G)) T PTwan ) (4.1)
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where w, 1 is the linearized downwash and L(#) is the operator defined by

LO)A=yg

g(t.) = 0(t.y)( = At ) + 3 (k) (4.2)

We can now state the non-linear aeroelastic system equations. Let £1, {5 denote
the functionals corresponding to lift and moment.

b
(1(A) = /_b Alz)dt
b

la(A) = ‘/717(1 —ab)A(x)dx.

Then we have

mh(t,y) + Sé(t, y) — EIN" (t,y) = £1(6p) (4.3)
I0(t,y) + Sh(t,y) + GJO" (t,y) = l2(6p) (4.4)

where §(p) is given by (4.2). This can be expressed as a non-linear convolution-
evolution equation in a Hilbert space for each M with the speed U as a parameter
to which Hopf-bifurcation theory applies. We naturally omit the details. The
flutter speed is determined by the linearized model as in [14]. Let w denote the
corresponding angular frequency in the linear model, with structure response

o 1h(0,y)
t,y) = t 0<y</t
Il( 7y) Smw a(o’y) Y
being the solution to (4.3), (4.4) with
op = bpy

= PocUPT wg 1 (+).
More generally we define
k
opk = pooU (PTL(01()) PTuwqa(’)
and xy(+,-) the solution to (4.3), (4.4), with

5p = (5pk.
Then the LCO can be expressed

1

which is no longer sinusoidal, but is a harmonic series with period (%’T) We omit
details.

As for the corresponding flow solution, it is shown in [15] that it can be de-
composed into the sum of two parts, one part which has no shocks and is solely
responsible for the lift, and the second part which may contain shocks but produces
no lift and cannot be linearized.
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